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L4-&ir;;ct : Tf\e ccljceiii. si' rr gci~walized inverse of 2. ~.eciangular ~natris is sharacier- 
i,:cd by ! i rU~g psogcriics cf Gie ve-lor spaces im.n!ved. It i s  ? h ~ n  exienckci Tor line= 
oprwatm-s frorr, one vector sprite io ancther ~vhen the s]>ace.s involveil ;ire infinite 
: l i n ~ e ~ ~ s l ~ ~ ? J .  

Tirs ccrrr;eyt fif a generaiized inuerst. cf '. g j ~ b i ~  rix X fi nicl-ris *"i '5s ;.~ppc;;uf:& ia tfac 
(iiereturel-Qsince 1920 and ilas b ~ e n  dei-iccr.? by Rao5-0 follows: 

Dgynii'ion I .  Eiet 1% .be 21; I?-. x 11 ~nat r i s  of ::.-.rbit rary rank. .A gc,~:erc?-iizctl itzvwse of' 
i s  ;&?I  11 ;-. ?n;: iris G s::& th:!? r; -: Gy i:; a sokiti~.g of b,.r -- fijr an)? y yj!;irJr 

n::.tkcs the eqiiatioi). c-;;ns~::cnt. 

. . 
t t  .:% p~ss ih i c  tc: giv;: :i geofiieirical cliarzcter-iz:!t?c!.i to ;: g-i;l.k.~~.sc. oil2 ;1d~i2?12;:2g2 

. . .  
ai'ii-:js ~ez~:le-tkc:rl ci-!.zracL.;.riziit:on is !hat the rc?:.~:ts can ii;:~~~c<!iately bc cxtcnticd to 

. . 
linear operators T:o!.il one sr~i:ct. to ra~ctlier Ypacc, when tlrc sp:rccs ir?:xcivtrd are Irok 

i>ccessa;-lly finite dimc-n:io~-,a!. Wc haEd!c f i l -s t ,  tic casc coilridzretl hy Rac) ::t-r.d Ivljdra, 
and  tI-rcl: proccec? to sJi:>v( i;ow i!;c coi~ccpt can bc c~ti?il:?ed '!.o iirtcar opcz';:toz's. 

Tlzc givm m x n mr?.tr.ix A n?zy be considel-ed a.c a iiricar rnappi~lg (31: l!,('fi iinto E(l"1.. 

Let N(W) Sa thi: cr:lI space of A ?.e. N(A) is th.2 set o:' all x E :E($?) srrch ;:hat .Ax -= 0, 
I::l2e addi-t:x:e Identity of E(nl), Thee we have i.hc f.k,llu\ving e!emenlary result :-- -- 

Lell;zmn I.. ?'he ra r~k  o f  A is n if the dimer:sion c.f N(I'1) is zer-o. 

I n  tixis case, w 3 . e ~  N(A) is zero din~ensiona!, Ax - y wiil have a ?~niqite sof'lrlioil 
for x, f o r  any y foj- which this is consistent. .This unique solutior~ Is 6ve.a by x -= .hL--iy 
w11erc A=,-' =: (A+A)-'A* i s  a left inverse7 of A, 
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f',e.t us coasider the case vken N(A) i s  not zero dimensional. i t s  diaei:sion i:; I.. 
then 9 -; J* 5 -a, since N(x) is a subspace of' E(ll". Let (xi, x,, . . . ,ra;.) be a basis [or 
N/A). Then Ec") has a basis oi' t h e  f(:r.rn {X~, A,. ..., xr, x,('), IL,>{~) ...., ,,., ), with 
obviorrs modification.; if r - n. In the fcllowing discussion we - ;d l  alw::ys ass-i;r:lc 
Ikal r -< n, Secmrse i fr - n; the only y 10.01- ~Yhich AX = Y is corl.;istcnir is y :- 0, nod 
any x e E(") is a so!ution. ' R e  Ibllowil:g I-esujts are then obtninec! :-~ 

