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Abstract : The problem considered in this paper is an extension of the problem (A) :
What conditions on the convergence factor g (x) are necessary and sufficient in order
that the product f(x) g (x) is absolutely Cesiro limitable of order r whenever fx)is
absolutely Cesaro limitable of order £ ?  We find necessary and sufficient conditions
in order that, for some I’ ; f(x)g (x) ~ I’ xp+a | C. r | whenever f (x) ~ IxP | C, k |
for somel, where p > -1, p4+g > —1,r, k€N, rZ k, and f, g satisfy suitable local
conditions. When p = g = 0, the conditions we obtain in this case are precisely those
required in problem (A).

1. Introduction

We have considered® the problem of finding conditions which are necessary and
sufficient in order that f(x)g(x)=0(xr+a)|C,r| whenever f( x) = 0(xP)
| C, k|, where r.keZ*, r =k, p, geR, p+q9=-1,f is locally Lebesgue inte-
grable and g<~1 is locally absolutely continuous. We showed that in this case, the
convergence factor g belongs to a restricted class, viz., a subclass of the class of all
polynomials.

In this paper, we consider the case p -+ g > —1 and the problem in a slightly
more general form. We find conditions necessary and sufficient in order that
for some /', f (x) g (x) ~ I’ xv*a | C, r| whenever f(x)~1Ixr |C k| for
some /, wherep > - 1,p +q> -1,r. ke Z*,r = k, g isbounded and measurable
locally when k& = 0, and gkt is locally absolutely continuous when k = 1. The
sequence analogue of this problem for p = ¢ = 0 has been considered in (5).

The following are some preliminary definitions :

x
If feLie kel, define Lfx)=f(x)= E,Cx_——l;—)!k—lf(t) dt, and f, (x) = f(x).
1

If p>-1, we write f(x)~Ix? | C, k| if
(P+1) (p+2) ... (p + k) xPKf (x) >1as x> o0 and x"Pk f, (x) e BV (1, o0).
In particular, f( x) is absolutely Cesaro limitable of order k to I

ifk!x*fi(x)—> las x > oo and x®f.(x) e BV (1, 0).
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2. Statement of the Theorems

We assume throughout that p > — 1, p 4 ¢ > — 1 and the local conditions stated
above hold.

Theorem 1. () If r = k = 0, a necessary and sufficient condition that
f{x) g{(x)~Ixpta C, 0| whenever f(x)~IxP|C, 0! is that

x9g{x)eBV (1, ).

() If k=0, r=1, a nasc. that f(x)g(x)~1I"xrta|C, 1| whenever
F(x)y~Ixv | C,0] is (§)p :x P41 IxP g (x)e BV (1, o0).

(¢) If k==0, r> 1, then conditions n.a.s. in order that
f(x)Yg(x)~ 1 xvta] C,r) whenever f{x)~1Ix?|C,0|are:

v

Me | tag(t)di—0(x)as x>,
J1
(i)e xPatlxPg(x)eBV(1,o00).

Theorem 2. If r =k =1, conditions n.a.s. thatf(x)g(x)~1"xr*a | C,r|
whenever f(x)~Ix?(C, k are:

(i) g(x)=0(x1) as x >0
(i) g<'(x) =0 (xa*t1-K) as x > 0

(i) xPatl xrg(x)eBV(1,00).

3. Auxiliary Results

In this section we give some results which will be used in the proofs of the theorems.

Lemma I If d; = ——— =, L] = 1, 2,... =1, ref, then
r !

D =det (d;) -1y x (r—p = K 67V where k == 0, and D;;, the cofactor of d
in D is given by Dy = K;; 0 2 i1, where K is independent of 6.

This result is easily proved, by induction with respect to r.

Lemma 2 If nel, ¢" € ACiye, ¢ (x)=0( x3)asx —00,and ¢*(x) = 0(xa™)
as x — oo, then ¢i(x)=0(xe!) for j=0, 1,...n.

See (1), page 309 and (7), Lemma 1(c).
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Lemma 3 Let a(x,t)elL(1l,x) for 1 <t<x, a{x,t)=0 for t> x, and
v(x) = J~xa(x, t)s(t)dr. Thena nas.c.that ve BV (1, o) whenever s € BV
(1,00) is 1thaﬁc there exists H independent of ¢ such that

X
[ a{x,u)du.
J ot

This result follows from (4) Theorem 3 after an integration by parts. Cf. Also
(3)— VIIL. Note that 4(z,¢)=A(t--,t)=0 in this case.

0
f | dy A(x,t)| < H for all t =1, where 4 (x,1) =
!

