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Abstract: In this paper, we established some fixed point
results for a pair of o, - dominated set-valued mappings
fulfilling new generalised Ciric type rational contraction on a
sequence contained in a closed ball in a complete dislocated
b-metric space. As an application, we established the existence
of common fixed point of multi =<- dominated mappings in
ordered complete dislocated h-metric space. Fixed point results
with graphic contractions on a closed ball for graph dominated
mappings were established. New definition and results for
single-valued mappings were also given. Examples were given
to demonstrate the variety of obtained results. The obtained
results extended and generalised several comparable results in
the existing literature.
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INTRODUCTION

Let M : W — P(W) be a multifunction. A point w € W
is said to be a fixed point of M if w € Mw. Fixed point
theory plays a fundamental role in functional analysis
and it has a large number of applications (Leibovic,
1964; Medrano-Cerda, 1987; Amar et al., 2008; Jeribi
et al., 2013). Construction of fixed point results in
ordered spaces for dominated mappings, fulfilling certain
conditions on a subset of domains instead of a whole
space, have been the recent research trend (Arshad et al.,
2013a, b, ¢; 2014; 2017; Hussain et al., 2014; Beg et al.,
2015).

Hussain e al. (2013) introduced the concept of dislocated
b-metric space as a generalisation of dislocated metric
space (Hitzler & Seda, 2000) and h-metric space (Aydi
et al., 2012; Hussain et al., 2013; Chifu & Petru,sel,
2014; Bota et al., 2016; Sintunavarat, 2016; Yamaod
et al.,2016; Mongkolkeha et al., 2017). They established
some common fixed point results in partially ordered
dislocated h-metric space.

Nadler (1969) started the investigation of fixed point
results for the multivalued functions. Asl et al. (2012)
gave the idea of a,-admissible set-valued mapping and
generalised some fixed point results for closed-valued
multifunction in ordered metric space. For further results
ofa,-admissible set-valuedmappingsreferAlietal. (2015)
and Sintunavarat (2016). Recently, Alofi et al. (2017)
introduced the concept of o,-dominated multivalued
mappings and established some fixed point results for
multi <-dominated mappings in an ordered complete
dislocated quasi b-metric space. For further results
of a-dominated multivalued mappings refer Rasham
et al. (2018a, b). This paper establish a common fixed
point of o,-dominated set-valued mappings satisfying a
generalised contraction in complete dislocated h-metric
spaces. As an application, the existence of common fixed
point of multi <-dominated mappings in an ordered
complete dislocated b-metric space is established. The
notion of multi-graph dominated mapping is introduced
and the results with graphic contractions on a closed
ball for such mappings are established. New definition
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and results for single-valued mappings are also given.
compelling results in metric space, partial metric
space and dislocated metric space can be obtained as
applications of theorems, which are still not available in
literature.

METHODOLOGY

Necessary and sufficient constraints are required to find
the unique solution of a problem. These constraints are
called contractive conditions. In most of the fixed point
results, the contractive condition holds partially but
the problem has a solution. In many cases contractive
conditions do not satisfy the entire space X but the
mappings have a common fixed point. To find out
solution of such problems, we established an iterative
sequence {7S(x,)} based on two multivalued mappings
S,T: X — P(X). The following definitions are necessary
to understand the method.

Definition 1.1. (Hussain et al, 2013) Let H be a
nonempty set and let d, : H x H — [0, o0) be a function
called a dislocated b-metric (or simply d, -metric), if for
any x,,z€ H, and b > 1 the following conditions hold:
(i) Ifd(z,y)=0,thenz=y;

(i) () =d,.2);

(iii) d(z,y) <bld,(z, x) +d,(x, y)].

The pair (H, d,) is called a dislocated b-metric space.
It should be noted that the class of (H, d,) metric spaces
is effectively larger than that of dislocated metric spaces
(H, d,), since every d, metric is a d, metric when b = 1.

