
RESEARCH ARTICLE

J.Natn.Sci.Foundation Sri Lanka 2021 49 (1): 25 - 38 
DOI: http://dx.doi.org/10.4038/jnsfsr.v49i1.9590

Stability, control and discretization for a smoking model

M Ozair1*, Q Din2, T Donchev3 and T Hussain1
1 Department of Mathematics, COMSATS University Islamabad, Attock Campus, Attock, Pakistan.
2 Department of Mathematics, University of Poonch Rawalakot, Azad Kashmir, Pakistan.
3 Department of Mathematics, University of Architecture and Civil Engineering, Sofia 1046, Bulgaria.

Submitted: 13 November 2019; Revised: 07 May 2020; Accepted: 18 August 2020

* Corresponding author (ozairmuhammad@gmail.com;  https://orcid.org/0000-0001-5964-4351)

This article is published under the Creative Commons CC-BY-ND License (http://creativecommons.org/licenses/by-nd/4.0/). 
This license permits use, distribution and reproduction, commercial and non-commercial, provided that the original work is 
properly cited and is not changed in anyway.

344.2019

Abstract: In this paper, the deterministic model of smoking 
consisting of five classes, has been qualitatively analysed. 
Explicit formula for the reproduction number has been obtained. 
Equilibria have been found and their global asymptotic stability 
has been discussed. Method of matrix theoretic, with the Perron 
eigenvectors, is used to get the global asymptotic stability of 
smoking-free equilibrium. It is shown that unique endemic 
equilibrium is globally asymptotically stable by using graph 
theoretic approach. To know the important factors, through 
which the disease spreads rapidly, sensitivity analysis of 
basic reproduction number and endemic level of smokers has 
been performed. This sensitivity analysis urged to modify the 
existing problem by inserting two controls namely prevention 
and treatment. Optimal control problem has been designed on 
the basis of sensitivity analysis. The existence of controls has 
been proved analytically and numerically it is shown that these 
applied controls significantly reduce the number of smokers. 
Moreover, a dynamically consistent nonstandard difference 
scheme is implemented to obtain a 5-dimensional discrete-
time smoking model. Necessary and sufficient conditions are 
obtained for local dynamics of equilibria for discrete-time 
smoking model. Fourth-order implicit Runge--Kutta method is 
implemented to see the effectiveness of proposed nonstandard 
difference scheme. Numerical simulations have been done for 
the verification of the analytical results. 

Keywords: Epidemic model, graph-theoretic method, non-
standard difference scheme, Perron eigenvector, sensitivity, 
stability.

INTRODUCTION

Smoking kills more than 7 million people each year 
throughout the world and with the passage of time 
this number is increasing (WHO, 2017). According 
to the World Health Organization (WHO, 2009), use 
of tobacco either kills or weakens the people in their 
healthiest and fruitful ages and it assects the economy 
of the country. Smoking is the principal cause of life 
threatening diseases, such as lungs cancer, oesophagus, 
heart and respiratory diseases and tuberculosis (Lahrouz 
et al., 2011). According to Surgeon General Report in 
1991, a person starts to smoke at average age of 14.5 
years and become daily smoker at 17.7 (on average) 
years. Statistical data from 1975 to 1992 shows that the 
key time to start the use of tobacco is the teenage years 
(Johnston et al., 1992). Some community based factors 
all so contribute for the smoking such as smoking habits 
of relatives or associates. 
 
