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Abstract: Two normal linear models for some of the identical
parameters are discussed in this article. Many authors have
studied the properties of estimators in two normal linear models
for some of the identical parameters using mean squared
error and mean squared error matrix criteria. In this article
we give comparison between the estimators in two normal
linear models with some identical parameters under Pitman's
closeness criterion with known variances. It is noted that the
estimators in two linear models with some identical parameters
with known variances are superior over the estimators in single
linear models with some identical parameters with known
variances. Finally, the simulation is carried out to show that the
theoretical results which we obtained in this study are aligned
with different simulation conditions. The simulation results
agree with our theoretical results.

Keywords: Best linear unbiased estimator, common
parameters, mean squared error, Pitman's closeness criterion,
two normal linear models.

INTRODUCTION

Consider the following system (H), which consists of
two linear models:

1 =X1B+ 210+ e (1)
Yo = XofB + Zof2 + &2 ..(2)
where y; shows a n;x1 vector of observations,

(:=1,2), X; and Z, present n; xp and n; x t; full
rank matrices satisfying rank(X;, Z;)= rank(X;) +rank

(Z;) for rank(.) stands for the rank of a matrix. 5 and g,
show nx1 and ¢;x1 unknown parameters, ¢; present
n; x 1 random vector supposed to satisfy a multivariate
normal distribution with mean 0 and variance covariance
matrix o;/, o; are known parameters, and ¢; is
independent of e,.

Define Q; = Iy — Z,(Z|2,)7'Z!, T, = (Z/2;)"'Z! X,
and r = 2, then by Liu (1996), we have the following
results:

(1) For the single equation (1), the best linear unbiased
estimator (BLUE) of 3 and s are defined by,

B = (X{Q1X1) "' X[ Qi -(3)
b= (212:)" Ziyy — 1B (%)

(2) For the single equation (2), the BLUE of g and 3,
are presented by,

0 = (X5QaX2) "1 X5Q0ys (5

/32 - (Z£Z2)7IZéy2 - TQ/é (6)

(3)For the system (H), the BLUE of 3, g,and 3, are
presented by,

B5(r) = (X[@Q1X1 + 7 X5Q2X0) " (X[ Quy1 + rX5Qa2y»)

* linfen52@126.com;

@00

https://orcid.org/0000-0001-6233-6704

properly cited and is not changed in anyway.

This article is published under the Creative Commons CC-BY-ND License (http://creativecommons.org/licenses/by-nd/4.0/).
This license permits use, distribution and reproduction, commercial and non-commercial, provided that the original work is



364

P = (Z120)7 Ziyy — 3" (r) (8)

/@; = (ZéZg)leéyz - TQﬁ*(T) (9)

In this article, we only study the estimation of the
parameter 3. Liu (1996) has presented the comparison
between the estimators 3, 3 and (*(r) in the mean
squared error criterion when o, is known. He also gave
an estimator when o, is unknown, and discussed the
statistical properties of the estimators 3, 7 and 38*(r).
Ma and Wang (2009) also discussed the estimators 3, /3
and 3*(r) in the mean squared error criterion.

Pitman closeness (PC) criterion was presented by
Pitman (1937). Due to computation difficulty, it was
used very rarely. After a meeting between Rao (1981)
and Keating et al. (1993) to discuss the PC criterion,
the PC criterion has obtained considerable attention as
an important approach to compare the estimators. Since
a meeting held by Rao and Keating. In literature, many
authors have compared estimators using PC criterion.
Wang and Yang (1994) used the PC criterion to compare
two linear estimators in linear regression model and Reif
(2006) used PC criterion to compare general pre-test
estimators with some regression estimators. Yang et al.
(2010) used it to compare two unified biased estimators
in the linear regression model. Ahmadi and Balakrishnan
(2009; 2010) used it to compare some order statistics,
while Jozani (2014) studied the PC using the balanced
loss function. Li ef al. (2012) used the PC criterion to
compare the » — k class estimator with the ordinary
least squares estimator in linear regression model. Wu
(2014) compared the modified » — k class estimator with
the ordinary least squares estimator in linear regression
model under PC criterion. Wu (2017) also compared the
estimators under the PC criterion.

