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ABSTRACT

DiffereDcc scts can be corstncted by differenr tec|niques ln rbis work. we construct
J im l '  r . .c l .  u , i i .  4 / ,d,o,n t ,  , 'd i  \  dnd ath i ' ,
The equivaldrc bctwcen (v,f,Z) - a;nerence sets in a -qroup G and a symmetric Gquare)
(v,&,2)-design with a regular auromorphism group C rs well krcwn. we prove the

equivalence of graphs, squarc dcsigns and diffcrcncc scts using complete graphs and the
equivalence is illustatcd by an exanrplc. GcncElization of this result for a regulaf g|apl is

I. INTRODUCTION

A combinatorial design is a way of choosing, ftom a given
rith particular propefiies. The study of designs were begun
Yoolhouse (1844), Kirkman (1E47) and Steiner (1853).

finite set; a collection of subsets
by Euler in 1782. Later were by

Tb€ first result on the theory ofblock designs was due to Fishcr in 1926. Latcr, Yates (1936),
€ltorvla and Riscr (1950), Mam(1969) and modem conlribution by Shrikhande, Sebery',
Yamadal, Jungicke'], Beth' and Pott1. Th Beth, D- Jungnickcl aDd H. Lenzr havo

ioned that a complete glaph can be parlitioned in to subgraphs- This was based on my
and provcd the Theoren 3. 1

G be a group of order v rvritten multiplicatively. A (r,,ic,Z) -difference set in G is a /.-

subsel 1) so that the mult i  set {dd, ' :d|d.eD, dr+tlr} contains each non-
tity element of (i exactly 2 times. The integer /r = /r -,1 is the order of D.
G is an additivc group, then instead of a multi-set we cbnsider the set

t - d1  d t . , l ,  D .d t -d ) I

e thal any group has lbur
singleton subset of G,

sct, G itsclf,
occur in sei-
: c  ,  i sa
climinate thl]

types oft vidl difference sets, nancly, thc cmpty
and its comple1nellt. h1 general, difference sets
if ll is a (r,1,2) -dif'lcrence set in 6 , then 1)'

'- t-. r'- 2,t + i,) - difference sel in C . Thus to simplily classification and to

a l t )?es  f rom cons ide ra t i on ,  \ \ , e  choosc  1<k<r , l 2 ] :

lary palrs. lndeed,
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A difference sr:t is called abelian, non-abelian or cyclic according as the ulderlying goup is

abelian, non-abelian or cyclic respectively.

The study ofdifference sets is closely connected with coding theory because the code over a

field F ofthe slanmetric design conesponding to a (r,,ft,,l) difference set may be considered

as the right ideal genemted by , in the group algebra -F[G] .

Abelian difference sets arise naturally in the solution of many problems of signal design in

digital communication, including sl,nchronization, radar, coded aperture imagilu and optical

image alignment.

Part of this work is the construction of difference sets using quadratic residues and olbits (or

numerical multipliers)- In the latter part, we use graph theory, specially complete graphs and

regular graphs, to obtain equivalence between graphs, designs and difference sets This

equivalence can be illushated graphically and it helps to construct codes, that may be uscd in

di gital communlcation.

2. METHODOLOGY

2.1 Graphs
A simple graph G is a pair (l/(C),li(G)), wherc /(G) is a finite nonempty set of elements

called vertices and ,(G) is a finite set of unordered pairs of distinct elements of y'(G) called

edges. u

The number of vertices of G is calied the o/del of G , and denote by t. Two vertices that

arl- incident with a common edge are said to be adjacent 6 A set of vefiiccs in which every

dislinct pair is adjacent is called a clique. A k cliqie. (called a complete graph of

I venices.; is a cl ique wilh I \enices.

There arc two types of $aphs that irre ofparticular importance in our work. They are the

complete graphs and the regular graphs. A completc graph K, is a simple graph in which

each pair of distinct vertices is joined by an edge and a regular graph is a graph in which

ev€ry verlex has the same degree. It can be easily seen that every complete graph is regular,

but the converse is not hrre, in generalr't 3

2.2 Block Designs
A block desig \s a fnnily of 6 subsets of a set S of v elements such that, for some fixed *

and 2 , with k <v,),>0,

(i). each subset has i eleme[ts,
(ii).each pair of elements of S occur together in exactly 2 subsets.