	 Mathematical modelling is an effective tool to control 
health related issues. History of mathematical modelling 
goes back to pioneer work of Bernoulli in 1760 which 
is about dynamics of smallpox (Bernoulli, 1760), then 
Kermack and Mckendrick (1927; 1932; 1933) and 
modern literature (Anderson & May, 1982 and 1991, 
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Brauer & Chavez, 2001). The use of mathematical 
modelling for the human community behaviour is 
rare. Castillo-Garsow et al., presented a mathematical 
model on quitting of smoking in 1997. They proposed 
a nonlinear system of differential equations having three 
groups of population: potential smokers, smokers and 
quitters. Sharomi and Gumel presented a model in which 
they divided quitter’s class into temporary quitters (Qt) 
and permanent quitters (Qp) (Sharomi & Gumel, 2008). 
Zaman extended the model of Castillo-Garsow et al. 
by adding occasional smoker’s class and then studied 
it qualitatively (Zaman, 2011). Zeb et al., discussed the 
square root dynamics of a quitting smoking model (Zeb 
et al., 2012). Recent models on smoking were presented 
by (Verma & Agarwal; 2015; Din et al., 2016; Awan 
et al., 2017; Zeb et al., 2018; Shaheen et al., 2018; Verma 
V. & Bhadauria A., 2019).

METHODOLOGY

We modified the model given in (Zeb et al., 2012) 
in which the authors considered only three classes 
namely, potential smokers, smokers and quitters. We 
extended this model by considering temporary and 
permanent quitters and humans having some disease 
due to smoking. We also include the following features:  

•	 Temporary quitters again become smokers. 
•	 A class of people who get any disease due to smoking. 
•	 Disease related death rate.

Construction of model

Let P denotes the people who are susceptible to smoke but 
not smokers. S represents the smokers, X is the number 
of persons who quit smoking for a time. People who are 
permanent quitters lie in the class Y and if the smokers 
get some illness due to smoking then they transfer into 
class Z. The sum of population is denoted by  N which is 
considered as the entire population at any time t.
 
	 We assume that susceptible people grow at the rate α. 
When susceptible people have a physical interaction with 
smokers then they move from class P to S with a rate β.  
γ is the rate at which people die naturally. The smokers 
give up smoking temporarily and forever at the rate of  
δ(1-η) and δη, respectively. The parameter η lies between 
0 and 1. Those people who get any disease because 
of smoking move from S to Z at the rate ε. Temporary 

quitters get back to class of smokers with rate ζ. The 
people die, because of smoking associated disease, at the 
rate ϑ. We can represent the model with the following 
flow diagram:

Figure 1: Flow sheet of smoking disease model.

 Figure  Mathematical representation of model is given below:
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= &𝛼𝛼 − 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾, (1)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= &𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾 − 𝛿𝛿𝛿𝛿 − 𝜀𝜀𝜀𝜀 + 𝜁𝜁𝜁𝜁, (2)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= &𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾 + 𝜁𝜁 𝑋𝑋, (3)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= &𝛿𝛿𝛿𝛿𝛿𝛿 − 𝛾𝛾𝛾𝛾, (4)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= &𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍. (5)

By adding all the differential equations of system of equations (1-5), and solving the resultant

differential equation, we have

𝑁𝑁(𝑡𝑡) = 𝑃𝑃(𝑡𝑡) + 𝑆𝑆(𝑡𝑡) + 𝑋𝑋(𝑡𝑡) + 𝑌𝑌(𝑡𝑡) + 𝑍𝑍(𝑡𝑡) ≤
𝛼𝛼
𝛾𝛾 ,

Thus, we can write the feasible region for system of equations (1-5) as follows

𝛺𝛺 = {(𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍) ∈ 𝑅𝑅+
5 , 𝑁𝑁(𝑡𝑡) ≤

𝛼𝛼
𝛾𝛾
}.
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is greater than one then smoking can expand in the community. Driessche and Watmough, set up
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Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable
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Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
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Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set
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𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .
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𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

 and 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

.
 
By simple calculation we obtain 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

and

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

 

   

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

	

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

Furthermore 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

 implies 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

 and 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

. Thus, 
the set 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

 is the only singleton set which contains 
both  

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

 and 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .

Global Stability of Endemic Equilibrium

. Hence, we have the result by 
LaSalle’s invariant principle (LaSalle, 1987).

Endemic equilibrium

To find the endemic equilibrium point 

Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
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Lyapunov function in the form of Perron eigenvectors.

