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Abstract : {X,,) ,  n = 1 ,  2 . .  . . . .  is a sequence of independent identically distributed 
random variables such that P ( X I  = 0)< 1 and d is the greatest positive integer such 
that 

........ P { X l  e (0. f d,  2d, )} = 1. 

.... If A is, a subset of the set of integers, of the form {kr I k = 0. + 1, f 2,. .)then 
it is shown that the proportion of time spent by the random walk defined in terms of 
in the point set A converges almost surely to blr as n tends to infinity where b=g.c.d. 

1. Introduction 

The problem of "occupation time" has been considered by many authors. 
Both Feller4 and Parzen7 consider the occupz,tion time for a r s n d ~ r n  walk or 
a R'l.arkcv chain. 

.............................. Consider a Markov chain {X,); n = 0, 1, 2 , 

For any state k and n = 1, 2, ...... define N ,  (k) to be the number of times the 
state k is occupied in the first n transitims. N ,  (k) is called the occupation 
time of the state .t in the first n transitions. 

Psrzen7 extends the above concept to considr thc total occupation time 
of the state k, defined as 

fl (k) = lim N ,  (6) 
W c O  

and the average occupation time lim En 0 which for a positive recurrent 
n+x n 

Markov chain is shown to be equal to the component of the stationary initial 
distribution of the chain corresponding to the state k.' 
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......... I t  has been shown that if XI, X,, have rlattice distsllce one and 
I' (S, = o i. 0.) = 1 ,  wherc 8, = X, -1 X ,  f ... + X,, then for any Imc states i, j 

If X,, X,, ...... is a Markov chain starting from a n  initial state i such that i is 
recurrent, then 

where m(j)  is the expected number of visits to state j before return to i and 
m ( i )  = 1. 

Suppose X,, X,,. ........ are distributed on the lsttice Ld = [nd ( n = 0, + 
1, _+ 2, ...} we derive results concerning the proportion of timc spent by the 
random walk in the point set A where A is of the form A = { k ~ / k  = 0, k 1, k 
2 , ......... } r being a fixed intcger. 

Let XI, X,, ......... be a sequence of independent, identically distributed 
random variables taking only integral values with P (X1=O) < 1. Let d Ee 
thegreetesi pSjsitive integer such that P (XI E (........., - Zd, - d ,  0, d ,  2d ,...... )} 
= 1 .  

Let X, = X ,  + X, + ......... + X,, So = o. I t  can be easily p r ~ v e d  
that i 8, ) is a Markov chain with stsltioilary transition probabilities and 
P (S,+.l = d,+, ] S ,  = d,) =' P (X,+, = dn+, - d,) = P (XI = d,+, - d ). 

(Number of k such that l ,< lc ,<  rt and S ,  E Aj  let^, = 
n 

The main result of this paper is given in the next theorem. 

Theorem 1.1. 

Suppose the independent, identically distributed random variables X,, 
X ,,............ are such that P (X1 = 0) < 1, d is the greatest positive integer 
such that P IXl E (0, f d, $ 2 d  .......... )) = 1, m end the set A are as defined 

a.s. b above, then 7, -+ - as n -+ co r (1) 
where b = g,c.d. (d. r ) .  
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I n  order to prove theorem 1.1 we nced the number cf k such that 1 ,< k < n 
and Sk E A .  For tbis we define the following stochastic process I Y,}. 

Let Y, = s if and only if S, E s (m.od r), 0 < 9 < r - 1 (2) 

Then ths number of times S E A in the first n transit i~ns is given by the 
number of Yk's sach that Yk = 0, 1 < k ,< n. 

Let N ,  (0) = Number of k: such that l < k < n  and Y ,  = 0. 

Then in order to prove (1) it is su%cieil-~ ifwe can prove that 

N ,  ( o )  a .8 ,  b 
-- + - as n --+a 

n 1' 

2 .  Some properties of the process (Y,} 

The stochastic process (Y,.) is defined in terms of the random walk 8,. 

I n  a sllnple random walk each stcte c8n bereached from every ochzr state. 
Hence if the random walk is simgle then the state space of the stochastic 
process (Y,.) is the set of lntegeis {o, 1, 2 , ............, r - 1). 

If tlie randoin walk is arbitr~~rjr  then the s z t e  spsce of the stochestic process 
....... (Y,) is a subset of the set of integers (0, 1, 2,. .r - 1). 

Since b = g .  c. d. (d,s.) ihere exists integers El, k, such that d=lc,b, r = k,b 
tsnd g. c. d .  ( k l ,  JG,) = 1. 

Now 8, = Icd'ivherc lc = o, + 1, + 2 ........., 
13, = kklb 

Therefore Y, = s if and only if kklb = s (mn.od r ) ,  o 6 s  ,< r - 1. 
(a.e.) Y,, = s if and only if kk,b = whr + s, where m is a n  integer. 

Thus s = k k , b  - mr 

= (kle, - m k , )  b 

Ncw o < s < r - 1  
?' 1 

Hence o  < Ick, - m k ,  < - - - 
b b  

But ICE, - mlc, is an  integer. 

......... Therefore t,he possjble values of s are o, b, 2b , (i - 1) b. 
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Hence if the r a n d ~ m  walk is arbitrary then the state space of the stochastic 
process (Y,) is the set of integers 

Proposition 2.1 

{ Y,} is a Markov chain with stationary transition probabilities. 