The elements of S are called the tdlielier, and the subsets of S are called the b/ocft"r. '

Example 1

Takc S : {0,1,2,3,4,5,611, and consider the foliowilg seven subsets of S :

{0 ,  1 ,3 } . {1 ,2 ,4 } ,  {2 ,3 ,5 } ,  {3 ,4 .6 } ,  {4 ,5 ,01 ,  {s ,6 ,1 } .  {6 ,0 ,2 } .
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Here  b= '7 .  r r=7 .  k  =3 .  1 - l
simple geometrical rspreseltation of this design is as follows.

l, 2, ..., 6 are represented by points, and the blocks are represented by lines.
The el€ments

There is another useful way of represe[ting the design given in the example_ The string of
seven bits of0s and I s can be used to rcpresent the first set {0,1,3 } as

1101000

Similarly, writing all the block corresponding to the sets, we can obtain tlle following (0,1)-
matrix which is the lncidence mdtrix ofthe des]sn.

110r  000

0110100

0011010

0001101

1000110

0100011

1010001

The advantage of using an incidence matrix to describe a blocL design instead of listing the
sets element by element is that tho stucture of lhe design could be seen more clearly witlout
any irelevant infomation.

Theorem 1
ln a block design each element lies in exactly r blocks, where

r(k l) = 7(v -l) a1id bk = vr

Proof: - Givel in'q

When 6 = v, tlrc incidence matrix is a squal-e matrix, and snch a design is called a sE,u.rre or
8''nnetric desigl1.
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Example 2
A rtnite projecth)e plane of order n 1s def:rned to be a (v, f,2) - configuration in which

r=n '1  +  n+7 ,  k= r+1and  ,1=1 ,  f o r  some pos i t i ve  i n tege r  n  >2 .Thcscven  po in tp lane

coresponds to n = 2. (Exarnple l)

2,3. Difference sets
There arc several tlpes of difference sets such as Plcunr, Hadanurd, Singer, Meno -

Hadamard, McFarland, Spence, etc. In this scction we discuss constructions of specitic

families ofdifference scts by using quadratic rcsidues amd numerical multiplier (orbits) 5 3

Definition I
The development of a differencc set D is the itrcidence structurc dev, whose points are the

elements of G and whose blocks are the trdnsldtes D+ g: \tt + g:d e D\.'

devD= lD+g :geG l

Definition 2
Let , be a difference set in G. A multiplier for G is an automorphism d of G such that

D" =I)+g for some geG.If a is thc automorphism which maps l l  to l .r,  then I is

called, a umerical mr:JliplreL 5

Delinition 3
d€Z is said tobe a quadratic residue modrlo n i t  (a, )=l and x'=d(modr) hasa

solution. Ifnot jt is saidlobe quadratic an-residue modulo n.

E ramp le  3
Consuuclron of (1q.9.4J difference sel u. ing quadratic residues.

Cons ide rx '=a (mod19)  - - - -  ' . " ( l )

Since (l) has solutions whel1 .t=1,4,5,6.7,9,71.16,17, The set of residues modolo 19

is {1, 4, 5, 6, 7, 9, 11, 16, 17} . Further, difference of these elements modulo 19 gives each non

zero element of Zre exactly 4 times.

. ' .  { 1,4,5,6,7,9, I  l , l  6, 17 } is a (19, 9,4) difference set.

Example 4
Consh'nction of (21,5,1)- difference set usi[g multipliers.

Here r=f 2=5 1 = 4 , and 2 is a mult ipl icr
We may assume that D consists of orbits under M = 11,2.4, 8, 16, l i  i .  Si lce t = 5, the
only candidates are thc "smri l l" orbits, l lanrely, {0}, {7. 14J, {3, 6, 12 | ard {9, 18. 15l. Thtts,
D has to be thc union of {7. l4l with one oftho 3-clcmenl ot-bits.
tn fact, bolh possible choices 1), and D, wolk.

i . e .  , ,  =  13 ,6 .7 .  12 .  14 )  and  D r  =  17 ,q .  14 .  15 .  IS ia re (21 .5 .1 ) -d r f t c l cnccse t s .
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3. RISUr_TS

The equil alence ofsquarc designs, difference sets and graphs are givcn by Theoretn 3. L

I Complete saphs ofordeL r. $here y: rr +n+1; l1>2 hale been used, and i l lustratc this

I result by usrng an erampLe. Morcovcr, t]re generalisation of this reslllt is givcn by Theoren

Theorem 3.1
Let G be a finite cyclic group of order y. wher-e r,:n'+n+l; n>2 and let , beasubset
of G with (r + 1)elemerts. Thcn the following are equivalentl

( i).  Thcrc is a complete graph ot 'order (n) +n+1).

