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Abstract : This paper deals with the problem of ﬁnd1 gnecessary and sufficient
conditions in order that, for some 1 f(x)g(x) v 'xP*9 (c, 1) whenever f(x) v
1xP (C, N for some 1, whereu>>\>1 p>—1,p+q>-—1 andeL This
problem is a generalization of a problem consldered earlier,* in which /JOX were
replaced by positive integers r, k, r 2k and | and I’ were zero.

1. Introduction

Let f be a real function with domain < [1,00). If f € Lloc (1.e. f is locally
Lebesgue integrable) and A > 0, we define '

f(x) =Li(x)= I:(—l—) (X - t)>\'1 f(t)dt, and set f_(x) = £(x).

we say that f(x) is Cesaro l1m1table of order A in the ordinary sense to I,
written f(x) - I(C, A\) if T(x + 1)x7 At (%) > 1 as x = . More generally, if
p>—1. 1+ 0,wewr1tef( ) v 1xP (G, 7\) if

(Ap+1
—(——Ii—)x'P'?\fx(x) > lasx—> "

If p is real, we write f(x) = 0(xP)(C, A)[‘or‘o(xp)(C, M if X'P"xfx(x) =0(1)
[oro(1)] asx > -

In (5), we found conditions necessary and sufficient in order that
f(x)g(x) = o(xP*9)(C, r) whenever f(x) = o(x")(C, k), where r, k are non-
negative integers and r > k. (See (5), Theorem 1). This is the integral
analogue of a theorem given in (8). The following theorem is a direct conse-
quence of the above Theorem 1. : :

THEOREM A : Letr, kE/’\I,r k,p> —1,ptq> —1. Alsoletfe L, _and
gEL Jfk=0,r=>1 andg 1EEAC o f=k=1.

Then, conditions necessary .and sufficient in order that for some ',
f(x)g(x) ~ I'x?*9(C, r) whenever f(x) v 1xP(C, k) for some ] are :

* (5), Theorem 1.
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(@ @), 1][¢(t)[dt=0(x)asx—>oo,

(i), ¢(x) > 1" as x > = (C, r) for some 1", where
¢(x) = x"9g(x), in the case k= 0, r > 1 and'

(b) (), #(x)=0(1) as x ~> o=,
X
G [ th-a] g (1)} dt = 0(x) as x ~ =,
(i), #(x)~>1"(C,r)asx ~>eo,
. inthecaser=>k>1.

In this paper, we genefalise Theorem A. We replace the integers r, k by
real numbers u, A respectively, where u > X > 1. We also drop the restriction
gttt e AGC,, .. We prove the following theorem.

THEOREM B : Let p > A > 1, p> -1, p+q>—1andfFL . The

conditions necessary and suff1c1ent in order that, for some I', ( )g(x)
I'xP*9(C, u) whenever f(x) v 1IxP(C, \) for some ] are that, for some a (=1),

(i) g€ L”(1,a),
e 1 *
(i1) - T}J tg(t)dt =1, —f_??:;nlg)— u'( (v— u))‘d o (v) forall u > a,
where 1 is a constant andftx |da (] <.

See (1) and (4), where Cesaro summability problems of a similar nature have
been considered.

Theorem B is deduced from some theorems stated and proved in
section 3.
2. Auxiliary Results
We first define the following subspaces of L, |
(i) (G, A, p,1) ={#/f(x) ~ IxP (C,\)}with the norm defined by

I £ 1= sup t° M £, (1)] .
t=1

(i) C,={f/f€(C,n,0,1) for some 1}
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(i) Ny ={gre (¢,2,0,0), (1) =0 fort<a,GeL(a,=)}
B S S
where G(u) = uf(u) _ff t)dt, with

ufn—supﬂlfx )= sup[f MGy (u)du |

t=a

(i) (B, p) ={f/f(x) = 0(x?)(C, M)}
(v) B?\ = (B, 2, 0)

(vi) €, la, =) ={f/f is continuous for t > a, f(t) > 0 as t - o Jwith | £ I =

sup L £(t)] -

(vil) BV [a,e) {f/f is of bounded variation in [a, oo)}
The following lemmas will be used in the proofs of the theorems.

LEMMA 1 : If (Ny)* denotes the dual space of Ny, then every continuous
linear functlonal AE (NR)*is given by an equation of the form

A(f) = F%\)gaf(u)duuj(t — u)>\'1 d a(t), where

5 th ‘d a (1) ]< e, the norm of the functional A being given by
A === $"[da(t)].
rm; |da(t)|

. ‘'t
Proof : Consider the equation T,(t) = y(t) = t'kij’ (t— u)>“1 f(u)du ... (2.1)
: 1 :
Then, T, € C_[a, =) whgnever fe Ni.

