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Abstract : (X}, n=1,2...... is a sequence of independent identically distributed

random variables such that P (X7 = 0)< 1 and d is the greatest positive integer such
that
P{X; €0 +d +2d ...) =L

If A is, a subset of the set of integers, of the form {kr| k=0,+ 1, + 2,...... then
it is shown that the proportion of time spent by the random walk defined in terms of Xn
in the point set A converges almost surely to 5/r as n tends to infinity where b=g.c.d. (d,r).

1. Introduction

The problem of “occupation time” has been considered by many authors.
Both Feller and Parzen’ consider the occupation time for a rand>m walk or
a Markcev chain. '

Consider a Markov chain {X,}; % = 0,1, 2,.......ccociiiiiinininn.,

For any state k andn = 1, 2,...... define N, (k) to be the number of times the
state k is occupied in the first = transitions. N, (k) is called the occupation
time of the state & in the first » transitions.

Parzen’ extends the atove concept to considér the total occupation time
of the state k, defined as

N (k) = lim N, (k)

© 700
i N, (k . "
and the average occupation time nhmoo —A”hg——) which for a positive recurrent
—>

Markov chain is shown to be equal to the component of the stationary initial
distribution of the chain corresponding to the state k.

* Presently at Department of Mathematics. University of Peradeniya, Peradeniya.
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It has been shown that if X;, X,, ......... have lattice distance one and

P(S,=o01t.0)=1,whereS, = X; + X, + ... + X, then for any twc states 4, j
N, () as.
N, (5)

- 1 as n——>

It X, Xy, oonne is & Markov chain starting from aninitial state ¢ such that ¢ is
recurrent, then '

No () 28 7 0) pen oo
N'n (k) /T(/(f)

where 77(j) is the expected number of visits to statej before return to 7 and
m(z) = 1.

Suppose X, Xg,ueunninn. are distributed on the lattice Ly={nd|n = 0, +
1, + 2,...} we derive results concerning the proportion of timc spent by the
random walk in the point set 4 where 4 is of the form A = {kr/k = 0,+ 1, +
Zyeinannn. } 7 being a fixed integer. ‘

Let Xy, X, oovinnls be a sequence of independent, identically distributed
random variables teking only integral values with P(X,=0)<1. Letd be
the greatest positive integer such that P {X, e (......... ,—2d, —-d,0,d,2d,...... )}
= 1.

Let S, = X, + X, + .oo..... 4+ X, Sy = o. It can be easily proved
that { S, } is a Markov chain with stationary transition probabilities and
P (Spt1 = dpty I S, =d,) =P (Xpt1 = dpyy — dy) = P (X; = dpt1—d ).

(Number of k£ such that 1<k< nand S, € 4
Letr, = - .

n

The main result of this paper is given in the next theorem.

Theorem 1.1.

Suppose the independent, identically distributed random variables X,

D, SR are such that P (X, = 0) < 1,d is the greatest positive integer

such that P{X, e (0, +d,+2d,......... )} = 1,1, and the set A are as defined
b

above, then r,, *>' > Sas m ——>00 (1)

where b = g,c.d. (d. 7).
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In order to prove theorem 1.1 we need the number of % such that 1< k < »n
and 8y e A. For this we define the following stochastic process {Y,}.

Let ¥, = sifondonlyif S, =s (mod7),0 < s <7 — 1 (2)

Then the number of times § ¢ 4 in the first % transitions is given by the
number of Y,’s such that ¥, = 0,1 <k < n.

Let N, (0) = Number of £ such that 1<k<n and ¥, = 0.

Then in order to prove (1) it is sufficient if we can prove that
N, (0) @8, b

as n —> o0 (3)
n 7

2. Scme properties of the process {Y,}
The stochastic process {¥,} is defined in terms of the random walk S,

In a simple random walk each state can bereached from every other state.
Hence if the random walk is simple then the state space of the stochastic
process {Y,} is the set of integeis {0, 1, 2,............ ,r — 1}

If the random walk is arbitrary then the state space of the stochastic process
{¥,} is a subset of the sct of integers {0, 1, 2,......... r — 1}

Since b=.g. ¢. d. {(d,r) there exists integers ky, ks such that d=1Fkb, r = kb
andg.c. d. (ky, ky) = 1.