Liu (1996) gave the comparison between the
estimators (3, 3 and B*(r) in the mean squared error
criterion when o; is known, however the comparison
between the estimators (3, 3 and 3*(r) in the PC criterion
was not done. In this study, we provide the comparison
among the 3, § and B3*(r) in the PC criterion when o,
is known.

RESULTS

First, we present some definitions which are needed to
prove some of the obtained results.

Definition 2.1. Suppose that 9, and 6, are two
estimators of the unknown p-dimensional vector 4. The
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PC of d;relative to 6, to estimate @ under a loss function
L(.,0) is denoted as PC(0y,04,0) =P.(6;,0,,0) =
P.(A(6y,05) > 0), where

A(6y,605) = L(62,0) — L(61,6) (10)

In this article, we study the quadratic loss function
L(0,0) = (0 —0)U0 —0) with a positive definite
matrix, u.

Definition 2.2. 6, is said to be better than 6, for all
¢ € © in PC [under the loss function L(.,#), with some
parameter space O], if

PC(r, 05, 6) = Po(6r, 62, 0) = PA(A(6r,65) > 0) > % Jorall 06

(1)

Comparison of the estimator 3 and the estimator
(£*(r) under the PC criterion

Now we give the comparison of the estimator [*(r)
given in equation (3) and the estimator *(r) given in
equation (7) under the PC criterion.

Theorem 2.1. Let 01, 02 are known and o2 < 204, then
the estimator A3*(r) given in equation (7) is superior
over the estimator /3 given in equation (3) under the PC
criterion.

Proof. Since matrices X{@:X; and X,Q,X, are positive
definite matrices (Liu, 1996), they can be diagonalised
simultaneously, that is to say, there exists a reversible
matrix A such that,

H'X!QuX\H = I, -(12)
and
H'X3Q:XoH = diag(my, ...,m,) = M, ..(13)

for my, ..., m,, present the positive eigenvalues of matrix
X5Q2X5(X}Q1 X,)~". Define:

H,X{Qlfjl = (14)

rMYPH X Qg0 = 1 (1)
with v, and 71 being p-dimension column random
vector. It is easy to calculate that v, ~ N(0,0,1,) and
71 ~ N(0,011p), and v; is independent of 71. Choose
U= X{Q:X,. Since @;7Z; =0, i = 1,2, by definition
2.1, we have,
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L(3,8) = (B—3)X{Q:1X:1(8-0)
= ((X{Q1X1)71X{Q1y1
= (H'X|Que1) (H'X Q1) = viin

= (8(r) = B XIQ X1 (8" (r) = B)
= ((X1Q1 X1 +7X502X3)
X((X1Q1 X1 +rX5Q2X5)7"
= (H'X{Qie1 + rH' X5Qq22) (1,
X(H'X[Qe1 + rH X5Q¢2)
= (n+ M1/27’1) (I, +rM,) (1

= V(I + M) v + Vi MY (1, + rM,)
+7'1M1/2(I + M) vy + 1 My (I, + rM,) "y

Then we have,

PC(B(r), 3, 8)

P(L(3"(r), 8) < L(B,B))

= 0) X1Q:1 X1 ((X1Q1X1)

X Quyr + rX5Qay0)
(X1Qy1 + TXészz) - f)
+rM,)?

+ M)?7)

365

X 1Quyr — B)
..(16)

- B)' X101 X,

(17)

= PAvI(I, + M) vy + VMY, + M) 77
+T MY (L, + 7 M) "2y + T{My(I, + rM,) 721 < vin}

= P{vi((I, + r]\/[p)

— Dy + Vi MY (1, + rM,) >

+7i MY2(I, + v M) "2y + T{ M, (I, + rM,) *r < 0}
= PA-vi(I, + rM,)2(2rM, + > M})vy + v\ My/*(I, + v M) "7y
+7 M2 (1, + 7 My) vy + 7 My(I, + rM,) 1y < 0}

%

PA=2r/ (1,

o+ T M) 2 My + VM) (1, + rM,) 72

T MY (L, + M) "2y + 7 My (1, + rM,) 77y go}

Since r > %, we have 2r > 1, that is 02 < 207, Then we
obtain the following:

PC(B*(r), B, 8)

PA—=vi (L, + rM,) 2 My, + vi My (1, + rM,) 7y

+7{ MY (L, + v My) vy + 7 My(I, + rM,) "> < 0}
..(19)