( i i) .  Thercisa (/?r +r+l,r+1. 1) square design such that G acts regr adyasan
automorphism gtoup

(iii). D is a difference sct with parameters (r,r + /? + l, /r + 1, l) in G.
Proof:
{ i )  =  ( i i )

Tlere is a complete graph oforder ( r:  +lr + 1).
t t ,  t t r t l r t ,  - r l

I t  i .  k rown  tha t  (  h . r s  
'  ' '  

edges .  r / ]  - ,  I  r  \ en l ces .  and  any  pa i ro f
2

distinct vclticcs arejoined by an edge.

Let us partition rf,,, ,,,r info (rr +lt +l ) subgrcphs, ecch rs h",1og 4p .,1g...- . 2

Since the degree of cach vefiex of K,,, ,,., i. ri(r?+l), without lciss of generality ore can

consider that each vertex of K,,*, , is in (, + 1) siLbgaphs and cach subgraplt contributes 7?

lo the degrcc oleach vertex of K,,,*,,r .

lfeach subgraph has l,o vertices, then

nrr n(n +1,) , .  , ,  - r l
) 2

That is, each subgraph has l7 + 1 \'erticcs and is regular ofdegree z.

each subgraph is a conplete graph \\,ith 7? + I vertices or a (z + 1) clique.

Hence (,, , , ,  
1 can bc decomposed into (n' + n +1 ) such cl iques.

Claim: Each edge is in exactly onc clique.

Suppose thal there exists an cdgc riri \.\Jlich is common to both cliqucs Q, and Q, rvhere r,

and r, arc tr.vo disl incL \erl ices in both Q, and p-.
' .  r =Q, andr, €?. rhich are coinplete graph of r+i ve ices, aDd each of Q,and

I, cont bules /7 to the dcgree of ri - But .1i.r, is an edge common both Cr and O, .

- degree of r, due to qr arld Q. ts 2n 1.
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'. vertex ).i is in the other ,? -1 cliques, total contribution to the degree of t, is,

n (n  - l )  +  ( . 2 t t  - l )  =  n1  +n -1  ,

which is a contradiction, since lhe degree ofeach vefiex il n'+n Hence, each edge is in

exactly one chque.

I f we deDote each vcrtex of a clique by I and other vertices of the graph by 0, we can obtail

a block of 0's and 1's. By doing this for all the cliques' one can obtain all tbc blocks, which

gives a (nI + +7)x(n) -tt +1)square matrix wilh the following propefiies:

(i) Each block has (,? + l) Pojnts
(iD Each pair of elements of G occurs together in exactly one block

If we take one block and shift it by one place we can get next block ofthe design Therefore

tbis is the inciclence structure of (r?r + +l,tr+1,1)- square design such thatG acts regularly

as an automoryhism group.

(ii) = (iii)
Supposc there is a square (v,f,/) - desigll wifh a regular automorphism group 6 '

One may thcn select a "base point" Poand identify the point set ofthe design with the group

G as follows: Ifg is the unique elenent of G mapping 10 to P ' then wc identify p wlth g;

in particular, po is identifie<l with 0 € G (We writc G additively for the time being, even if

G is non-abelian.) Now, choose a "basc block" ,B0, and let D be the coresponding tr-set of

elements of G (so all blocks now take the form D+h for some leG) Then D is a

(v,f,/) -difference set inG. To see this, onejust notes that the two distitlct points g and 0 are

onablock D+.r i f  and only i f  one has the equalions g=d+jt and 0=d'+r'  for some

d,d'€D But thesc equations are equivalent to g=d-d' and g-d+r' and ihe fact that

g and 0 are on cxnctly ,l common blocks now given us exactly 2 different reprcsentatives

g= t | - d ' l o r  g .

( i i i )  r  ( , )

SupposeD is a difference sct with parameters (ar + a + 1' I + l, 1) Then

dev D = {D + g:g e G} gives the collection of difference sets of C.Let us construct a graph

of (n'+a+l) vcrtices in the following way. Label all the vcdices of the graph by

1,2,.. . , i+n+1 . Take the differcnce set D andjoin each possible dist inct paitof elements

by an eclge. This corresponds to a complete graph of /t + I vertices (or '? + I cljque)' Now

conshuct lr + I cliqucs for each difference set l) + g; .q € G. Then' the resulting graph 1s the

completc graph of zt +t?+l vertices.

Example to illustrate the theorem

Cons ic le r  t hc  conp le tc  g raph  (K i r )  o f  1 l  ve  i ces  13=3r+ l+1 '  g i vcs  n=S Labe l i ng

vert ices l iom0,i.2,- , l2 whjch are thc clerrents of(Zr.,+). and decornpose the graph irto

l3 cliqoes \\ith 4 vcfiices etrch and each pair of distinct veftices are jolned by an edge
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O l ,3 .9 i  be  a  re r le r  sc t  o f .uch  a  c l ique .Atlding I to each entry can construct all the
rIqlcs ald can color with 13 different colors.