Theorem 2. The smoke-free equilibrium point of the system of equations (1-5) is stable

globally when 𝑅𝑅0 ≤ 1.

Proof. To show this, following Lyapunove function has been introduced:

𝐿𝐿(𝑡𝑡) = 𝜔𝜔𝑇𝑇𝑉𝑉−1𝑥𝑥,

where 𝜔𝜔𝑇𝑇 = 1 𝜁𝜁
𝛽𝛽𝛽𝛽0

0 0 is left eigenvector of matrix 𝑉𝑉−1𝐹𝐹 and 𝑥𝑥 = (𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍)𝑇𝑇.

By simple calculation we obtain

𝐿𝐿(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝑆𝑆 +

𝜁𝜁 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 − 𝜁𝜁𝜁𝜁𝜁𝜁0

𝛽𝛽𝛽𝛽0 𝛾𝛾 + 𝜁𝜁 + 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝑋𝑋 ,

and

𝐿𝐿'(𝑡𝑡) =
𝑅𝑅0

𝛽𝛽𝛽𝛽0

𝛽𝛽𝛽𝛽 − 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 +
𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝑅𝑅0

−
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆

+ 𝜁𝜁 −
𝜁𝜁
𝑅𝑅0

+
𝜁𝜁𝜁𝜁𝜁𝜁0

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝑅𝑅0
𝑋𝑋

,

𝐿𝐿'(𝑡𝑡) ≤
𝑅𝑅0

𝛽𝛽𝛽𝛽0
𝛽𝛽𝛽𝛽0 1 −

1
𝑅𝑅0

𝑆𝑆 −
𝛽𝛽𝛽𝛽0𝜁𝜁𝜁𝜁 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑆𝑆 + 𝜁𝜁 2 −

1
𝑅𝑅0

𝑋𝑋 −
𝜁𝜁2𝛿𝛿 1 − 𝜂𝜂

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0
𝑋𝑋 .

Furthermore 𝐿𝐿'(𝑡𝑡) = 0 implies 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Thus, the set {𝐸𝐸0} is the only singleton set

which contains both 𝑆𝑆 = 0 and 𝑋𝑋 = 0 . Hence, we have the result by LaSalle's invariant

principle (LaSalle, 1987).

Endemic Equilibrium
To find the endemic equilibrium point 𝐸𝐸∗ = (𝑍𝑍∗, 𝑌𝑌∗, 𝑋𝑋∗, 𝑃𝑃∗, 𝑆𝑆∗) , we will have to set the

derivatives of nonlinear system of differential equations (1-5) equal to zero then after

calculations, we have

𝑍𝑍∗ =
𝜀𝜀

(𝛾𝛾 + 𝜗𝜗)
𝑆𝑆∗,  𝑌𝑌∗ =

𝛿𝛿𝛿𝛿
𝛾𝛾
𝑆𝑆∗,

𝑋𝑋∗ =
𝛿𝛿 − 𝜂𝜂𝜂𝜂
𝛾𝛾 + 𝜁𝜁

𝑆𝑆∗,  𝑃𝑃∗ =
𝛼𝛼

𝛽𝛽𝛽𝛽∗ + 𝛾𝛾 ,

𝑆𝑆∗ =
𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 𝛾𝛾 + 𝜁𝜁 𝑅𝑅0 − 1

𝛽𝛽 𝛽𝛽 + 𝛿𝛿 + 𝜀𝜀 𝛾𝛾 + 𝜁𝜁 − 𝜁𝜁𝜁𝜁 1 − 𝜂𝜂 .
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Global Stability of Endemic EquilibriumGlobal stability of endemic equilibrium

By using graph theoretic approach (Harary, 1969; 
West, 1996), we will show that our endemic 
equilibrium point is globally stable. As stated in 
(Shuai & Driessche, 2013), following are some 
fundamental definitions associated with this approach. 