r 3 

.l:dc:~nin:r 2.  f hc set {AX,('', Ax2('), . . .,AX!"),, ,! ii~c2.i-1y iudcpc~d; .~l  

i f  y E MM(&. Glen 2 s E E(') silclt thaa Ax --= g 

II ,I - f 

But ..- v -\-3 $.i xi -" 9 pi sicT) hi: suit:ah!e scalars X.,, . . . . L,. ;I.!, 'j.l,. . . . 
&.J . L a  I .  !!.*I c 

i T ?  i ::= 1 

Lemnzu 4. 11' R(k) i s  rhc suhspncc ('pi' Ein.j spani~cci by iiie scl: ( ~ ~ ( 1 4 ,  x,i'), . . . , 
x ( ' )~ -~ ] ,  then Lhc !incar ~vzgping A :: K {A) --:, M(A) is onc-.one :~.i.id o ~ ~ t o .  

Hcnze there Is a ur:icpe Lil~ear mapping A- : M(A) +- f<(P..) which i s  thc ii~vc;'sz of 
.CII.G mapping A : .iE(ir\) ->- M(f1). No-i!, we have the Foilo\;>,ing theorem :-- - 

-% 

'fXporem 1 -  f f  :; .is any vector fez wl~icllAx = _p: is conBstent, the;;. x == : V y  :S 1 

s:;lx;tion of the equatioi: A,x L= yr  m d  f!m-~I;L)re A -  is IF ,- (~r-inverse i t f  A,. 



0 1 2  Gener.aiizcd li?vt.rse nJo Linear C3,rtt.i-ctor r - 3  
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,A,!. this stage it is wcrthwbje to nut- tbar, althu~ig1i the iine;ir mapping A--: MIA) -+ 
. . 

R(P,.:! defrn-d is unique, its matrix rzprzseniatios is i ~ t .  !:.cr inst;:ncc, if [A-:!,,, is 
a.ily 11 x m laatsix sat:sf*og the require~ilent, and [ M ; l X r r r  is a.ny !I x 11.; 1117~tri~ 
w:r'l:ich maps M(A) info the null vector of E!n,: Ih~ i l  [ti~-]nx.m --I - [NjnxuL is :dso a 
1l;;ltrix regresz::tztion o-f the mappil~g .. 

>.A ,!. 1:; ' casijy see;? " i h a L  each exteasioi:. of a. .basis f i ) ~ .  N(.A,) 10 jbr1-n a basis fc:r T;(fij 

p-ovides os  with one g-iovsrse. Conversely, str-ppme 3 i:: n n :< rnstrix such thzl, 
ibr zilch y e iM(,h_j, i1.x = 5: i s  sa.tisfied by x == By. -Let {y,, y 2 , . . .  yn.-?) 17e il basis 
f o r  M(A). Theit Exi - 5 y i ,  i - 1, 2,. . . , n -. r: 1.; Y 52i :3!' 1.1 - r heilrly i!ldepc!l- 
dent vectors helo!?gir-~ =a "iu EIn). Further {xi, x?, . . . , Y . ~ ,  zi, ,z2, .. . , x r )  is set o f n  
l i ncar2y ir,<.!eyefider:-t vec~crs  belonging to E!!lj m c i  l lcnce for.m.s H bes is fiir 13~1). 'There- 

2 .  

5>re, {x i  I i = 1, 2 ,..., r-) k.1 {zi 1 = 1, 2 ,...: i). - 1-1 35 2n extcnsio~l of tile brisis 
{x. ! i = 1, 2,. .. , fi]b c:.l'N(L\ j to  forin a basis for E!"j. This, 3 s  we know, gives rise to 

( I 
2, ~:nicp.c g-il~vcssi: of A, and U is one of its r11atl.i~ re:~:'~?sentail.ons. 