110  r  0000

0 l  I01000

00r  10100

000  r  1010

L  000  r  101

01000110

00100011

00010001

0000 r  000

00000100

10000010

01000001

10100000

0 l

00

00

00

00

10

0t

10

t l

01

00

00

10

000

100

010

001

000

000

000

100

010

101

110

011

001

Fmally, it can be seen that each block corresponds to a (13, 4, 1) - difference ser.

This result can be generalized for 2 > I . Then, instead of looking at a complctc graph ,K,,
*-e look at a ,t(v -1) regular multi-graph of order v, when each distinct pair ofvcrticcs arc

i>ined by 2 edgcs.

Theorem 3.2

l r t  G be a f inite cycl ic group oforder r andlet1) beasubsetofG with * clqncnts. Thcn
lhe following slatements are equivalcnt:

(i) There is a 2(v - 1) -regular graph of order v (,i. is the number ofedgcs joincd by any
distinct pair of vqlices).

(ii) There
group.

(iii) D is a differcncc set with parameters (v,k,7) i G .

a (r,*,,1) -square design such that Gacts regularly as an autonoryhism
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vk l Difference Set Comlnel1t
2

3

3

1

4

5

5

6

8

9

'7

8

I

,7

7391

731

13 4  I

11  5  2

15  7  3

21  5 I

1994

31

23  t l

5'7 I

31  15

35 t7

l 09 l

! , I  ,2 ,  4 l

{0 ,  1 ,3 ,9 } ;  10 ,2 ,s ,6 ] i :10 ,4 ,  10 ,  12}

{1 ,  3 ,  4 ,  5 ,  9 } ;  12 ,6 ,7 ,8 ,  to l

{0 ,  1 ,2 , ,1 ,5 ,8 ,  10 } ;  {0 ,  s ,7 ,  10 ,  11 ,  13 ,  l4 }

{3 ,6 ,7 , t2 ,14} ;  {7 ,9 ,  14 ,  15 ,  18}

{1 ,  4 ,  5 ,  6 , ' .7 ,9 ,  l t ,  16 ,  l7 }
{2 ,3 ,8 ,  10 ,  12 ,  13 ,  14 ,  15 ,  18}

| . t ,5 , )1 ,24 ,25 ,27) :  {2 ,3 ,  10 ,  13 ,  15 ,  19}
18 ,  9 ,  12 ,  14 ,  21  ,  291: '  14 ,6 ,7 ,20 ,26 ,30 |

{1 ,2 ,3 ,4 ,6 ,8 ,9 ,  12 ,  13 ,  16 ,  18}
{5 ,7 ,  10 ,  I  l ,  t4 ,  t5 ,1 '1 ,  19 ,20 ,21 ,221

It, 6,'7, 9, 19, 38, 42, 49]l

| t ,2 ,4 ,5 ,7 ,8 ,9 ,10 ,  14 ,  16 ,  18 ,  19 ,20 ,25 ,281
l l, 2, 3, 4, 6, 8, 12. 15, t6, l7, 23. 24, 2'1, 29, 3OJ

{,3 , 6, 12, 19. 23, 24. 3E, 46. 48 |
{1 ,  2 ,  4 .  8 ,  t6 ,  32 ,  37 ,ss ,  64 ] .

{0 ,  t ,  3 ,  4 ,  7 ,9 .  t l ,  12 ,  13 ,  14 ,  16 ,  17 ,2 t ,27 ,28 ,
29 ,33  |

{0, l, 3, 9, 2', l. 49. s6, 61, 77, 8l }

Singer / PIanar /
Hadamard
Singer / Plarar

Hadamard

Singer / Hadamard

Planar

Hadamard

Singcr / Planar

Hadirnard

Singer / Planar

Singer / Hadamard

Singer / Planar

Hadamard

Planar

Difference sets constructed by using quadratic residues and mult ipl iers.

,{. CONCI,USION

Theorem on equivalence of Graphs, Designs and Difference sets have been proved
considering complete graphs, and illustrated by an example. Further this theorem has been
generalizcd for a regular graph and is given as Theorem 3.2.

A Difference set of higher order has bccn constructcd lusrng Quudrutic Resitlueo^ untl
MLitiplicrs. For sorne vaiues ofthe parameters, this dcsigo coEesponds to a Hadamard deslgn
arld the conespondrng Hadamard malrix can be obtained.
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