It is clear that if d,(z, y) = 0, then from (i), z = y.
However, if z = y, d,(z, y) may not be 0. For z € H and
>0, B(z,e) ={y € H :dy(z,y) < e} is a closed ball
in (H,d,).

Example 1.2. (Hussain et al., 2013) If H = R+ U {0},
then di(=,y) = (= +y)* defines a dislocated b-metric d, on
Hwith b=2.

Definition 1.3. (Hussain et al., 2013) Let (H, d,) be a

dislocated b-metric space.

(i)  Asequence {25} in(H,d,)is called Cauchy sequence
if given £ > 0, there corresponds sy € N such

that for all s, r > 5, we have dp(zr,2s) < € or
lim dp(zs,2.) = 0.

(ii) A sequence {#s} is called a dislocated h-converges
(for short d, -converges) to z if lim dj(zs, 2) = 0.

In this case z is called a d,-limit of {zs}.
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(iii) (H.d,) is complete if every Cauchy sequence in H
converges to a point ze H.

Definition 1.4. Let K be a nonempty subset of dislocated
b-metric space (H,d,) and let ze H. An element y, € K is
called a best approximation in KX if,

dy(z, K) = dy(z,y0), where dy(z, K) = ig{db(z,y).
Yy

If each z € H has at least one best approximation in
K, then K is called a proximinal set.

We denote P(H) to be the set of all closed proximinal
subsets of z: Let (3,, where b > 1, denote the family
of all nondecreasing functions w; : [0, +00) —[0, +c0)
such that >/°b*=l(t) <+oo and bwy(t) <t for
all ¢t >0, where wﬁ’ is the k™ iterate of w;. Further,

b (8) = bobwy (@i (1) < bowy(t):

Definition 1.5. (Alofi et al., 2017) Let (H.d,) be a
dislocated b-metric space, S : H —P(H) be a multivalued
mapping and « : H x H — [0, +0c0). Let A C H, thereby
S is a,-dominated on A, whenever a,(z,Sz) > 1 for all
zeA, where «,(z,5z) = inf{a(z,b) : be Sz}. If 4 =
H, then S is a,-dominated. It is shown (Rasham et al.,
2018) that there are mappings which are a.-dominated
but not a.-admissible (Asl et al., 2012). We denote the
set{(z,y) € Hx H:a(z,y) > 1or aly,z) > 1} by V.

Definition 1.6. The function H,, : P(H) x P(H) — R™,
defined by
Hy, (A, B) = max{sup dy(a, B), supdy(A,b)}
acA beB
is called a dislocated Hausdorff 5-metric on P(H).

Lemma 1.7. Let (H,d,) be a dislocated metric space. Let
(P(H),;H ,) be a dislocated Hausdorff h-metric space on
P(H): Then, for all A,B € P(H) and for each a € A
there exists b, € B satisfies d,(a,B) = dy(a,b,) then
Hdb (A B) > db(a, ba),

Construction of sequence. Let (H,d;) be a dislocated
b-metric space, », ¢ H and S,T : H — P(H) be
the multifunctions on H. Let z; € Szy be an element
such that dy(z0.S5%0) = dp(20,21); Let 2z € Tz be
such that d(,(zl,TZ'l)A = 7db(z1,;~2); Let 23 € SZZ be
such that dy(22.5%2) = dy(22.23). Continuing this
process, we construct a sequence Zs of points in H
such that *2s+1 € S22s and 22.19 € Tzpey1, where
s =0,1,2,.... . Further db(ZQS.,S;“zs) = db(lz,s,ZQSJrl),
dp(22s41, T22511) = dp(225 115 22542). We denote this
iterative sequence by {7'S(zs)} and that {T'S(z;)} is a
sequence in /{ generated by z.
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For z,y € H, a > 0, we define D,(z,y) as

dy (z,5z2) .dy (y,Ty)

a+dy(z,y) 2y (2,52), dy(y, Ty)}-

Dy(z,y) = max{dy(2,y),

RESULTS AND DISCUSSION
Results for o-dominated and =<-dominated
multivalued mappings