Also, I'T, | ~ =sup| T,(t) | =1 £l and thus the linear operator
C o (a, o) t=a .

T : N)\ ~> C,[a, «) defined by (2.1) is a continuous linear operator which
maps Ny\ 1sometr1callv onto a subspace of C[a, ). By the Riesz represen-
~ tation theorem, every A € (C[a,*))* is given by

) =Jy(t)dﬁ(t), y € C, [a,), where § € BV (a, ) and I A | =

Slasco) .

¥ See (4), Lemma 2.
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Hence, by extending the functional A(y), we can write every A € (N;)* in -
the form

NOE Rfkfﬁ 1nklﬂ w)du) dB(t), § € BV (3, ). —— *
ie. A(f) jf (u)du J (t 7\ 1 t“?\dﬁ(t)

_Irl(_)\) D;(u)d G[(t—u))\_l d&(t) where .
a(t) = —[“()\)fu')‘dﬁ(u) and
A ~f|d6 t——l—tlda (t) -

gL
Since fe N;\, the inversion of the order of integration is justified.
LEMMA 2 : Suppose f.g € Bu for some u whenever €G,.
Then, (i) g€ L*(1,),

(ii) There exist a (> 1) and K such that if

) |
A(f) = lim ——Jf(t)g(t)dt, then A € (N})*and | A I <K

u>oo u.
1

Proof : The necessity of (i) follows trivially since constant functions belong
to G ' '
i

Now assume that (11) is false, i.e. It is false that ¢ for some a, K IA f).

KIfl whenever fe Nx e cee (2.2),
d . . . -1
Now, foru > 1, — (u™ I, f(w)g(w) =u “I#~1 f(u)g(u) —pu™ L, f(u)g(u)
du A '
=u#l Gyt (uy - B e (2.3)

where G(o) = uf(u)g(u) — f(Oa(r)dr

We now define by induction an increasing sequence{an} tendmg to+ooand a
sequence of functions {f }as follows :

Let a_ =1 and suppose a_, . el a ., andf, . I __, have been defined

sucht%atf EN’l,r—l .n—1,
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Let G (u) = ff t)dt for every r.
By (2.2) there exists f ' € N>\n 1 such that

Il <2andA(f)>1 (2.4
f lGr(uﬂdu : '  ((2.5)

1
<) . -1
u< esince g€ L~ (1, ) andfrEN;\r -

N:

let a =2an1

1l
—

T

[N

Note thatf ‘ G( u)|

Now defme f(t) = & f (t). Then f(t) =0 fort < 1,

Y

M::E',MS

feL  andf(t)=L f(t) forl<t<a

r=1 n
Also, hmkthfk )-txfx k hm_z t>‘ t,)) —t)‘(fr t )\
t oo ) t —>oo
t2—>oo t2—>co
+lim Z lt (fl (t, i
t soc r=s+1
tz—)OO

< lim > M < 2ZQT‘21'“forarb1tarys€1\4
t _)oor=s+1 r=s+1

— o
t?.

Hence t')\f\( t) - a finite limit as t > oo, and thus the function f constructed
belongs to Gy.

Now f 'ﬁ“dff(t du—th*“dtf uy2Gr(u)du
r"“ldt ( W 2Gr(u du—i It“ldtf(t w2 Gr(u)du

1

2 _rGr )du | t—u)ﬂztﬂldt —Zl f tﬂldtj'( — wH2Gr(u)du
r=1 § =1 a, 1

_s T 1) S (5
= ; i) A(fr) —FZI af“ z ldtl (t - W2 Gr(u)du
~ But lz ft’“'l dt I(t — u)*2Gr(u)du ]‘< ZI t3dt -j]Gr(u}’du‘
r=1 2n, 1 “ta, 1 o :

< __Z ﬂGr(u du < 1 by (2.5).
aTl r=1q

a T

5 Mu-1)

Hencejt'“'1 dt [(t —u)*? G(u)du > ) n— 1 by (2.4)
1 1;{ |—(l.l 1)
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2n.

(o m W |
and by (2.3) it follows that A7 f(u)g(u)du > +°>when u > 1.
M ‘

.;aIl
‘contradicting the fact that f.g € B, for some . Hence the necessity of (ii).

LEMMA 3 : If p > —1, N> >\, then (C, A, p, 1) C (G, N, p, 1) and (B, A, p)
C (B, A\, p). - -

This result is well known. Cf (2), Lemma 3.