Let yo,y ,. .......... y,,, be any set of values from the set of integers I,, such 
that 

Then P(y,+l = ym+l1 ym = Y,,---.-....YO = YO) 

....... Now for fixed k,, k,,. .,km we have 
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C Z ...... 2 P (X,~y,+,-y,, (mod r)) P(X,=yl,+kin.r ,..., S , = ~ , + T G ~ ~ )  
ko k l .  k,,, 

- - .. . - - - - - - . -. -- 

C C ......... C P (S,= y,, -t k,, r ,............, '8,  = go -k Ic, 7 )  

k ,  ic, kj,, 

.As kerore it  ci~il be shown t h a t  P (Y-,+, = y,,+, 1 y, = y,) 
- - p ( x  - - g,n,.l - gm (mod ;.)). 

The state space c;f the Mc.rkov c h i n  {Y,) is finite and every s.i&te of the 
Markov chain (Y,} cen be reached from every other state. 

Thns (Y,)  is a f i ~ i t c  irreducible Markov chain. 

The transition probabilities of the Markov chain {Y,) are given by 

= P (X, - j - i (mod. r ) )  

= q5 (j -- i (mod r)), say, 

That is X 4 ( j  -i (mcd .i)) = 1 for a,ll i which implies tha,t S (5 ( j  - i (mod r)) 
j i 

= I for 2,ll j. 

That is C p i j -  I f o r a l l j  
i E Il 

Thus th.e transition probability matrix of the Markov clza,in {Y,.) is doubly 
stochastic. 

All states of the Ma~kov chain (Y,)  are positive recurrent. 
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Proof : 

(Y,} is a finite irreducible Markov chain. 

I n  a finite Markov chain a t  least one state is recurrent and any recurrent 
state is positive recurrent. 

E'urthermore in an irreducible chain all the states are of the same type. 

Hence all the states of the Markov chain {Y,} are positive recurrent. 

Define R, as the t ine  of the k - th return of the Markov chain (Y,) to the 
state o and the time between returns as 

TI. T ,,......... are ca,lleA the recurrence times for the state o. 

Sincc {Y,) is a finite irreducible Markov chain T,, T,, ...... are independent, 
identically distributed randm1 variables. Also since all the states of the 
MarBov chain are positive recurrent E(Tl) <co. 

3. On the proposition of time the process (Y,)  lspends in the state 0. 

Theorem 3.1 

Lee Yo,  Y ,,......... be the stochastic process defined by ( 2 ) .  Let N ,  (0) be 
the num.ber of visits of the Y,, Y, ,...... Y ,  to the state o. Then 

As defined earlier let T,, T,,. .. . . . be the recurrence times for the state o. 

The stochastic process defined by the equation (2) is a Marlcov chain with 
all the states positive recurrent and the recurrence times TI, T,,. . . . . . . . . are 
independent, identically distributed random varicbles with E (TI) < co. 

Therefore by applying the  Strong La,w of Large Eumbers we get 

That is 
k - 553 IE (TI)]-, 

T, -+ al, + . ..... + T, 



Occupation time of a random walk 

k 
Now N ,  (0). is a subsequence of --- 

...... T , + T , +  + T k  n 

Thus (6) gives the convergence of N%k) along a random subsequence. 
n 

TO obtain the convergence of NLO) over the full sequence we proceed es 
follows: n 

Let T, + T ,  + ...... + Tk < n < T1 + Tg + ...... + Tk+l 

N ,  (0 )  k Then - = - < k 
n n T I  +T,+ ......... Tk 

and a t  the same time 

Thus we have 

and also 
4: . - - k + l  b '. + 

% + T ,  + ......... f *&+I TI + T 2  + ......... + Tk+l . k + 1 

A' (01 Hence from (7) we get the convergence of ---"-- over the full sequence. 
n 

r 
The proof of the theorem 3.1 is complete if we show that E ( T I )  = 0 .  

b 



4, Stztionary Initid Distribution for the Markov Ch&n (Y,) 

The Maskov chain (Y,) stsrts from. the stste o and the state o is positive 
reci1.rren.t. 

Reilse the Maskov chain (Y,) has a ststionarjr i,~itiel Zistribuiio~ ss(ij, i c  1,. 
[Progosition 7.34,'] 

Furthermore 5~ ( k )  = E fl ( j )  p 3 k ,  j ,  A, c 11 
j 

:7 ( k )  >, o 

a n d  X $1 ( k )  = 1 
I% 

A.lso if T, is the first recurrence time for the state i, then 

If ths transition probabilities p i j  are such that C pi, = 1 for all j  E I then 
2 f I  . . .  

the unique (to within a constant mdtiple) solxtion to th.e system of equations 

(k) = Z ( j )  P ~ J C  
is constant. j .  

I t  is clear that  n ( j )  = c for all j  where c is a oons'tant, is a solution to (1.1). 

, Ts prove the uniqueness of the so;Su.tion we proceed as follows: . . .. 

Suppose s ( k )  - ' C s ( j )  p j k  for a11 .k ' (12) 
j 

Let a = min s (k), say a = s ( k , )  
k  

V\i e claim that  s ( j )  = a for all j. 

For sLppose s ( j , )  > a for some j .  
Q) 

We can find a n  n, such that  p j o k o  > 0. 

By induction we can show that if (12) is true then 

s ( l c )  = T; s ( j )  py2 .. ... . ... 

j 
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("1 
So we obtaiil a = s( k,j = L; s (j) pjko 

7 

= z s (j) 4- s (jo) py; 
0 n j zj, 

which is a contradiction. 

Hence s (j) - a for all j. 

Now with th? help of thsorem 4.1 we can. find E (T,). 

We k w - w  tbat for the M.i.arlcov cl i~i i?  (Y,} 

C pij = 1 for all j €1, 
i 

80 froril theorem 4.1 we get 17 (k)  = c, where c is a constant. 

b 
Since { rr (i) ) is a distriba.ilan on I, we obtain c = - and fiom ( 10 ) 

T 

1 Y 
E (TI) = --- = ,- and this completes the proof of the theorem 3.1 which 

n ( 3 )  A 
establishes theorem P .l. 
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