Theorem 2.1. Let (H,d,) be a complete dislocated
b-metric space. Suppose there exist a function
a:HxH—[0,00). Let, r >0,z € Bqg,(20,7),S,T:
H — P(H)be two a.-dominated mappings on By, (zo,7)
and {T'S(z.)} be a sequence in H generated by z,. Assume
that, for some w, € €, the following holds:

Ha,(52,Ty) < =(Dy(2,9), ()
whenever  z,y € By, (20,7) N{TS(z5)} and (2,) € Va.
Further, » 6" {=}(dy(20, S20))} <7 for all s € NU{0}
k=0
and b > 1.
..(2)

Then {T'S(z:)} is a sequence in By, (z0,7), (s, Zs11)
> 1 for all s e NU{0} and {T'S(z,)} — 2* € By, (z0,7).
Also if the inequality (1) holds for z* and (z,,2%) € V,
for all s € NU {0}, then S and 7T have common fixed point
2* in By, (20,7) and dy(z*, 2*) = 0.

Proof. Consider a sequence {T'S(z,)}. From equation (2),
we get

(e ) < 30 (b (do 20, S20))} < 7.

k=0

It follows that, 2 € By, (z0,7).
Let =z9,---,2 € By, (20,7) for some [eN.Ifl = 2k+1,
where k=1,2,..., 5%
Since S,7: H — P(H) be a a. - dominated mapping
on By, (20,7), SO ay(zak, Szar) > 1 and . (zak, Szax) > 1,
As  a.(zon,Sz) > 1, this  implies  inf{a(zox,b) :
b€ Szt >1.  Further, therefore
a(zor, 22p41) > 1. Now by using Lemma 1.7, we obtain,

Zopt1 € S2ap,

dy(zar41, 22n42) < Ha, (Szan, Trong1) < wo(Dy(zok, 22141))
< wy(max{dy(zax, 22k+1),

dy (208, 2ok+1) -dy (22841, 221 2)
a+dy (221, 22641)

)

dy(Zak, Z2k11)5 Ao (2241, Z2K42) })
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< wp(max{ds(22n, 22k+1), dp (22641, 220642) })-

If max{dy(z2x, 22541), do (2041, Z2n42)} = dp(z2n41, 22042), then
dy(Zoky1, 2okt2) < @o(do(Zon41, Z2k42))

< baop(do(2ok41,5 Z2K42))-

This is the contradiction to the fact that baw,(t) <t
for all t>0. Therefore, max{dy(zor,22x+1),

dy(22k+1, 22k+2) } = dp(Zak, Zok41)-
Hence, we obtain,

dp(22n+1, 22k42) < @i (do(22k, 226+1))- (3

As @u(z2p—1,Tz2k—-1) > 1 and zar € Trop_1,
then (2251, 22x) > 1. Now, by using Lemma 1.7, we
have

A

dy (o, sok1) < Hay(Tzop—1,Sza) < @wo(Dp(zar, Z21-1))

IN

wb(max{db(ﬁ‘zk, 521@—1)7

dy (52k7 52k+1) .dy (521%1, 521:)
a+ dy (221, 226—1)

’

dy(Z2ks 22k41), dp(Z2n—1, 22) })

< wp(max{dy(zor, 22k—1), db (22K, Z2k+1)})-

If max{dp(zak, ak—1), db (221, 226+1)} = dp(72k, 226+1)
then

dy (221, 22k41) < @u(do(zary 22n11)) < by (dy(z2ks Z2811))-

This is a contradiction to the fact that by, (t) < ¢ for
all ¢ > 0. Hence, we obtain

dy(22k, Zok+1) < @o(dy(22K—1, 22k))- (4)
As @y is nondecreasing,
@ (dp (228, 22k+1)) < Wo(@s(dp (2261, 221)))-