LEMMA 4 : If p> —1, ptq > —1 and g € (C, %, p, 1) [or (B, A, p)], then
- h € (C,\, ptq,1) [or (B, A, p+q)], where h(x) = x9g(x).

Cf (2).Lemma 4.
‘ LEN[MA 5:Iffe B>\, > 1, then there exist constants H, K such that
(1) I (‘c—u)‘1 vv— )°‘f(u)dul<Ht)\v°‘forv> t, a > 0.

(i) U(t—u) [(v — WM — M1 f() duf< Kt (A + M) forvs

Proof : The results are tr1v1a1 fora=1, and hence'take A >. 1.

@) Let)\ n+pwheren€IN 1<p< 2andM—supt>\If)\(t|
' t>1

By partial integration we have
t

Jamo -t e (2= w2

(v—u)*] du
n+1
= ; CIJI' where c_is independent of tandv, ............... (2.6)
t . -2 «-r - )
and J, =, [t — P2 (v —u) £, (u)du

_(t*l)r(v—l)aj i -2 \ | -
= s (t —w)P™f_ ;4 (u)du, where 1 < br <t

by the Second Mean Value Theorem.
By Riesz’s Mean Value theorem,

. ‘ _1N\T {1y Q-T
”f’§ (=D lv) 1<Sb<b|
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= (t—1)f(v—1) &11 sEp \br — D bl< ™ (p-1)MtM2,
<b<

(t=1)7
since [ ——] < 1, and \,« are non-negative.
(v—1) ~ ‘

Hence, (2.6) gives (1)

(i1) Take f =n+p wheren € INo 0 < p < 1. As before, we have

t

S (t — u)B [(v — u)>\'1 —yM1d f(u)du

n+1

- (-1)n+1ljfn+1 (u) (5%)@— W [v— Mt =V b du R . (2.7)
But, (5%){@ A v“]}: Co (t — )Pt [(v —u)MT _ 2]

| + Zl C(t—wfr v v (2.8)
As in (i), ft(t — WP v M (w)du | < (8 - nyMePe AL

Also U’ N (O A RS (O L
_[Vkl_ (v — ?\l‘]lf Bnlf +1(u) du | where 1<n<'t
< 9 (B — n)MtP+1 [tM +(n— 1)

(2.7), (2.8), (2.9) and (2.10) give the required result.

3. Theofems and their Proofs

THEOREM 1: If f.g € B, for some uwhenever t € C,, then there exists a
(= 1) such that

i) g€ L”(1,a)

0 r(x+1

u

1 o
(i) — fg(t)dt e L [(v v) for all u > a,
u | .
where 1 | is a constant, andajvk lda (v) | <ee.

Proof : The necessity of (i) follows from Lemma 2 (i).
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By Lemma 2, there exist aj and K such that

1 : :
Tlim |- Sf(t)g(t)dt‘ < KI|f||whenever f € Nao +venveen (3.1)
u— > U1 .
iq '
Also, if f € N&o, then — Uf(t)]dt EV(ap™). i, (3.2)
. . uil =

Now, (3.1) implies that there exists a > a such that if

. 10 : v
A== [f(t)g(t)dt, then, whenever u> a, A€ (N&)* ... .....(3.3)
ur

- For, if (8.3) is false, by the method used in Lemma 2, we can construct

1 be
{bn} ffyb, = +eo :and fe N%O such that N jf(t)g(t)dt > n,

nl
u

‘ 1 a
contradicting the fact thdt — (f(t)g(t)dt is bounded whenever f € N, ®, which
. ul e ,

is a consequence of (3.2) and g€ L (1,).

Hence, (3;3) and Lemma 1 give : Whenever u > a,

u =] s
—l—lll(f(t)g(t) dt = &l)éf(u)duf(t — WM da (1), where
fotx,doz (t)‘< =, for fEN;\. ....... N e (8.4)

Clearly, the function X(a,u) belongs to Ny. Hence (3.4) gives

_1 [;(t)dt = ——1 g:i!t fZV — t)>"1 da(v) for all u > a.

ua P
A o )\ 1
Smczjt l da (t) ] < F(?\)( (V da(v)
= _1_ fjjt go(ov — t)>\_1 da(v) — —1— Sdt J,E:/ — t)>\ 1 da (V)
)] ¢ F)
B 1 2 b _ 1 ~ A '
=1, - [__(A_fxgv —u)" d e (v), where 1, —.[_—(;fi(gv —a)” da (v).