Now we compute,

PC(B*(1),53,8) >
PA—v{(I, + rM,) 2 Myvy + vi My (I, + 7 M,) "7y
+7 My (1, + v M) vy + 7{ M, (I, + rM,) *ry < 0},

.(20)

Denote 71 = —5v1, 72 = a—ll/ﬂl, then 7, ~ N(0,1) and
oy 1

.(18)

ne ~ N(0,1 ) Therefore, equation (20) can be reduced to:
PC(pi(1),5,8) =

Po{=1 (L, + M) My + 0, MY (I, + rM,) o
+772]\/[1}/2(1p + TAJP)727}1 + né]\/[p(lp + T]\/[p)—2n2 < 0}

.21

Since the normal distribution is a spherically
symmetric distribution (Ma & Wang, 2009), by the
properties of spherically symmetric distribution, ¥, =

and R =—1 ' p

/ o —
7 (lp + 71[‘1{)) (”’1(IP+TA/[P)72A{P'01)7

2Mp7]1
are independent. Similarly, 2 = n5(I, + rM,) 2 My,

1

R, =
and 2 (n5(Ip+rMp)~

aaym 3?2 are independent. %1, ¥

have the same distribution and R;, R, have the same
distribution.
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Then, equation (21) can be reduced to:
Po{=t1 + ($1¢)? Ry (T, + M) 2 Mg Ry
(o) Ry (I, + rM,) 2 Mg Ry + 1y < 0} (22)

Since R; and —R; have the same distribution, ;
is independent from ¢, and they also have the same
distribution, we can change R, as —R,; and change ¢, as
7 in equation (22), then we obtain,

Po{—tn + (1) Ry (1, + T‘Mp)ﬁ]\%éffz
(Wt Ry(1, + rM,) M7 Ry + 4z < 0}

= P{- wz—<w1wz) (1, +rM,) M R,
—(th1tn)? R (L + 7 My)~ 2M,, Ry + psi; <0}

—1-P {-% () R, + - M,)"EM Ry

(1) RY(L, + M) My Ry + by > 0}
= 1— P~ + (¥1902) 2 Ry (I, + 7 M,) M7 Ry

(1) Ry (L, + M) 2ME R+, S0} (23)
By equation (23), we obtain;
PoA—t1 + (1) Ry(I, + M) M2 Ry
+(1/1]w2)%1{’2(1,, + rMp)’QMP%[{] +1he <0} = %

..(24)
Thus, we have,
o 1

PC(B*(r). 5.8) 2 5 ..(25)

That is, when o;, i« = 1,2 are known and o, < 207;
the estimator §*(r) is superior over the estimator 5 under
the PC criterion.

L(B,8) = (B—B)X5Q:X2(B — )
= ((X)Q2X2) 7" X)Qay0 — B) X5Qa X ((X5Q2X2) ™!
= (G'X5Q222) (G'X5Qe2) = (11

L(B*(r),B) = (B7(r) = B) X5Qa2Xo(8"(r) — B3)

(X Q1 + rX5Qay0) — B)
( X1 Xy + X5Q2X2)”

(X{Q1y1 + 7X2Q2y2) )

= (G'X5Qze2 + GX/Q1€1) (1,

(
(X{Q1 X1 + rX5Q2X0) (X[ Quyr + rX5Qay2) — B)
(

! 1 !
"(X1Qiy + ;X2Q2y2)

+ AQJ -2
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Comparison of the estimator B and the estimator
fA*(r) under the PC criterion

Now we compare the estimator 3 given in equation (5)
and the estimator (*(r) given in equation (7) under the
PC criterion.

Theorem 2.2. When o4, 0o are known and oy < 209,
then the estimator (3*(r) given in equation (7) is superior
over the estimator [Nf given in equation (5) in the PC
criterion.

Proof. Matrices XjQ:X; and XiQ:X, are
positive definite and they can be diagonalised
simultaneously, that is, there exists a reversible matrix
G such that,

G/XQQQXZG = ]p

.(26)
and
G'X1Q1 X,G = diag(s1, ... sp) = Sp ..(27)

with s1, ..., 5, showing the positive eigenvalues of matrix
X1Q1X1(X5Q2X5) 7. Define:

G Xy =G .(28)
1 — ! !