By using the above inequality in equation (3), we have
dy (20141, 22642) < @i (dp(226-1, 221))
Continuing in this way, we obtain

dp(22k+1; 22642) < wgkﬂ(db(zm z1))- .5

Now, if | = 2k, where k& =1,2,... %, by using
equation (4) and similar procedure as above, we have,

dp (221, 2o 41) < @i (dp(20, 21))- .(6)
Now, by combining equations (5) and (6),

dy(z1, 2101) < @ (dy(20,21)) forall [ € N (7
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Now, by using triangle inequality and by equation (7),
we have

dp(20, 2141)

S bdb(ZQ, Zl) + bgdb(:l, 52) + ...+ bH—ldb(:l, 5l+1)

IN

bdb(Z(), 51) + b2wb(db(z0, 51)) + ...+ bl+lw§,(db(50, 21))

SO ok (dy (20, 21))} < 7

k=0

IN

Thus =, € By, (z0,7). Hence z, € By, (z0,7) for all
s € N, and therefore {T'S(z,)} is a sequence in By, (20, 7).
As 5, T are a.-dominated on By, (20,7), @ (%25, S205) >1
and o (22541, T=25+1) > 1. This implies (s, 2s41) > 1
for all s € N. Also inequality in equation (7) can be
written as

dy(zsy 2s+1) < wi(dp(20,21)), for all s € N. .(8)

then the

As XS brwi(t) < too, series

S bk (@l (dy (20, 21))) converges for each p € N.,

As by (t) < t, so

b* M (w7 (dy (20, 21))) < b¥wi(wh ™ (dy(20,21))) for

all s e N.

Fix ¢ > 0, then there exists p(¢) € N, such that

beoy (@} (dy (20, 21))) + B2 (wh D (dy(20,21))) + - < e

Let s, € N with » > s > p(e), then, we obtain

db(5.97 57‘)

IN

bdb(~757 :s+1) + bzdb(55+la 53+2) 4+ brisdb(zr—la Zr)

IN

bwg(db(zﬂa :1)) + b2w‘;+1 (db(:(h 31)) + e
+ br_swg_l(db(zo, z1))
= by (o ) + o+ B0 (i (A0, 1))

< bw;,(wf<5)7l((lb(zg,zl))) + wa;‘i(wf(E>7l((lg,(zo, 21))) + - <e.

Thus we proved that {T'S(z,)} is a Cauchy sequence
in (Bg,(20,7),dy). As every closed ball in a complete
dislocated b-metric space is complete, there exists,

2* € By, (z0,7) such that {T'S(z,)} — =* thatis
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Now,
db(z*vsz*) bdb(:*7:2s+2) + bd[,(325+2,55*)
bdb(:*, 525+2) =+ bHdb (T:23+1, SS*).

(by Lemma 1.7)

INIA

Since a(z*,z2s41) > 1, we obtain
db(:*, SZ*)

< bdy(57, z2s42) + booy (max{dy (=", zps41), dp (27, 527),

dp (2%, 52%) .dp (22541, 2254+2)
a+dy (2%, 22611)

) db(52s+1 5 52s+2)}) .

Letting and wusing the inequality in
equation (9), we obtain d,(z*,S2*) < by (dy (2%, S2%)).
A contradiction, hence d,(z*,S52*) =0 or 2* € Sz*.
Similarly, by using,

5 — 00,

dy(=",T=") < bdp(27, 29541) + bdp (29541, T=")

we can show that z* € Tz*. Hence, S and T have a
common fixed point z* in By, (0, 7). Now,

dp(2,57) < bldy (2", T2*) + dy(T=", ) <0 -
This implies that, d,(z*, 2*) = 0.

We have the following result without closed ball and
a-dominated mappings for one multivalued mapping.

