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Abstract : The problem colisidered in tfus paper is an extension of the problem (A) : 
What conditions on the convergence factor g (x) are necessary and sufficient in order 
that the product f (x) g ( x )  is absolutely Ceshro limitable of order r whenever f (x)  is 
absolutely Cesiro limitable of order k ? We find necessary and sufficient conditions 
in order that, for some I' ; f ( x )  g ( x )  N I' xP+q 1 C, r I whenever f (x )  w IxP I C, k 1 
for scme I ,  where p > - 1 ,  p + q > - 1 ,  r ,  k E N ,  r 2 k, and f, g satisfy suitable local 
conditions. Whenp = q = 0, the conditions we obtain in this case are precisely those 
reqmred in problem (A). 

1. Introduction 

We have considered6 the problem of finding conditions which are necessary and 
sufficient in order that f ( x ) g ( .?c ) = 0 ( xp+q ) I C, r I whenever f  ( x ) = O(xP) 
I C, k 1, where r, k E Z+, r 2 k ,  p, 4 E IR, p + q S - 1, J' is locally Lebesgue inte- 
grable and gk-l is locally absoIutely continuous. We showed that in this case, the 
convergence factor g belongs to a restricted class, viz., a subclass of the class of all 
polynomials. 

In this paper, we consider the case p -+ q > - 1 and the problem in a slightly 
more general form. We find conditions necessary and sufficient in order that 
for some I t ,  f ( x )  g (x) - I' xpfq I C, r )  whenever f  ( x )  - IXP 1 C, kl for 
some I,  wherep > - 1 , p  + q > - 1, r ,  k E Z+, r 2 k, g is bounded and measurable 
locally when k = 0, and gk-1 is locally absolutely continuous when k 2 1. The 
sequence analogue of this problem for p = q = 0 has been considered in (5). 

The following are some preliminary definitions : 

X 

If f E Lloc, k E ,Q, define I, f (x)  = f, (x)  = f 0) dt, andfb (4 = f (x).  
I 

( p + 1 )  ( p  +2) . . . ( p + k )  x - P - ~  fk (x)  + I as x + m and x-p-, f, (x )  E BV (1, a). 

In particular, f ( x )  is absolutely Cesgro limitable of order k to 1 

i fk  ! x - ~ ~ , ( x ) +  I as %+a, and x - ~ ~ , ( x )  Q B V  (1,co). 
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2. Statement of the Thearerr~s 

We assume thi.oughout that p > - 1, p + q > - 1 and tlze local conditions stated 
above hold. 

Theorem 1. (:i) If r = k = 0, a necessary and sufficient condition that 
. f i x )  g ( x )  - Ixp'Q C, 0 1 whenever f ( x )  - IxP I C, 0 1 is that 

X - q , g ( x )  E B V ( I ,  a). 

(b) If k - O , r = 1, z n.a.s.c. that f ( x ) g ( x ) - l l x P + q  I C; 1 I whenever 
f ( x  ) - 1x1) , C. O 1 is ( i)b : X - P - 9 - I  I x P g ( x )  e B V ( 1 ,  00). 

(c) If k == 0, r > I ,  then conditions n.a.s. in order that 
f ( x  ) g ( x ) -- 1' x p + ~  [ C, r ) w11ene:~er f ( x  > - ZXP I C, 0 I are : 

Theorem 2. If r 2 k 2 1, conditions n.a.s. zhat f ( x ) g ( x ) - I' X P + ~  J C, r  I 
whenever f ( x ) N lxp j C, k are : 

(i) g ( x ) - O ( x q )  as x+oo 

(iii) x - P - - ~ - ~  I; XU g ( x ) E BV ( I ,  a). 

3. Auxiliary Results 

In this section we give some results which will be used in the proofs of the theorems. 

@+I-j 
Lemma 1 If <iij - i, j  = 1 , 2  ,... r - 1 ,   EN, then 

( r  + i - j ) ! '  

- K Brcr+1) where k =I= 0, and Dij, the cofactor of dd D = det ( dij 1 (r-1, x (,-I, - 
in D is given by Bil = Kij 8 ('-2) r+l-l, where Kij is independelit of 0. 

This result is easily proved, by induction with respect to r. 

Lemma 2 If n e N ,  ~ P E A C ~ , , ,  $ ( x ) = O (  xQ)asx+m,and $ " ( x ) = O ( x ~ ~ )  
as x -t a, then $1 ( x ) . =  0 (xa-J) for j = 0 ,  1 ,... n. 

See (I), page 309 and (7), Lemma l(c). 
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Lemma3 Let a ( x , t ) ~ L ( l , x )  for l s t l x ,  a ( x , t ) = O  for t > x ,  and 
r.X 

( 1 , ~ )  is that there exists H independent of t such that 

1: d, A ( x, t ) 5 I1 for all t 2 1, where A ( x, t ) = o ( x, u ) dtr. r . t  
This result follows from (4) Tneorem 3 after an integration by parts. Cf. Also 

(3) -- YIII. Note that A ( t ,  t ) = R ( t +, t ) = 0 in this case. 

