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Abstract : It is shown that the conditions for steady circulation derived for pel-fectly 
conducting rotating magnetic stars by Chandrasekha-i and Mestel may be extended lo 
fluids with finite electrical cond~ctivity provided that the magnetic flux density belongs 
t o  the class of solutions of the vector wave equation. When the field becomes force- 
free it is s h ~ w n  that the stellar fluid and the electric currents must flow along the same 
strean~lines in a meridian plaile, and that in  the case of sIow meridian circulations in 
stars a steady state might not be achieved with a force-fres field unless the azimuthal 
component of :he field is mvch strongcr than the meridional component. 

1. Introduction 

'The study of stellar structure is difficult wl~en rotatio~r and inagnetic fields are present. 
It -becomes com.p!icatec! when large scale circulaticns are set up in the interior, 
which may rcilct back ctn the rotntjo~l 2nd magnetic fields that drive them. The 
easiest ~ppraach to th.is problem is to study structures in which. a steady state has 
been reached. In sr~ch a state we would expect the rotation, circulation and magnetic 
field to be relatzd to each other in some way. The conclitions for steady circulation 
in an axisymmetric star, when its material is treated as a perfect electrical conductor 
have been obtained by Chandrasekharl and Mestel.2 The basic equations for a 
perrectly conducting system in a steady state are : 

curl ( v  A B )  = 0 (1) 
div B == 0 (2) 

and 
div (pv)  = 0 (3) 

where B denotes the flux density, p the material density and v the velocity. If we 
denote the meridional and azimuthal components using subscripts m and a respectively, 
the steady state conditions in the axisymrnetric case may be written (Meste14) in 
Gaussian units as 

v,,, = k &I,, (4) 



and 

where I2 is the angular vel~city, ZT the axial distance, k a scalar, ,u the permeability 
and a, p, y are constants on the streamlines of circulation. Equations (4), (5) and 
(6) follow from equations (I), (2) and (3). Equation (7) is derived fro= the azimuthal 
component of the equaticn of motion, which says that the convection of angular 
momentum by the circulation is balanced by its transport by nzagnetic stresses. 
We note that for consistency B, should not vanish. 

We note that, tlzou,oh perfect electrical conductivity is a good first approximation fcr 
stars, the actual electrical collductivities are such th2t the ma.gnetic Reyn.olds number 
Rnz is finite and not very large when we consider the Eddi~gton-Vcgt circulations 
(Maheswaran3). Hence, it-would be useful to c~nsider the extensien of the Chandra- 
sekhar-Mestel problem for stars where the electrical conductivity is finite. In this 
paper we confine our attention to axisy~nmetric stars with constant conductivity. 

2 The Equations 

The Magnetcl~ydrodynamic induction equation, in Gaussian units, reads 

aB 
.- = curl ( v  A B)-cur l ( -qc~~r lB)  
at 

where -q = c2/4xpcr is the magnetic resistivity ; c bein3 the speed of light and G the 
electrical c~nductivity. 

We shall consider systens in which q is constznt and the magnetic fields decays 
like exp ( -- rlt/12 ), where I denotes sone decay length scale. Writing 

B = Bo exp ( -- v)t/12 ) (9) 

in equation (8) we obtain 
1 

curl (v  /\ Bo ) = q Ccurl curl Bo - 5 Bo ). 1 (10) 

We shall refer to the state in which. v is steady and B decays as described by equation 
(9) as the quasi-steady state. 

The problem of finding general solutions of equation (10) is a difficult one, but a 
particuIar solution which is of interest may be obtained Gsily. We shall consider a 
system in which equation (10) reduces to 

1 
curl ( v  f, Bo ) = 0 = curl curl Bo - i5 Bo (1 1) 
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This gives us 

and 

v A % = V A  
where f is a scalar function. 

. Equation (12) states that B o  is a solution of the vector wave equation. Hence, 
the most general form of Bo m2y be written (e.g. vide Ferraro and Plumptonz, p. 62) 

IS0 == h, curl ( a $ )  -!- A, lcurl curl ( a $ )  (14) 

where a is a constant unit vector, ?,h is a sca.Iar satisfying the wave equation 

and A,, A,, are arbitra-ry constants. 

We shall now investigate the conditions for steady circulation that will result from 
equations (2), (3), (12) and (13). 

3. Conditions for Steady Circulation 

In the case of a three dimensional system it is not easy to obtain conditions any 
simpler th.an those expressed in equations (12) and (13). Hcwever, considerable 
simplification is possible when we look at axisymmetric systems. 

3.1. Axisymmetric systems 

In an axisym-netric systerr. equation (13) simplifies to 

These equations are the sanle as for B in the perfect conductor case and therefore 
equations (15) and (16) together with equations (2) and (3) yield (vide Meste14). 

vnl = k B o m  (17) 

and 
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where a, y are constant on the strear.1ines of circulation and k is a scalar. 

If we take the equation of motion in the azimuthal sense we have 

which may be written 

exp ( - 2qt/12) Vm.V(~az). 

The presence of the tim.e depen.dent term complicates the problem. However, 
if we are interested ocly in a time scale sh.ort compared with the decay time scale i.e 
t < < 12/q, we can approximate equation (2:) to 

curl B, A Bo 
iz (-------) = pv, " ( no2 ). 