Theorem 2.2. Let (H,d,) be a complete dislocated
b-metric space. Suppose S : H — P(H) be amultivalued
mapping: Assume that, for some @, € €, the following
hold:

Hg,(Sz,Sy) < @y (Dy(2,9))

for all z,y € {SS(z5)}. Then {SS(zs)} — z* € H and S
has a fixed point z* in H: Also dy,(z*,2*) = 0.

Definition 2.3. (Alofi et al., 2017) Let H be a nonempty
set, = is a partial order on H, a € H and B C H.
We say that « < B whenever « < b forall b € B. A
mapping S : H — P(H) is said to be multi =-dominated
on A if a < Sa for each a« € A C H. If A = H, then
S: H — P(H) is said to be multi =-dominated. We

denote the set {(z,y) € HXxH :z <yory =<z} by V<.

We have the following result for multi =-dominated
mappings on By, (=, ) in an ordered complete dislocated
b-metric space.

sli>nolo dy(25,27) =0 --(9) Theorem 2.4. Let (H,=,d,) be an ordered complete
June 2019 Journal of the National Science Foundation of Sri Lanka 47(2)
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dislocated b-metric space. Let, » > 0, zy € By, (20,7),
S,T : H — P(H) be two multi =-dominated mappings
on By, (z0,7) and {T'S(z5)} be a sequence in H generated
by z,. Assume that, for some @; € {2, the following hold.

Hg,(Sz,Ty) < @y (Dy(2,y)), ..(10)

whenever z,y € By, (z0,7) N{TS(zs)} and (z,y) € V<.
Also

> @ (dy(20,21))} < 7 for all s € NU{0} and b > 1.
k=0

(1)

Then {T'S(z,)} is a sequence in Bg,(20,7), s = Zst1
and {TS(z,)} — 2* € By, (z,r) Also if the inequality
equation (10) holds for z* and (2s,2*) € V< for all

s € NU{0}. Then S and T have a common fixed point z*
in By, (:0, T) and db(ﬂ*, Z*) —0.

Proof. Let a: H x H — [0,4+00) be a mapping defined
by a(z,y) =1 forall = € By, (20,r) and (2,y) € V<, and
a(z,y) =0 for all other elements z,y € H. As S and T
are the dominated mappings on By, (20, 7), so z < Sz and
2z = Tz for all z € Bg,(20,r). This implies that = < b for
all b € Sz and z < ¢ for all ¢ € Tz So, a(z,b) = 1 for
allb € Szand a(z,c) = 1forall c € T=.

This implies that inf{a(z,y):y € Sz} =1 and
inf{a(z,y) : y € Tz} = 1. Hence as(2,82) =1,
,(z,82) = 1, (2, Tz) = 1 for all = € By,(20,7). So,
S,T: H — P(H) are the «a.-dominated mapping on
By, (%0, 7). Moreover, inequality in equation (10) can be
written as,

Hdb (SZ, Ty) < wb(Db(zv y))u

whenever z, y € By, (%0,7) N {TS(z5)} and (z,y) € V,.
Also, inequality in equation (11) holds. Then, by Theorem
2.1, we have {T'S(z,)} is a sequence in By, (z0,7), 25 = #st1
and {T'S(z5)} — z* € By, (20,7). Now, z4,2* € Bg,(%0,7)
and (%5,%2") € V< implies that (z,2*) € V, for all
s € NU {0}. Therefore all the conditions of Theorem
2.1 are satisfied. Hence, by Theorem 2.1, S and 7T have a
common fixed point z* in By, (z0,7) and dy(2*,2*) = 0.

We have the following result without closed ball in an
ordered complete dislocated h-metric space. The result is
only for one multivalued mapping.

Theorem 2.5. Let (H,=,ds) be an ordered complete
dislocated b-metric space. Let S : H — P(H) be a multi
= - dominated mapping on H. Assume that, for some
@y, € %, the following holds:

239

Hy, (Sz,Sy) < @, (Dy(,9)) (12)

whenever z,y € {SS(z;)} and (z,y) € V<. Then,
{85(z)} — 2" € H and s = Zs41. Further, if
the inequality in equation (12) holds for =* and
(25,2%) € V< for all s e NU{0}. Then S has a fixed
point z* and d,(z*, z*) = 0.