;Sp VA X(Qier = ;1 ...(29)

where C1 and A1 present p-dimension column random
vectors. It is easy to compute that ¢i ~ N(0,021,) and
p1 ~ N(0,021,), and (; is independent of 1. Choose
U= X\Q2X5. As Q;Z; =0, i = 1,2, by definition 2.1,
we have,

X3Qay2 — B)

.(30)

X5Qo Xy X (X{@Q1 X1 + rX5Q2X5) !

1
— ) X5Q2 Xy X ((;X{lel + X5Q2X5) !

1
(G/XéQgEz + ;GlXinfl)
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’ 1 -
= (G+S5,%p) (I, + ;Sp) G+ 5%1)

, 1.,._ 1., 1., .- _
= G+ ;Sp) G+ <;S;/2(1P + ;bp) ’p1 +r0/15;/2(1p + ;Sp) G+ p1Sp(Ip +75p) ’p 31)

Thus, we have,
PO(B*(r),3,8) = P(L(B"(r), B) < L(B, B))
/ Lo / 1o 1,.-
= PG+ -8) G+ 68,2 (L + =8,) o +o18,(Ip + —Sp) T+
P&Sp(lp + TSP)_Zpl < (G}
, 1 _ , 1 _ 1 _
= PT{Cl[(lp + ;Sp) 2 - I¢ + ClS;/Z([p + ;Sp) zpl “'p/lS;/Q(Ip + ;Sp) ZCI =+

PrSp(Ip +7Sy) 2 pr < 0}
= PG+ 5728, 580G+ Y+ 5) o Sy S+
PrSp(Ip +78,) 2 p1 < 0}
> PA—%CiSp(Ip + %Sp)”cl + S+ %Spﬂpl +o1S, 20y + %Sp)*cl +

Py, +7,) 21 < 0}

..(32)
Since % > 1, we r <2, thatis o7 < 209, and we obtain,
PO (), 5,8) = PA-CS, (I, + ~5,) (SY(L, 4 L)
(B°(r), 8,8) = PA-G p(p"’T p) GG p (p"'r ») P
1
+P/15;/2(Ip + ;Sp)JCl + p1Sp(Lp + 7Sp) "2 py < 0} (33)
Then following the proof of Theorem 2.1, we get, where
: 12 5 6 ¥3
5 - — — | B
PC(rg*(r)aﬁ*ﬁ)Zf Xl_ 3 4 7Z1_ 7 8 7/6— "3 5
2 ~(34) 56 9 10 N
o1, 09 are known and o7 < 209, then the estimator 1
(*(r) given in equation (7) is superior over the estimator g = 2
[ given in equation (5) under the PC criterion. ! 3 37)
A SIMULATION STUDY 1 3 10 18 @
Xo=|(5 7 |, Ze=| 25 30 |.8=| ¥ [,
In this section we present simulation results to validate 9 11 40 60 V3
the theoretical results. The models are given as follows: 3
yi = X1B+ Z1p1 + 21,61 ~ N(0,0113) .(35) 10
Yo = Xoff + Zofa + 2,69 ~ N (0, 0213) ..(36) 30 ...(38)
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For the values of oy and oy, see Tables land 2. Now we
compute PC(3*(r),3,3) and PC(8*(r),3,3). The

simulation is replicated 10000 times.

By Table 1, the estimator (3*(r) is superior to the
estimator 8 under the PC criterion. By Table 2, the
estimator (*(r) is superior to the estimator [ under
the PC criterion. By Tables 1 and 2, we find that our
simulation results agree with the Theorems 2.1 and 2.2.

Table 1:  The estimated PC/(3*(r),3,3) for oy = 0:1 and different
values o,
72 0.01 0.02 0.05 0.1 0.2

PCB ()55 09634 09668 09686 09678  0.9648

Table 2:  The estimated PC(3*(r), 3, 3) for 02 = 0:1 and different
values 01

71 0.01 0.02 0.05 0.1 0.2

PC(B (.50 09328 09417 09536 09618  0.9672

CONCLUSION

In this article, we have compared the estimators in
system H under the PC criterion. We have proven that
the estimators in two linear equations in system H are
superior over the estimators in a single equation system
with known variances and under certain conditions. In
future research, we will study the comparison among
the estimators in system H under PC criterion when the
variances are unknown.
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