Lemma 4 Let a(x,1), A(x,1), v(x) be as in Lemma 3. Let neZ* and s°
be the class of all real functicns on [1, c0) such that s (f) is absolutely continuous,

o0
locally and se BV {1,00). Then, if V(t)zf |d A(x,t) | e L (1, T) for
1

every T > 1, a necessary and sufficient condition that v e BV { 1, c0) whenever s e S®
is that there exists H independent of ¢, and a constant T such that
V{(t) < H for almost all t == 7.

This result follows from the theorem proved in (9) after an integration by parts.
Cf. also (8), Theorem 4.

Lemma 5 Ifp +k >-1, k' >k and if g(x) ~Ix» | C, k), then
g(x)~ Ix» |C. K.

¢ ~ Ix?’ may be replaced by ‘ = ‘0’ (xP ) or ‘= 0 (xP )’ here. Cf. (?), Lemma 3.

Lerma 6 If p+k>-1, p+g>-1 and g(x)~ Ix? | C, k|, then
x0g(x)~ Ixpta | C k |.

‘~ IxP’may bereplaced by ‘= o (xP ) or ‘= 0(xP ) here. Cf. (2), Lemma 4.
4. Proofs of the Theorems

Theorem 1(a) is well known and its proof is omitted. We rote at the outset that
conditions (i)y, (i) and (iii) are necessarily satisfied, since we may take f(x) = Ixp,
I # 0, in particular. Hence we assume that x P a*J xPg{x)eBV (1, o) in
what follows. 1)

Case I Let r > k.

By repeated partial integration we have, when k£ =1,

X
- 1)

1

x x
———-—f<t)g<r)dt=(—l)kflfk(t)DaG,(x,z)dr @

e = [T
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2 x—t)1
where D, =3 and G, (x,t) = W((r-—li!—g(t)'

This formula holds for kK = O too.
Defines(r) =t *f (t),a(x, t) = (- DXtk x-p—a-7 D& G, (x, ¢) and
x
A(x,t)= f a(x,u)du.
t
54
Then, x20Lf(x) g (x) = v (x) = a(x0)s () )
1
and we want n.a.s.c. in order that v e B¥ (1, 00) whenever se BV (1, o) when
k =0, and whenever s5eS*! when k => 1.
t

X
Now, A4 (x,1) = '! 1x—l"‘l—" uPtk DX G (x,u) du —fl x~P=a-F yptk Dk GT(x, u) du

r—I1 t
— (-1 x0T (p41)...(p+hk)Lwg(x)-x?" T ¢, f’“f wt
m=0 1
DEym g (u)du 4

—-1)m - . . . .
where ¢, = ((r - 1))' <r m1> , by partial integration and the binomial theorem.

By (1) and (4) it follows that ¥ () is bounded and hence Lebesgue integrable
locally.

Thus, applying Lemma 3 when & = 0 and Lemma 4 when k = 1, we get the n.a.s.c.

o
f | de 4 (x,t)| =0(1), which, by (1) and (4) reduces to
t

o0 14
f | d, (x—p—a~* f wtk DX G (x,u)du) | =0() 5)
t 1
When & = 0, r = 1, it immediately follows that (i), implies (5), and hence (i), is
both necessary and sufficient.

When k = 0, r > 1 repeated partial integration gives

wgwdu= X ————— I, trg(1) (6)

(x P oy
fl (r-n! m—1 f(r—-m)!
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©

Since (1) holds,f [dy(x e Ltrg(t))|=|Ltrg(t)|tPa"=0(1), and
t

hence, by (6), condition (5) reduces to

co _—_rr—l (x—¢)rm ) ~
[ [ (rome 2 ST e (0) =00 )

If (i) holds, then by Lemmas 4 and 5, we get
trg(t)=0(rt)(C,m) for m=0, 1,..r-1.

Q0 ~O0D
Hence | | d (v (x —0F I, 0g(0)) | = | In 0 80)| [RE s
t t
(x—t)y™ | = 0 (¢gp+atm) 4, ;P-am = 0 (1) for every m, showing that (7) holds.

Thus (i) and (ii) are sufficient in this case, and only the necessity of (i) need be
established.

By Lemma 5, since f{(x)g(x)~ 1V xpta| C,r+1|fori==0,1,...,(7) holds
with r replaced by 7 + 1.