Lemma 4 Let a ( x , t ) ,  A ( x , f ) ,  v ( x )  be as i3 Lemna 3. Let n e Z +  and sn 
be the class of a!1 real functi~ns on [ I ,  a) suc3 that sn (t) is absolutely continuous, 

DC) 

locally and s E D V ( 1 , m ) .  Then, if V ( t ) =  ( d , A ( x . t ) I r L ( l ,  T)for 
t 

every T > 1, a necessary and sufficient condition that v E BV ( 1, c3) whenever s E Sn 
is that there exists W indepepldent of t, and a constant T such that 

V ( t )  2 M for almost all t 2 T. 

This result follows from the theorem prored in (4) after an integration by parts. 
Cf. also (8), Theorem 4. 

Lemma5 I f p + k > - 1 ,  k f > k  and if g ( x )  - - Ixp(C,kl ,  then 
g (X)  N l ~ p  1 C. k ' ! .  

' ,- IxP' may be replaced by ' = 'o' ( x p  1' or ' = 0 (xD)' here. Cf. (2), Lemma 3. 

Lemma 6 if p + k > - 1, p + q > - 1 and g ( x )  I x p  I C,Icl, then 
x q g ( x )  - IXP+Q / C,lc I . 

IXP ' may be replaced by ' = o (xp )' or ' = 0 { x9 )' here. Cf. (21, Lemma 4. 

4. Proofs of the Theorems 

Theorem l(a) is well known and its proof is omitted. We cote at the outset that 
conditions (i)b, (ii)c and (iii) are necessarily satisfied, since we may take f (.x) = Ixp, 
I # 0, in particular. Hence we assume that s-p- q-' Ir xp g (x) E -8Y ( 1 00 ) in 
what follows. (1) 

Caste T Let r > k. 
By repeated partial integration we hwe, when k 1, 
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8 ( x -  t >'-I 
where D, = - and G, (x,  t )  = -- 

at @ - I ) !  g ( f ) .  

This formula holds for k = 0 too. 

Define s ( t  ) = t - ~ - ~  fk ( t ), a (x, t ) = ( - I ) k  tp+k X-P-9-' Dkt G ,  (x ,  t  ) and 

Then, x - p - q - ' I , f ( x j g ( x ) = v ( x ) =  a ( x , t ) s ( t ) d t ,  s: 
and we want n.a.s.c. in order that v  E BV( 1 ,  oo) whenever s E B V  ( 1, co) when 
k = 0, and whenever s e S k - I  when k 2 1 .  

*x 
Now, A (x, t )  = 1 X-p-q-' DkU GI (x,  u ) d ~  - x-P-Q-I ~k,, GI (X,  ) & 

: 1 

, by partial integration and the bioomial theorem. where c, = - 

By (1) and (4) it follows that V ( t )  is bounded and hence Lebesgue integrable 
locally. 

Thus, applying Lemma 3 when k = 0 and Lemma 4 when k 2 1, we get the n.a.s.c. 

1; I ti, A ( x, t  ) 1 = 0  ( 1 ), which, by ( 1 )  and (4) reduces to  

CO t I I dx ( X - P - ~ - ~  1 ~ P + ~ O ~ ~  .,G (x ,  u )  du ) 1 = 0 ( I )  
t  1 

When k = 0, r = 1, it immediately follows that (i)b implies ( S ) ,  and hence (i)b is 
both necessary and sufficient. 

When k = 0,  r  > 1 repeated partial integration gives 

t ( x - u)'-' r  ( x - t  )'-m 
UP g (u) du = 2 - I , t P g ( t )  

,,I ( r - m ) !  
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Since (1) holds, 1 dx ( x-p-" I, tp g ( t ) ) ( = I I, tp g ( t ) 1 t-p*-' = 0 (I) ,  and SP 
hence, by (6), condition (5) reduces to 

If (iIc holds, then by Lemmas 4 and 5, we get 

t ~ g ( t )  = O ( t p f q ) ( C , m )  for m = 0, I ,... r - I .  

Hence jpOl dx ( x-p-a-. ( l- t I r n t ~ g ( t ) ) ~ = I r r n t p g ( t ) l  1dx(x-P-q-= SP 
(X - t)r-m 1 = 0 ( tP+q km). A l  t-P-q-rn = 0 (1) for every m, showing that (7) holds. 

Thus (i), and (ii), are sufficient in this case, and only the necessity or (i), need be 
established. 

By Lemma 5, since f ( x ) g ( x ) - l ' x ~ + q l  C , r + l  I for i==O, l ,  ...,( 7) holds 
with r replaced by r + i .  

1) rx-ty+j-j 
Thus j J dx ( x -~-q-~- l  

t 
- Ij t p  g(t )] / 1 = 0 (I), 

j = 1  j = r  ( r + i - j ) !  

which reduces to 

since I dx ( x-P-Q-'-l( x - t )'+l-j 4 t* g ( t ) ) I = 0 ( tp+q+l). A* I--p--q-j S," 
= 0(1)  for j = r  ,...... r + i - 1 .  