Example 2.6. Let H = QT U{0} and let d, : Hx H —
[0, o) be the complete dislocated b-metric on H defined
by

dy(z,y) = (s +y)tforall z,y € H

with parameter » = 2. Define the multivalued mappings,
S,T: H—P(H) by,

a 2
Sa = [g.ga]nHif a € [0,19]nH
[a,a+1]nHif a € (19,0)NH’

and

b 3 _
Th = [Z,Zb]nHlfb € [0,19]nH
[b+1,b+3]NnHif b € (19,0) NH.

Considering, =z, = 1,7 = 400, then By, (20,7) =
[0,19] N H. Now d,(z,,52,) = d(1,51) = dy(1, 3) = .
{TS(25)} =
(1,5, 190 55>} in H generated by zo. Let @ (t) = 15,
then bwy(t) <t

Therefore we obtain a sequence

Define
1 if 2>
a(z,y) = { 1 ! Y }
2

otherwise
Then S,T : H — P(H) be the o.-dominated mappings
on By, (%0,7). Now take 20,21 € H and a = 1, then, we
have,
Hy, (520, T21) = 1936 > Dy () = oo

Therefore, the contractive condition does not hold the
whole space H. Now for allz,y € By, (z0,7) N {TS (%)}
with (2,¥) € Va, we have

Hy, (S2,Ty) =

Journal of the National Science Foundation of Sri Lanka 47(2)
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Therefore, the contractive condition holds on
Ba,(z0,m) N {T5(z,)}. Further, for all s € Nu {0}, we have
16 . 4

> o wp (dy (20, 1))} = 3 x 22(5)*” <400 = 7.
k=0 k=0

Assume  {TS(z)} is a  sequence in
B, (z0,7), (25, 2541) > 1 and  {T'S(z,)} >0 € By, (20,7)-
Further, a(z,,0) > 1 for all s € NU{0}. Hence, all the

conditions of Theorem 2.1 are satisfied. Moreover, 0 is a
common fixed point of S and 7.

Results for graphic contractions

Jachymski (2008) established fixed points for mappings
satisfying graphic contraction. Let (H,d) be a metric
space and A\ represents the diagonal of the cartesian
product H x H. Assume that G is a directed graph.
The set V(G) having vertices along with H, and the set
E(G) denoted the edges of H included all loops, i.e.,
E(G) D A. If G has no parallel edges, then we can unify
G with pair (V(G), E(G)) (Bojor, 2012; Hussain et al.,
2014; Tiammee & Suantai, 2014).

Definition 3.1. Let H be a nonempty set and
G = (V(G),E(G)) be a graph such that V(G) = H,
A C H. A mapping S : H— P(H) is said to be multi
graphdominatedon 4 if (z,y) € E(G), forally € Szand
z € A Wedenotetheset{(z,y) € H x H: (zy) € E(G)
or (yz) € E(G)} by Vg.

Theorem 3.2. Let (H.dy) be a complete dislocated
b-metric space endowed with a graph G. Let,
r >0, 29 € By, (20,7), S,T: H— P(H)and{T'S(z,)}
be a sequence in H generated by zp. Assume that the
following holds:

i) § and T are multi
B, (20,7) N {TS(%)};

graph dominated on

(ii) there exists @, € €, such that

Hg,(Sz,Ty) < @wu(Dy(2,)), ..(13)

whenever z,y € Ba, (z0,7) N {T'S(zs)} and (2 )y) € Vg;

(iii) 27— V" {wf (dy(20,5%0))} <7 for all
se NU{0} and b > 1.