00 r—1 r+i-1 (x_t)rﬂJ
Thus f ]dx{x‘l’“‘l—"1< T 4+ = ) I g(t):l | = 0(1),
t j=1 j=r/LO+i-D!

which reduces to

a0 r—1 _ )
[P1a (e T2 ETES gme(n) 1 =000 @
2 |

v i

oo
since f |dy(x a1 (x— )M Lpg(t))| =0(rtat). 4]
!
=0() for j=mr,...... r+i-1.

o0
®) gives ft ldy i (x, 1) | =0, ©)

r—1 (x— £ )+
———— L tPg(t), i=1,.r-1

where xPTai™Hd, (x, t) =
:( ) ]—_I(r‘l—i ])‘J

Solving this system of linear equations for [;f? g (), we get
r-1

Lrg(t)y=D71 Z Dy xP+'l+"+1¢ (x,t) for j=1,...r~ 1, where by
i =
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Lemma 1, D=K(x-2)¢, K#0, Dy=K;(x—t)e-DrH-
K;; being independent of x and .

r-1
Hence ItPg(t) = K71 (x—¢)7 D I Dy xPtat™ g, (x, ¢) giving

] =

_ 4\r—1) J4p -1 _ re)i
K(x-t)tDprg(t) :.’2 Kﬂgbi(x,t)[(x t):l( 1) (10)

TtT+14p
x 4 i=1 x

x;st_)s B (x, 1) } | =0(1) for any s ¢ N.

Now (9) implies that f Oc‘l dy {(
t
2 .
Putting s = (r—-1)2-i, we get (oo[ dy : [L—z‘):l(r_l) —‘¢i(x5 t) } [ = 0(1),
vt X

( x — £ )rG=D)

St PE(D 1 =00).

0
and thus (10) gives f | dx{
i X

ie. [ [tP g (t)|. A5 t—P—a~1 = 0 (1), which gives (i), by Lemma 6, and thus Theorem 1
is complete.

Proof of Theorem 2  Sufficiency. We see that (i) and (ii) imply
gl(t)y=0(rr1).j=0, 1,..k—1, by Lemma 2. §99)]

Now, (5) may be written

o0 t r—1 k
f | dy :x—l’—ﬂ“f uPtkdy I: 2 axtm-l 3 oh oyt gk"(u)] } | =0(1) (12)
t 1 0

m=0 n=

where a, =(-1)™ (r'—n1> and b, = (ﬁ)m(m—l)...(m—n+ 1).

~ 00 [ t
Now J | dy {L x~P-q-m—1 f otk ymo gk=n () gy } |
t 1

0
=f | d, x~p—a—m=1|| 0 (wptatm) | = O (1)form=0,1...andn=1...k by (11) and
t
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0 t
ft I dx { x—Pg—m——1 [1 up+k+m g.k (u) du} '

= joi (e (Lt g ) 1y - | i(” + k- m) w1 ) |
=0()form=0 1.. by (ii).

Thus (12) helds proving the sufficiency of (i) (i) and (iii).

Necessity We show that (5) implies (i) and (ii).

The proof 1s by induction. Assume that O — i, implies (i) and (i) — k,.

Suppose k = k; + 1. Then by lemma 5 (iij) and (5); — k, 4 1 are necessary,
and by the inductive assumption (i) and (i) k = k, are necessary.

t o+
Also, [‘ W DM G (x, u) du + f —————— D*1 Gy (x, u) du
J 1 P+ k + 1
otk r—1
= - DF1G (x,t)+ 2 a, x™1 where a,, is constant, and hence,

since (i) — k, and (i) — k41 hold, it is necessary that

~00
J | d { xP=a— 511 DR G, (x,2) } |
t

J‘:°| 4 [ _20( v (42 e @) i—ow ay

o0
Now f | dy { x7P—a" ottt (x— py—i-l ghimi(£) } |
t

= ¥ O (1atikn). 4, 4Pami1= 0 (1) forj = 1,2,k by @) and (i) (14)

o0
(13) and (14) give f [ de{ x0T ottt (x - )1 gk (1)} | =0 (1) and hence
t

g%t (t) =0 (ta*1), which is (ii) p— k + 1, and by induction, we get the necessity.
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Case II r=k. Since (i) and (i) are independent of r and are necessary when
r > k, by Lemma 5. (i) and (ii) are a fortiori also necessary when r = k. We thus
have to consider only the sufficiency. In this case we have

X
P L () g (%) = fla(x £ s () dt+ (~1)F x5 (x) g () (15)

andfx xPaK ot Dk G (x wdu = (-D*xPaE(p+ 1) ... (p+ k) L xPg(x)
1 —x74 g(x) (16)

by partial integration, instead of (3) and (4) respectively.

Nowdefine B(x, t)=A(x, t) +(-1)xag(x).

Then, for fixed x, — B(x, t) is still an indefinite integral of a(x, 7), and since

A(x, x)=0, we have B(x, x)=(-1)x"ag(x).
‘ X
Hence partial integration of (15) gives xP ek f(x)g(x)= f B(x, t)ds (1),
1
and from this point onwards the proof of the sufficiency is exactly as in case L
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