4 % ~  a 

As in the perfect conductor case we assume that Boa does not vanish. Further, 
we shall assume that the field is not force-free, fsr ctb.erwise th.e left hand side of 
equation (22) will vanish. We shall consider the force--free czse separately in the 
ensuing section. Equation (22) t~gether with equations (17) and (19) yield (as in 
Mestel4) 

Hence, a set of conditions [or steady circulation over lime scales short con~gared 
with the decay time scale are given by equations (17), (1 8), (19), (23) and (12) together 
with equation (9); i.e. a set of conditions for the finite conductor case may be 
obtained by replacing B by Bo in the conditions for the perfect conductor case with 
the additional condition that Bo should belong to the class of solutions of the vector 
wave equation. 

3.2. Force-free fields 

In the preceding section we noted that if the field wzs force-free, the left E.and side of 
equation (22) vanishes. Also, we know that a class of solmions of equations (12) 
for Bo is that of the force-free fields, whichwill be given by 

II 

. 1  
curl Bo = - B,. 

I 
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It is known that a field cannot be everywhere force-free in an isolated system in 
which the field vanishes apt the surface (e.g. vide Ferraro & Flumpton2). However, 
we may apply our results to a portion of a larger system (e.g. like the radiative region 
of an axisymmetric star). 

We shall now discuss the consequences of supposing that Bo satisfies (24). The 
electric current vector j is given by 

I 
j = -- curl B 

4.p (25) 

If we put j = j, exp (- r)t/12 ) we have from equations (24) and (25) that 

j, = Bo/4.xpl. (26) 

Hence, we may write, using equations (17), (1 8) and (19), which remain unaltered, 

and 

where k' is a scalar and a', y' are constants along the streamlines. 
Equations (28) and (29) together yield 

where e is the unit azimuthal vector. This equation tells us that the motion consists 
of an arbitrary unif~rm rotaticn of each po1oida.l loop superimposed on a velocity 
k1j0. 

When we come to the azimuthal component of the equations of m.otion we find that 
the earlier condition (23) is zltered. 'The equation of motion now reads 

which requires that either v, vanish or the angular momentum per unit mass be 
constant along the streamlines. i-e. 

where (3' is constant on strezimlines. 



Hence, a set of conditions that may be used to obtain systems with steady circulation 
is given by equations (27), (28), (29), (32) and (24) together with equation (9). 

4. Discussion 

Since th-e form of the steady state equations discussed here are the same as those fc)r 
the perfect conductor case their covseq&nces will renain essentially the same except 
for the restrictions on the choice of the rr.agnetic field B. Hence, the discussion 
provided by MesteK5 will be valid in this special case too. 

The following cases are worth n0tin.g here : 

(i) v, = 0. 

When vm = o we have no circulztion. So k = 0 = k' and the angular velocity 
will be constant on the field lines which is Ferraro's law of isorotation. 

(ii) v,, < < % = QW 

This is true for slow circulations (as in the case of the Eddington-Vogt circulatiorrs 
in stars). In this situatiorl 

(a) If B, 5 B,, we have from either equatiofis (17) and (18) or equations (27) 
and (28) that 

Q =; constant o n  streamlines. (33) 

Now, if the field is not force-free this wili be possibie. No5wever, if the fie!d is 
force-free, eyuatioris (31) and (33) -will be inconsistent. So, in this case, ii~. crder to 
maintain a steady state th.e field must mt be force-free. We rnigl~t ncte that this. 
applies equally to the perfect conciuctor case. 

(b) If B, > > B,, such that v, B, N v, B,, then equations (1 X) and (28) retain 
their forrlzs and there is EO apparent inconsistency. 

He~ce,  we migb.t cortclude that i ~ ?  a case tvhere the circslation speed is srr:all 
com.pred with the rotation. speed, the field must either be not force-free or, if it is, 
force-free then Ba/B1,, - va/vm. 

What we have sl?own. irz this pager is that tb-e equatio~.~ wf' Clmndrasekhar and 
Mestel for steady circulation in an axisymrr.etric perfectly conducf ng rotatics 
magnetic star w.sy be exterrded to a fluid of &cite conductivity with th.e additiorzal 
condition that the magnetic field B belo~,gs to the class cf solutio~.~ cf the vector 
wave equatiorz aid has a uniform. exvonertial decay. Mom-ever, t!lougb. tliese 
cqu2tions are conveaieot o r  applic-atiol:. to z:cdels, e!?ey reprrese~.t 2 situatiop. in 
which a characteristic feature i;f r~aterial with fi~ife condnctivity is absent. Wl7.eereas 

/' 
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in the perfect canductor the Geld lines 2nd the strezdines cf circulation must coincide, 
we know that in material of finite conductivity the field lines Dray cross the streamlines. 
Therefore, it is likely that this set of conditions will be relevant only for special cases 
of rotating masnetic stars. Besides, we should note that in the radiative regions of 
real stars the electrical conductivity u.i!l change with position. 

This work cornnzenced while the author -2,i;?s a Pos:doctoral Research Fellow at tlie 
Institut d'Astrophysique de l'kiniversite de Liege. He is grateful to the Institute 
anif Prof. R. Sinwn for their kind hcspitality. 
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