Then, {T'S(zs)} is a sequence in By, (z0,7),
(25:2541) € E(G) and {TS(z,)} —z*. Also, if the
inequality in equation (13) holds for z* and (25, 2*) € Vg
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for all s € NU{0}, then S and T have common fixed
point z*in By, (z0,7) and dp(=*, z*) = 0.

Proof. Define, a: H x H— (0,0) by

a(z,y) = { B’,

if 2 (S ma (:71/) € VG

otherwise.

As S and T are graph dominated on By, (z0,7), then
for =z e By, (20,7), (2,y) € E(G) for all y € Sz and
(,y) € B(G) for all y € T=. So, afz,y) =1 for all
y € Sz and «(z,y) = 1 for all y € T=. This implies that
inf{a(z,y) : y € Sz} = 1 and inf{a(z,y) : y € Tz} = 1.
Hence a.(z,52) = 1, a.(z,T%) = 1 forall = € By, (z0,7).
Therefore S,7: H — P(H) are the «a.-dominated
mappings on By, (%0,7). Moreover, inequality in equation
(13) can be written as

Hdb(SZa Ty) < wb(Db(:a y))>

whenever =,y € By, (z0,7){TS(z,)} and (z,y) € V.
Further, (iii) in Theorem 3.2 holds. Then, by Theorem 2.1,
{T'S(=,)} is a sequence in By, (z0,7) and {T'S(z,)} — z* €
By, (20,7). Now, 22" € By, (20,7) and (zs,2") € Vg
implies that (z,,2*) € V. Therefore, all the conditions
of Theorem 2.1 are satisfied. Hence, by Theorem 2.1, S
and 7 have a common fixed point z* in By, (z0,7) and
dy(2*,2%) = 0.

We have the following result without closed ball
in complete dislocated h-metric space for multi graph
dominated mapping. Therefore we write the result only
for one multivalued mapping and for Dy (z,y) = dp(=,y).

Theorem 3.3. Let (H,d;,) be a complete dislocated
b-metric space endowed with a graph G. Let,
r >0, 2 € Bq,(20,7), S:H— P(H) and {SS(z,)}
be a sequence in H generated by z,. Assume that the
following holds:

(i) Sisamulti graph dominated on {SS5(=,)};
(i1) there exists w@; € 2, such that

Hdb(S:vSy) < wb(db(:ay))v (14)
whenever =,y € {T'S(zs)} and (zy) € Vg;
Then, (%5y2541) € E(G) and  {SS(z5)} — =*.

Further, if the inequality in equation (14) holds for =*
and (z5,2*) € V¢ for all s € NU{0}, then S and 7 have
common fixed point =* in H and d,(z*, z*) = 0.
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Results for singlevalued mappings

Recently, Arshad et al. (2017) have given the following
definition for dislocated quasi metric space.

Definition 4.1: Let (H, d,) be a dislocated h-metric space,
T : H — H beaself mapping, ACz and a: Hx H —
[0, +c0) be a function. We say that,

(i) Tis a-dominated mapping on 4, if a(z,T=) > 1 for
all =z € A.

(ii) (H,d,) is a-regular on 4 if for any sequence {z.}
in 4 such that a(z,2,41)>1 for all s>0 and
2, —uc A As s — oo we have a(zs,u) > 1 for all
s> 0.

Theorem 4.2. Let (H,d,) be a complete dislocated
b-metric space. Suppose there exists a function
a: Hx H —[0,+c0). Let r >0, 2y € By, (20,7) and
S,T:H — H be two a-dominated mappings on
By, (z0,7). Assume that, for some w@; € O, the following
holds:

db(SS, Ty) < WZ)(DII(:H y))v

whenever z,y € By, (%0,7) and (z,y) € V,. Further,

> 6@ (dy(20,520))} < 7 for all s € NU{0} and b > 1.
k=0

If (H,d,) is a-regular on By,(z0,7), then there
exists a common fixed point z* of § and 7 in
By, (%0,7) and dp(2*,2*) = 0.