Now S, =kdwherc bk = o0, £+ 1, + 2.........

8, = kkd
Therefore ¥, = s if and only if kk,b = s (inod 7), 0 < s<r—1
(1.} Y,, = sif and only if kk,b = mr + s, where m is an inieger.

Thus s = kk,b — mr

= (kk, — mkz)b
Now o<sgr—1
Hence o < kk;, — mky < T

b

But kk, — mk, is an integer.

'Therefore the possible values of s are o, b, 2b......... , (f - 1) b.

S
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Hence if the random walk is arbitrary then the state space of the stochastic
process {Y,} is the set of integers

I,={o, b, 26b,..... el (bL - ) bl.
Proposition 2.1

{Y,} is a Markov chain with stationary transition probabilities.

Proof :
Let ¥o,Y15cenve--- JUm+1 be any set of values from the set of integers I,, such
that
P(Yy = 40, Y3 = Ygpeorenearnnn s Yo = y,) > 0
Then P(Y i1 = Ymial Yoo = Ymoeeeeeinnn Yo = y)
DEL.EE PSpii=YmiaFmr1 s S =YmtEm e s So =1y, +kor)}
'ICO kl km k‘m+1 (4)
- X E2PSm =Yy Ty , 8o = yo + kyr)
kele,  k,,
Now for fixed kg, ky,......... ., we have
% P(Spi1= Ymirtlmir?, Spp= Ym—+km reererenes, So=yo+ky1)
m-+31
P(Sp=vymtlmtr i, y So=Yyot+ky7)
= X Pnu1=Ymutkbm? | Sn=Yntknt,........ , So=Yo+ky1)
km+1
= X P (Sm+1=ym+1+km+1 r | Sm=ym+km 7)
Fem1
00
= % P (Xm+1=ym+1—ym+ (km+1—km) r)
by = —0
0
= X P(Xy = Ynp1 = Ym + Jr)

— 0

J
= P (X = Ymp— Yn (mod 7))
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So (4) beccmes

DD %P (X =Y 1 —Ym (mod 1) P (S, =9n+knr ..., Sy =y +%o D
Ly oy by ) S
D Y N P (Sh= Yty vy J 8y = Yo - kg 1)

]{70 ;Cl [5;91

= P(.X] = y};1+1 - 7/m (.ﬂ’.‘.od ')‘)) .

As before it can be shown that P (Y1 = Ymn | Yo = Y)
= r (Xl = Ymy1 — Y (mod I))

Thus we have

P (Ym-q-]_ = ym+1 | m = Ymyeeenes :YO = Y ): r (Ym+1 = Ymyq | Ym = ym)

and heonce the proposition.

The state space of the Merkov cheain {Y,} is finite and every siate of the
Markov chain {Y,} con be reached from every other state.

Thas {V,} is a finite irreducible Markov chain.
The transition probabilities of the Markov chain {¥Y,} are given by
Pis =P (Y =3 | Yy =1)
=P X, =7 — ¢ (mod 1))
= ¢ (j — 1 (mod 1)), say,
Now Z g, = 1fcralls.

Jel

Thatis X ¢ (j—¢ (zncd 7)) = 1 for all 4 which implies that & & (j — ¢ (mod r))
J )
= 1 for alij.

Thatis 2 pg;= 1 for allj.

i el

Thus the transition probability matrix of the Markov chain {¥,} is doubly
stochastic.

Proposition 2.2

All states of the Markov chain {¥,} are positive recurrent.
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Proof :
{Y,} is a finite irreducible Markov chain.

In a finite Markov chain at least one state is recurrent and any recurrent
state is positive recurrent.

TFurthermore in an irreducikle chain all the states are of the same type.

Hence all the states of the Markov chain {Y,} are positive recurrent.