The pnssible non-uniqur.i?ess of I:-;c ~natrix represen.t.lafii~;1. uC A-- rnai zppcar to 
give i-isz to a. cert:iln arnoux~t ol:' colir ' t tsi~~~. 1-Io+vuver, {hi: hilowing resti!t0 gives i? 

si~nt?ie rclatiiinsi~ip ::i~~ong all th.e m::ti-;x rep~~~i:l~ti:'rlurrs. 

%ci.i?n~u 5. If [A-I,,,, is on.: matrix reprcsentalion u i  :I g-i*lvz.r-sc of.A, then every 
m;iil-ix repfeseilicltio~~ of evcq  g-iurizi-sc 01' Ii 'is id llle ,?9rtn [A.-Jnx2n -1- [NJnxril 
-wilcse N i:; an n x ill, ~natrix satis{>:).ing t!1e coilditiuil A.NA =: 0 a s  a n x n 
mab-ix eci.rraiion. Coavcssely. fbr evcry such X, [A-I,,,,, - !  [NI ,,., is :i g3nzralized 
inversr oi' A .  

Wl{i.,t ali tiiis shows i:: that  w; h l v :  y:a:~-~:.,;.:i iki: sei of; ali g-irlucrscs o f  thr 
.m :K il. m:!.trlxA, E ~ c h  s:xh g-inv:r3e !?,:L< a!, 11 >: JTI r r i -~ r r j .~  representa.t.iori and 
f3enc:: may b: ~ ~ i ~ i i d e ~ ~ b  as ;L jl:l'*.ii s i ~ a p p i q  ot'E!lfi) inlo 9:hJ. Sillce Pld(i4) is an. 1-1- r. 
din>.i:nsioni subspacc oi' 13;1nj, sil3 csch A. ' i.n.sps M(A) on.to art n.--.c clirnensioaat 
sutr:;pace or E(rt), i~ i\ d e a r  [-!1:\!- {ti.: r-lnk, 8.1:' A- i,i I IOI  less Cit~ai-i 11 - r  .wllich. i s  the r-ar-rk 
of A. Ha~lce rank (-4-.) > uaxk A. 

. . Tqo\xr ~c a.tti3in~t :.TI ex~en.3 til" ab3kr2 i.h:~i-ii;tei-i~~ ~ i ~ i  to  LL yertera.1 l i~~,ear .  opera toor 
A which rnii,p: ;t gi\r::il. linzar vc::ior S P Z L C ~  'br j:1.13 :ii\z~it!i~;~ linear vzcto~. spa(>: W, both 
spaces as.i;u~ned to be infinii:~ dimerisjoi?ai ti? avoid u!tiltcessary ct?m~:lications 
l j ~  rzotation. The fclllo-w~ng iieilniticns a?]!.: rheorci;ms"ert;lining lo infinifc 
dimcnsioaa! linear vector spaces er; cjuoted fa? corrrpleteucss. 

.D:$nilior; 2. /i set [xj of veectoj.s of er: infinits d lme i~s~g :~~a~  {incar vecror space i s  
said to be Ijri::.il"~~i-f~ i t ~ l j r 9e ,~d~~ .~ t  if 2:.ev E0j.t~ siibset of f x j  1.5 linearly indcpencleltt:. 
Othe~\,vlse, the set {:x) 3 .; sai-1 .i:i; ,!i~tpa:'l;v t-leepe~z&n z 



e i i o  3. A linearly kdepei~dcgnt sc!: jx) of vzctc;rs ot' a lii:ea~- vcctl-~r- sp;!(:e V is 
called a IIc11nel basi.r, if given any v e -1;. 3 a iiuite s ~ ~ h s e t  (x .~  : x,, . . . , ri,{) of ' , I  :icd 
scalars lh,,X 2 , .  . . ,Ag, !;uc~ t5a.t 

L ~rnn.lu 6. 5 e r y  1i11.ea space has a i3nmel basis. Each vcc.t.o!- i s  a unicltic 1inc:i.r 
ccn-!bina::io:loT a bite ~nr.mbei- cr riectors or ttic FFt?i?;c! basis. 