	 A directed graph, or digraph, is a graph G, which 
contains vertices 

By using graph theoretic approach (Harary, 1969 and West, 1996), we will show that our

endemic equilibrium point is globally stable. As stated in (Shuai and Driessche, 2013), following

are some fundamental definitions associated with this approach.

A directed graph, or digraph, is a graph 𝐺𝐺, which contains vertices (𝑉𝑉(𝐺𝐺)), edges 𝐸𝐸(𝐺𝐺), and a

mapping that allocates an ordered couple of vertices (𝑖𝑖, 𝑗𝑗) to each edge. If an edge is represented

by a pair (𝑖𝑖, 𝑗𝑗) then it means that this edge is directed from 𝑖𝑖 to 𝑗𝑗. The edges (𝑙𝑙, 𝑖𝑖), 𝑙𝑙 ∈ 𝑉𝑉 and

(𝑖𝑖, 𝑙𝑙), 𝑙𝑙 ∈ 𝑉𝑉 represent the indegree 𝑑𝑑𝐺𝐺−(𝑖𝑖) and outdegree 𝑑𝑑𝐺𝐺+(𝑖𝑖) of any vertex 𝑖𝑖. We say that 𝐻𝐻

is a sub digraph if it is the spanning set of 𝐺𝐺 contains the same sets of vertex. A weighted

digraph 𝑯𝑯 is the graph if a weight has been allocated to its each edge and if we multiply all the

weights allocated to every edges of a sub digraph 𝑯𝑯 then that is called weight 𝑊𝑊 𝑊𝑊 of a sub

digraph 𝑯𝑯.

If indegree is zero for only one vertex and it is equal to 1 for the rest of vertices of a subdigraph

𝑇𝑇 of 𝐺𝐺 then that sub digraph is called a tree. If a sub digraph of 𝐺𝐺 having vertices represented

by 𝑖𝑖1, 𝑖𝑖2, 𝑖𝑖3,⋯, 𝑖𝑖𝑘𝑘 so that its edges having the form (𝑖𝑖𝑞𝑞, 𝑖𝑖𝑞𝑞+1), 𝑞𝑞 = 1, 2, 3,⋯, 𝑖𝑖𝑘𝑘−1, then that sub

digraph is known as a directed path 𝑃𝑃. Furthermore, the sub digraph, which is established from a

path 𝑃𝑃 by including the edge (𝑖𝑖𝑘𝑘, 𝑖𝑖1) , is known as a directed cycle 𝐶𝐶 . A weighted digraph

(𝐺𝐺, 𝐴𝐴) is a digraph with number of vertices 𝑛𝑛 , where 𝐴𝐴 = (𝑎𝑎𝑖𝑖𝑖𝑖) is the weighted matrix with

𝑎𝑎𝑖𝑖𝑖𝑖 > 0 denotes the weight of edge (𝑗𝑗, 𝑖𝑖) if it exists and 0 otherwise. If a directed way, which

starts from 𝑖𝑖 and ends at 𝑗𝑗 for any couple of different vertices , 𝑗𝑗 , exists then that digraph is

called strongly connected. An irreducible weight matrix 𝐴𝐴 always implies a strongly connected

weighted digraph (𝐺𝐺, 𝐴𝐴) and vice versa. We can define the Laplacian matrix 𝐿𝐿 = (𝑙𝑙𝑖𝑖𝑖𝑖) of

(𝐺𝐺, 𝐴𝐴) in the following way

𝑙𝑙𝑖𝑖𝑖𝑖 =
− 𝑎𝑎𝑖𝑖𝑖𝑖,  𝑖𝑖 ≠ 𝑗𝑗, 

𝑖𝑖≠𝑘𝑘

𝑎𝑎𝑖𝑖𝑖𝑖,  𝑖𝑖 = 𝑘𝑘.�  
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𝑊𝑊 𝑊𝑊 𝑖𝑖 = 1, 2, 3,⋯, 𝑛𝑛∑ for 𝑛𝑛 ≥ 2 .
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(𝐺𝐺, 𝐴𝐴) is a digraph with number of vertices 𝑛𝑛 , where 𝐴𝐴 = (𝑎𝑎𝑖𝑖𝑖𝑖) is the weighted matrix with