- Hence the result,
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THEOREM 2 : If f € By and (i) h € L™ (1,-a)

(o -
(ii) —l/h(t)dt,-Z —————Jv—u)x d a(v), where_f N de v)|<oo then
u; . T(O=1

' t
-1

T o=t : .
Itllg} t I, f(h(t) = —tl_l)r?o o I, (vi(¥) —f1(v))d « (v).
a
Proof : Since f € By, by Lemma 4 we have
I (Vf( )y — f (v)) = o(V>\+1), and hence the R.H.S. of I exists, since

j X lda(v)|<e.

Now (i) gives h(u) -F‘—(A—:l )g(v — u)>‘ da(v) — [:(% uI(v — )M da(v)
foru> a. ,
Hence t™ I, f(t)h(t) = t at———u—)x-lf(u)h(u)du+l +1 : (3.5)
k 1 |_(A) : ’ 1 2 AR .
N1 (0 | : 1(
-y A-1 A \ . _ A1
where I, = ey {{_0&1&‘[ u) f(u)dlij(v u) Jda(y) F(X)g(t )

duj(v '* 1 o (;} |

s { ) [ (v — e — ] f(u)”du

oo o)t
_ L q(v)S(v_—— u))"'l(t —u)k‘luf(u)du} e ... (3.6)
Fova i ‘ : '
S R (T ¥ RO AR |
wndly :rh‘){‘r”(x’+1>£(t IR Gl

r(x)s (t — w1 f(g)dtéj(v— u)x'l; da(vj}

- >0 t
t

=r‘<:§{(r‘t§':13” o) flem Ly = e

a



80 : ' C. Yogachandran

_r%){:a(vij:(t — )M -1 (v— _a)M f(u)du }

Hence, by Lemma 5(1) we get

: |IZ_\<K1t')\I)‘>“da vl%Oast—wor ................ (3.7)

-, t

t1

(I)\ (f,(v) —vi(v)da(v)

Now, by (3.6) we get 1] — "™
. 2

- ”{_l_ fti V>§V_u>\[<t —u) 1 Y f(u)d

- To) roe;

1
——faa) [ (v =M =W - 2 () duf

BENESE
Hence |1, — i (1, ¢ £v)) da(v))
ence _f__U\—)_—a L (f, (v) — vi(v)) da(v)
< Kzﬂjv“l_(vﬁ + ML da(v) | " by Lemma 5 (ii)
<K, t'x_"'v)‘+1 (v7\'1" R ) fda(v)‘+ 2KZS vh ldoz(v)\ ,where a<w<t, and
— e | o
’Hence\ixrgoo {n_r: DLI f_(—)aﬁ)\ (f1 (v) — vf(v))doz V=0 ool (3.8)

a

' A-1
. " . . Y (t — u)
Now, (i) implies that t™"] ———"  f(u)h(u)du 0 as t - .

Hence, (3.5), (3.7) and (3.8) give I.

THEOREM 3 : Conditions necessary and sufficient in order that f.g € Gy
whenever f € C,\ are that, for some a (= 1)

(i) g€L™(1,a),

i dt=1 L A do(v) for all u >
(i1) ajg(t) t= _O_E(T‘*Lv_w a(v) forallu> a
where 1 is a constant andJ’tkHa(t)l < oo,

¥

Proof : If f. g € C, whenever f € C,, then f.g € B, whenever f € C,, and by
Theorem 1, J\( ) are necessary.
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If (i) and (ii) hold, then g(u) =1,+ h(u) where h(u) is as in Theorem 2.

Hence t™I, f(t)g(t) = 1t f)\(t) + 17\ f(t)h(t) -~ a finite limit as
t > oo wheneverée Gy, by Tﬁeorem 2.

THEOREM 4 : If £ > x> 1, ptq > -1; p > -1 then conditions necessary
and sufficient in order that, for some 0, ‘

f.g € (C,}l, p+q, I’) whenever f € (C, A, p, 1) for some 1 are that for some
a(> 1), '

(i) geL™(1,a)

1 1
(i1) —It dg(t )dt =1, ——l(v— u)>‘ da(v) forall u > a,
usa M(A+1)w

where 1 is constant,jtx | da(t)‘ <60

a

Proof : Since p > -1, p+q > -1 we can consider x Pf(x) and x g(x) instead of
f(x) and g(x) in the previous theorem, and use Lemma 4.

Hence Theorem 1 gives the necessity of (i) and (ii).

- Again by Theorem 3, (i), (ii) and f € (C, A, p, 1) imply that
f.g € (G, \, p+q, I’) for some I’, and hence f.g € (C, Py ptq, '), by Lemma 3.

This completes the proof.
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