Define B, as the time of the k— th return of the Markov chain {¥,} to the
state o and the time between returns as

T,=R,, Ty,=R,—R,., (k>1).
T, Topevennnns are called the recurrence times for the state o.
Since {Y,} is a finite irreducible Markov chain Ty, T, ...... are independent,
identically distributed random variables. Also since all the states of the

Markov chain are positive recurrent H(T;)<co.

3. On the proposition of time the process {Y,} Ispends in the state o.

Theorem 3.1
Let Yo, Yiporinnnnn. be the stochastic process defined by (2). Let N, (0) be
the number of visits of the Yy, Y,,...... Y, to the state o. Then
v s b
ll"—@) @5, % as m —> 0 (5)
n r
Proof :
As defined earlier let 7'y, Ty,...... be the recurrence times for the state o.

The stochastic process defined by the equation (2)is & Markov chain with
a1l the states positive recurrent and the recurrence times 'y, Tyyuveennen are
independent, identically distributed random variables with B (T'y) < oo.

Therefore by applying tbe Strong Law of Large Numbers we get

T]_ + TZ + k ....... —+ Tk u_i_>. B (Tl)
L a.s -
That is e (BTt ®




Occupation time of a random walk 173

(0).

. N
Now is a subsequence of —» "/
Ty + Ty £ oo 17, q n

(0)

Thus (6) gives the convergence of N"T

along a random subsequence.

To obtain the convergence of over the full sequence we proceed as

follows:

N, (o)
n

and at the same time

.Nn—(o)=£ > k —_—
n n T, +Ty......... + Ty

Thus we have

k <Nﬂ(o)\ k (7y
T1+Tz+ ......... +TE+1 n T1+T’+ ....... +T~
k a.8. 1
B . R —_ -
YO m T, BT
k E+1 k
d al
anc aso Ty + Ty + ......... + Tyin Ty + Ty + coeenenn. 4+ Thyy k+1
a.s. 1
e
E(T,)

Hence from (7) we get the convergence of N"—;—)—) over the full sequence.

So

Ny (o) s~ 1
» E(T))

The proof of the theorem 3.1 is complete if we show that E (T') =

Sl
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4. Stationary Initial Distribution for the Markov Chain {Y,}

The Markov chain {¥,} starts from the state 0 and the state o is positive
recurrent.

Hence the Markov chain {¥,} has a stationary iaitiel distribution a(i), te Iy,
[Proposition 7.834,']

T (j) Piks ja ’7‘:9 € Zl (8)

Furthermore @ (k) = X
J
g (k) = o
and Z a (k) =1 _ o (9)
7 . o .
Also if T, is the first recurrence time for the state i, then
E(T)= —— 10
(T, 70 (
Thecvem 4.1

If the transition probabilities p,; are such that X p,; = 1 for all j eI then
el B
the unique (to within a constant multiple) solution to the system of equations

nk) =3 n(Gpa | | (11)
is constant. g Y ‘ '

Proof :
1t is clear that m(j) = ¢ for all j where ¢ is a constant, is a solution to (11).

.~ To prove the uniqueness of the solution we proceed as follows: : »
Suppose s (k) = % s (j) vy foralll ' ' (12)
J
Let ¢ = min s (k), say o = s (k,)
k
We claim thats (j) = o for all j.
TFor éuppose s (j,) > a for some j.

We can find an # such that pgro)k > 0.
]

By induction we can show that if (12) is true then

s (k) = 5 s () p
J
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N

Soweobtain a = s( k) = E}s(j)p?}zo

J

= Z .S(j)p‘”) + 8 (Jo) P
J #Jo o
> o 4 .:;)(;']1 + oap(")
J#Je
= a>

which is & contradiction.
Hence s(j) = a for all j.

Now with the help of theorem 4.1 we can find & (7).

We kncw that for the Markov chain {¥,}

Y opy; = 1for all jel,
el

So from theorem 4.1 we get 7 (k) = ¢, where ¢ is a constant.
o "y s e . b .
Since { 7 (¢)} is a distribution on I, we obtain ¢ = - and from (10)

1 .
— % and this completes the proof of the theorem 3.1 which

7 (0) =

establishes theorem 1.1.

E(Ty)="
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