𝑎𝑎𝑖𝑖𝑖𝑖 > 0 denotes the weight of edge (𝑗𝑗, 𝑖𝑖) if it exists and 0 otherwise. If a directed way, which

starts from 𝑖𝑖 and ends at 𝑗𝑗 for any couple of different vertices , 𝑗𝑗 , exists then that digraph is

called strongly connected. An irreducible weight matrix 𝐴𝐴 always implies a strongly connected

weighted digraph (𝐺𝐺, 𝐴𝐴) and vice versa. We can define the Laplacian matrix 𝐿𝐿 = (𝑙𝑙𝑖𝑖𝑖𝑖) of

(𝐺𝐺, 𝐴𝐴) in the following way

𝑙𝑙𝑖𝑖𝑖𝑖 =
− 𝑎𝑎𝑖𝑖𝑖𝑖,  𝑖𝑖 ≠ 𝑗𝑗, 
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Lemma 3. (Kirchhoff's matrix tree theorem) We suppose that cofactor of 𝑙𝑙𝑖𝑖𝑖𝑖 is represented by

𝑐𝑐𝑖𝑖 and let 𝑇𝑇 represents the spanning tree of (𝐺𝐺, 𝑆𝑆). If, 𝑇𝑇𝑖𝑖 is the set of spanning trees of (𝐺𝐺, 𝐴𝐴)

and roots of these trees are at vertex 𝑖𝑖 . Then 𝑐𝑐𝑖𝑖 = 𝑇𝑇∈𝑇𝑇𝑖𝑖
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By using graph theoretic approach (Harary, 1969 and West, 1996), we will show that our

endemic equilibrium point is globally stable. As stated in (Shuai and Driessche, 2013), following

are some fundamental definitions associated with this approach.
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starts from 𝑖𝑖 and ends at 𝑗𝑗 for any couple of different vertices , 𝑗𝑗 , exists then that digraph is
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weighted digraph (𝐺𝐺, 𝐴𝐴) and vice versa. We can define the Laplacian matrix 𝐿𝐿 = (𝑙𝑙𝑖𝑖𝑖𝑖) of

(𝐺𝐺, 𝐴𝐴) in the following way
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By using graph theoretic approach (Harary, 1969 and West, 1996), we will show that our

endemic equilibrium point is globally stable. As stated in (Shuai and Driessche, 2013), following

are some fundamental definitions associated with this approach.
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by a pair (𝑖𝑖, 𝑗𝑗) then it means that this edge is directed from 𝑖𝑖 to 𝑗𝑗. The edges (𝑙𝑙, 𝑖𝑖), 𝑙𝑙 ∈ 𝑉𝑉 and

(𝑖𝑖, 𝑙𝑙), 𝑙𝑙 ∈ 𝑉𝑉 represent the indegree 𝑑𝑑𝐺𝐺−(𝑖𝑖) and outdegree 𝑑𝑑𝐺𝐺+(𝑖𝑖) of any vertex 𝑖𝑖. We say that 𝐻𝐻

is a sub digraph if it is the spanning set of 𝐺𝐺 contains the same sets of vertex. A weighted

digraph 𝑯𝑯 is the graph if a weight has been allocated to its each edge and if we multiply all the

weights allocated to every edges of a sub digraph 𝑯𝑯 then that is called weight 𝑊𝑊 𝑊𝑊 of a sub

digraph 𝑯𝑯.