Recall that, (Arshad et al., 2013) if (H,<) be a
partially ordered set. A self mapping f on H is called
dominated if fz <z for each 2 in H. Two elements
2,y € H are called comparable if = <y or y < = holds.

Theorem 4.3. Let (H,=,d,) be an ordered complete
dislocated b-metric space, S,T7 : H — H be dominated
maps and zp be an arbitrary point in H. Suppose that for
some @y € € and for S # T, we have,

dy(S=z,Ty) < @y (Dy(2,y)) for all comparable elements
2,y in B(zp, ). Further,

£l

Zbk“{w{f(db(:o,Szo))} <rforall s NU{0} and b > 1.
k=0

If for a nonincreasing sequence {z} in
B(zo,1), {#s} — w implies that v < z, or z; =< wu. Then,

there exists z* € B(zp,r) such that d;(z*,2*) = 0 and
= SzF =Tz*.
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By putting b = 1, Di(z,y) = di(z,y) and w(t) = kt, we
obtain the main result. Theorem 2.1 in (Arshad et al.
2013) as a corollary of Theorem 4.3.

Corollary 4.4. (Arshad et al. 2013) Let (H,<,d;) be an
ordered complete dislocated metric space, S, 7 : H — H
be dominated maps and z, be an arbitrary point in H.
Suppose that for £ € [0, 1) and for S # T', we have,

d(Sz,Ty) < kdi(=,y) for all comparable elements =,y in
B(zo,7) and di(z0, Sz0) < (1 — k)r.

If for a non-increasing sequence {zs} in
B(z,7), {#s} —u 1implies that u =<z, Then there
exists z* € B(zo,r) such that d;(z*,2*)=0 and
=82 =Tz".

Definition 4.5. Let H be a nonempty set
and G=(V(G),E(G)) be a graph such that
V(G) = H, A C H. Amapping S : H — H is said to
be graph dominated on 4 if (z,5z) € E(G),forall = € A.

Theorem 4.6. Let (H,d,) be a complete dislocated
b-metric space endowed with a graph G. Let,
r >0, 20 € Bg,(20,7) and S,T: H — H. Assume that
the following holds:

(i) Sand T are graph dominated on By, (%0, 7);
(ii) there exists @, € Q, such that

db(S:7Ty) S wb(Db(:v y))”
for all z,y € By, (z0,7) and (zy) € V¢;

(iii) Yp_ob"M @l (ds(z0,5%0))} <7 for all s € NU{0}
and b > 1.

Then, there exists a sequence {z} in Bg,(%0,7) such
that (2., 2.41) € E(G) and {z,} — +* € By, (z0,r). Further,
if (zs,2%) € V¢ for all s € NU {0}, then S and T have
common fixed point =* in By, (z0,7) and dy(2*, 2*) = 0.

Now, we present only one new result in metric space.
Many other results can be derived as corollaries of our
previous results.

Theorem 4.7 Let (H,d) be a complete metric space
endowed with a graph G and S : H — H be a mapping.
Assume that the following holds:

(1) Sisa graph dominated on H,
(i) there exists & € [0,1) such that

d(Sz,Sy) < kd(z,y),
forall =,y € H and (zy) € V¢;
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Then, there exist a sequence {z;} such that
(%5, %s41) € E(G) and {z,} — z*. Further, if (s,,2*) € Vg
for all s € NU{0}, then S has fixed point =* in H.

CONCLUSION

The present study obtained fixed point results for new
generalised contraction on an intersection of a closed ball
and a sequence for a more general class of «.-dominated
mappings rather than «,-admissible mappings. Results
with graphic contractions on a closed ball for graph
dominated mappings are established, and Theorems
for ordered multi <-dominated mappings are obtained.
Moreover, we investigated the obtained results as a new
framework of dislocated b-metric space. New results in
partial b-metric space, dislocated metric space, partial
metric space, b-metric space and metric space can be
obtained as corollaries of the obtained results.
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