.te?mn~,l,lr 7. If U is a s12b;pace r:l' 'v': a~ad {x) is a Xi~.mel b;i:;is for U ,  tl~crx 'I[ has a 
Hamel bcisis (g) suc5. th.nt j?:) C {y]. ril  other \.;ol-i'-s: eve:;; iii~aal.ly indcjpc!;iicn-t 
sct of vectors o f  '4 can bs cxtei~?~:? t o  fcnn a CIa!ael I~asis for V. 

Now, !et us corrsidcr a linear operator .A which :ila;is- 'V into W, and 'IV i~oth  bi-inp 
jn!ii:ite diniensicnal. T1:c set ::<dl ;. E i isuc!~ tlia!: AT - 0, ;;.dil&ive ideid.;::y g!' 

% r ,  is a linear subsepncc? PqA) of V .  TI;I,ir: iviii call hr(hj, t!:c /:it![ .i;n~~cc of A .  

ile~nnau 8. If the null spacc c f  A is z ~ j - ~  ciimeusio?~ai, I l ~ c n  tljc :cj I ro tl:m ha  =- jr 

where ;a; E %',y E !V .has a uni:pe solutlcn i..oi- eaci~. y l i ) r .  n~ijir:lt ./>.K ---- J,  ;S 

cunsister2.t. 

11' M(A) is the range c;' A, t l ~ n  I.!;? m:~p;%ne u i*\ : V - , h~l(i3.) is uizc,-.une ariii on!:o 
FIencc, there is a -i!!-ilrliie i:~:!ersr, i:~:~.ppln.z A .  : M(Aj --\- V. 'i'licreforc, gi-i...:~, 
y c M(Aj, x - . k y  Is tllc uniqjic sclu!lcn of Ax -- y .  

. . 
Let rrs 11ow consic!er the casc wj?ai> W(h) i s  jl.ot zi:ro rliincn::ionai. i-Icrc agi:ik:., if 

. . .. . N(A) -. V ,  r ! l c ~ l  t f ;r ,  ojiiy -,;iiirel. - y i s  consisl.en.t I:; y -- 0, ;!!,I:.! tl:iiri;&?!,e 
for a.jl arbiil-ar-y li-~lezr operator B Iiom W J E ~ G  7 ,  x 7: i3y i s  a solirilc;~ oTtiie eitt~ritiolr 
c.f the equation r<w: : y. ,Serxcc, 1i.l the roilssving disc:lssioo, we ;i:isi.ifill> tiini: N(4" r .  ! 
is a proper su bspa.cc c?i' 

Ect. (XI be a I-Tamel basis fo? ?\!(A), \r.lti.-h exists by tcmtnx 5. -Then by I,e.:?i:-i:a 6 ,  
Y 7 

;. &.is 2 Hainel basis of  the fknn {;;I I-: {:<!*?a 
J ' 



,>y tlle litlea!- i~~clcpeirdenci: of :he set (xi u (s('?). 

:,c,t7???za I!:). (As(''! Is a. Na~iiel  basis i , r -  h4(PL). t i ~ c  range of A. 

Proof as i n  L,e!i-lma 3 ivitll. obvioui; ;ndific:iiio!js i > :;otatiot?. 

I I .  I'rR(h-j i s  the s:ii>~paci- (oi'V) spacinc:i b!; t1j.c J i n c ~ t r l y  inc!zpc~?c?c:~.r 
;et : X ( L ~ : ;  then the ii:?ea~- !napping A : R ( A )  -7- ?~lLli,.) i s  o1ie-311e zild O I I : ~ .  

!(. is seen {!1it! each c:iiensi:i;: of' 2 h;::;!s 3:' X(A j t!: ,.<:!-m a basis oi' W :  ls~-(:\iic!es :;:, 

. v i [ i ~  olie g-i!ivei.se oi' A. The Jas: ~.e.st!lr n:c i:::\;e is f;c!lov;s : 
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