If indegree is zero for only one vertex and it is equal to 1 for the rest of vertices of a subdigraph
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𝑎𝑎𝑖𝑖𝑖𝑖 > 0 denotes the weight of edge (𝑗𝑗, 𝑖𝑖) if it exists and 0 otherwise. If a directed way, which

starts from 𝑖𝑖 and ends at 𝑗𝑗 for any couple of different vertices , 𝑗𝑗 , exists then that digraph is
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digraph is known as a directed path 𝑃𝑃. Furthermore, the sub digraph, which is established from a

path 𝑃𝑃 by including the edge (𝑖𝑖𝑘𝑘, 𝑖𝑖1) , is known as a directed cycle 𝐶𝐶 . A weighted digraph

(𝐺𝐺, 𝐴𝐴) is a digraph with number of vertices 𝑛𝑛 , where 𝐴𝐴 = (𝑎𝑎𝑖𝑖𝑖𝑖) is the weighted matrix with

𝑎𝑎𝑖𝑖𝑖𝑖 > 0 denotes the weight of edge (𝑗𝑗, 𝑖𝑖) if it exists and 0 otherwise. If a directed way, which

starts from 𝑖𝑖 and ends at 𝑗𝑗 for any couple of different vertices , 𝑗𝑗 , exists then that digraph is

called strongly connected. An irreducible weight matrix 𝐴𝐴 always implies a strongly connected

weighted digraph (𝐺𝐺, 𝐴𝐴) and vice versa. We can define the Laplacian matrix 𝐿𝐿 = (𝑙𝑙𝑖𝑖𝑖𝑖) of

(𝐺𝐺, 𝐴𝐴) in the following way

𝑙𝑙𝑖𝑖𝑖𝑖 =
− 𝑎𝑎𝑖𝑖𝑖𝑖,  𝑖𝑖 ≠ 𝑗𝑗, 

𝑖𝑖≠𝑘𝑘

𝑎𝑎𝑖𝑖𝑖𝑖,  𝑖𝑖 = 𝑘𝑘.�  

Lemma 3. (Kirchhoff's matrix tree theorem) We suppose that cofactor of 𝑙𝑙𝑖𝑖𝑖𝑖 is represented by

𝑐𝑐𝑖𝑖 and let 𝑇𝑇 represents the spanning tree of (𝐺𝐺, 𝑆𝑆). If, 𝑇𝑇𝑖𝑖 is the set of spanning trees of (𝐺𝐺, 𝐴𝐴)

and roots of these trees are at vertex 𝑖𝑖 . Then 𝑐𝑐𝑖𝑖 = 𝑇𝑇∈𝑇𝑇𝑖𝑖
𝑊𝑊 𝑊𝑊 𝑖𝑖 = 1, 2, 3,⋯, 𝑛𝑛∑ for 𝑛𝑛 ≥ 2 .

Furthermore, a weighted digraph, (𝐺𝐺, 𝐴𝐴), implies 𝑐𝑐𝑖𝑖 > 0 for 𝑖𝑖 varies from 1 to 𝑛𝑛 that is 1 ≤

. Furthermore, a weighted digraph, 

By using graph theoretic approach (Harary, 1969 and West, 1996), we will show that our

endemic equilibrium point is globally stable. As stated in (Shuai and Driessche, 2013), following

are some fundamental definitions associated with this approach.

A directed graph, or digraph, is a graph 𝐺𝐺, which contains vertices (𝑉𝑉(𝐺𝐺)), edges 𝐸𝐸(𝐺𝐺), and a

mapping that allocates an ordered couple of vertices (𝑖𝑖, 𝑗𝑗) to each edge. If an edge is represented

by a pair (𝑖𝑖, 𝑗𝑗) then it means that this edge is directed from 𝑖𝑖 to 𝑗𝑗. The edges (𝑙𝑙, 𝑖𝑖), 𝑙𝑙 ∈ 𝑉𝑉 and

(𝑖𝑖, 𝑙𝑙), 𝑙𝑙 ∈ 𝑉𝑉 represent the indegree 𝑑𝑑𝐺𝐺−(𝑖𝑖) and outdegree 𝑑𝑑𝐺𝐺+(𝑖𝑖) of any vertex 𝑖𝑖. We say that 𝐻𝐻

is a sub digraph if it is the spanning set of 𝐺𝐺 contains the same sets of vertex. A weighted

digraph 𝑯𝑯 is the graph if a weight has been allocated to its each edge and if we multiply all the

weights allocated to every edges of a sub digraph 𝑯𝑯 then that is called weight 𝑊𝑊 𝑊𝑊 of a sub

digraph 𝑯𝑯.