(8) gives Jrn I d, 8, ( X ,  t ) l = 0 (11, 
t 

(9) 

r -  1 (-&-t)r+l-j 
where xp+qfr+1Qi (x, t ) = 2 1. t P g ( f ) ,  i =  1, ... P- 1 .  

j - 1  ( r + i - j ) !  ' 
Solving this system of linear equations for 4 t pg (  t ) ,  we get 

r - 1  
I j t p g ( t ) = D - l  Z1 Dij~P+q+r+iq5i,(~, t)  for j = I ,  ... r-1,where by 

i = l  
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Lemma 1,  D = K (  x - t )'('-l), K # 0, Dil = Kij (x - t )(r-2) '+I-', 

Kij being independent of x and t. 

- - 
Hence ItPg( t ) = K-I ( x - t j" ("I) 2 Dil xm+=+l $i (x, t ) giving 

i = l  

Now (9) implies that A(x,  I )  ) 1 = O(1)  for any s r N. 

a3 2 

Putting s = f r - I 1' - i, we get [ I d x ( ~ ~ ) ] ' " ' ) - i 4 i ( x , ~ ) )  1 = ~ ( l ) ,  
J t 

and thus (10) gives 
(x-ty(r-l) 
xr2-r+li-p+q ItP g ( t ) ) ; = 0 (1). 

i.e. I ItP g (1)  I. A3 t - P - Q - l  = 0 (I), which gives (i), by Lemma 6, and thus Theorem 1 
is complete. 

Proof of Theorem 2 Sufliciency. We see that (i) and (ii) imply 

g j ( t ) = O ( t p - ! ) . j = O ,  1 ,... k - 1 ,  by Lemma 2. 

Now, (5) may be written 

k Srnl dx (X-p-p-r~:  Upit& [r 5 umx-r-m-l 2 b,  ~ ( u ) ]  ) I = 0 ( I )  (12) 
t m-0 n=O 

r -  1' where a , = ( - I ) " (  ,) and b m n = ( : ) m ( m - l )  ...( m - n + I ) .  

t 
Now 1 dx { X-P-q-a-1 upik umn gk-n (u) du 

1 

( r i , X - ~ - a - m - l ~ ~ O ( ~ ~ + u + m )  I = O ( l ) f o r m = O , l  ... a n d n = l  ... k b y ( 1 1 )  and =I: 
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a3 t 
= J 1 dx ( x-~-u-m-l ( [ u ~ r k + n l  $pl (u) I : -S ( p  + k + TB) uptk*+l 8-1 (u) du) } 1 

t 1 

= O ( I j  for i~ = 0 1 ... by (ii). 

Thus (12) holds proving the suaciency of (i) (ii) and (iii). 

Necessity We show that (5) implies (i) and (ii). 

7'1.le proof is by induction. Assume that (5)k = kl implies (i) and (ii)k = k 
1' 

Suppose k - k, + 1. Then by lemma 5 (iii) and (5)k = k 1  are necessary, 
1 .  

and by the inductive assumption (i) and (ii) k = k, are necessary. 

up+k1+1 
Also, 1'  up'*^ nUkl Gr ( x, u ) du + .i: p + k , +  1 

DUkl Gr (x, u ) du .. 1 

p + k l - t l  r - 1  
- - - Dtkl Gr ( X, t ) $- 2 a xr-'"-', where a, is constant, and hence, 

P t- kl + 1  
m 

m = O  

since (ii)k = kl and (ii)k = kl +. 1 hold, it is necessary that 

j;, , {.-P-Q-[ tp-+%+1 ,, Gr (x, t )  1 

= t ~ + ~ l + l  .O (tQfl-k~). A4 t-~-q-j--l= 0 (1) for j = 1,2,. . .kl by (i) and (ii)k, (14) 

(13) and (14) give jml dx { x-pq-' tp*~+~ ( x - t y-l g l i  (t) } I = 0 ( I )  and hence 
t 

gkl (I) = 0 (twki), which is (ii) k = k  + 1, and by induction, we get the necessity. 



Case I1 r = k. Since (i) and (ii) are independent of r and are necessary when 
r > k, by Lemma 5. (i) and (ii) are a fortiori also necessary when r = k. We thus 
have to consider only the sufficiency. In this case we have 

by partial integration, instead of (3) and (4) respectively. 

NowdefineB(x, t )  = A ( x ,  t )  f ( -  l )kx-ag(x) .  

Then, for fixed x, - B (x, t ) is still an indefinite integral of a ( x, t ), and since 

A ( x ,  x )  =0, we have B(x ,  X ) = ( - I ) ~ X - Q ~ ( X ) .  

Hence partial integration of (1 5) gives x-P-q" I , f (  x ) g ( x ) = B (x, t ) ds (r), LC 
and from this point onwards the proof of the sufficiency is exactly as in case I. 
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