If indegree is zero for only one vertex and it is equal to 1 for the rest of vertices of a subdigraph

𝑇𝑇 of 𝐺𝐺 then that sub digraph is called a tree. If a sub digraph of 𝐺𝐺 having vertices represented
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digraph is known as a directed path 𝑃𝑃. Furthermore, the sub digraph, which is established from a
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𝑎𝑎𝑖𝑖𝑖𝑖 > 0 denotes the weight of edge (𝑗𝑗, 𝑖𝑖) if it exists and 0 otherwise. If a directed way, which

starts from 𝑖𝑖 and ends at 𝑗𝑗 for any couple of different vertices , 𝑗𝑗 , exists then that digraph is

called strongly connected. An irreducible weight matrix 𝐴𝐴 always implies a strongly connected

weighted digraph (𝐺𝐺, 𝐴𝐴) and vice versa. We can define the Laplacian matrix 𝐿𝐿 = (𝑙𝑙𝑖𝑖𝑖𝑖) of
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𝑐𝑐𝑖𝑖 and let 𝑇𝑇 represents the spanning tree of (𝐺𝐺, 𝑆𝑆). If, 𝑇𝑇𝑖𝑖 is the set of spanning trees of (𝐺𝐺, 𝐴𝐴)

and roots of these trees are at vertex 𝑖𝑖 . Then 𝑐𝑐𝑖𝑖 = 𝑇𝑇∈𝑇𝑇𝑖𝑖
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	 We have some more results according to the 
arguments given in (Shuai, 2010, Shuai & Driessche, 
2013).

Lemma 4. Suppose that 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.
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𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

 that is 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

 and let 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

 
as stated in above Lemma K then we have the result 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

 

Lemma 5. Let us suppose that for any 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

, and 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

. Then as given in 
(Shuai & Driessche, 2013), 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

 where  is 
stated in Lamma 3.

Theorem 6.  For 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

, the endemic equilibrium point 
E* is globally asymptotically stable.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

Proof. The following Lyapunov functions are constructed:

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.
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𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
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𝑆𝑆∗ −
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𝑆𝑆
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𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗
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𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

Taking time derivatives we have

Figure 2: Weighted-diagraph constructed for system of equations (1-5)

From figure 2, one can see that there are five vertices and two cycles for the associated

weighted digraph. One can write for each cycle 𝐺𝐺12 + 𝐺𝐺41 + 𝐺𝐺54 + 𝐺𝐺25 = 0 and 𝐺𝐺12 + 𝐺𝐺41 +

𝐺𝐺54 + 𝐺𝐺35 + 𝐺𝐺23 = 0. As stated in Theorem 3.5 of (Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖,  1 ≤ 𝑖𝑖 ≤ 5,

exists for which we have a Lyapunov function for the given system of equations (1-5) has the

form 𝑉𝑉 = 𝑖𝑖=1
5 𝑐𝑐𝑖𝑖𝑉𝑉𝑖𝑖∑ . We have following relations between 𝑐𝑐𝑖𝑖`𝑠𝑠

𝑑𝑑𝐺𝐺+(1) = 1, 𝑑𝑑𝐺𝐺+(2) = 1 , 𝑑𝑑𝐺𝐺+(3) = 1 , 𝑑𝑑𝐺𝐺+(4) = 1, these relations are stated in Theorem 3.3 and

3.4 of (Shuai and Driessche, 2013). And we can write from above relations respectively 𝑐𝑐4𝑎𝑎41 =

𝑐𝑐1𝑎𝑎12 , 𝑐𝑐1𝑎𝑎12 = 𝑐𝑐2 𝑎𝑎23 + 𝑎𝑎25 , 𝑐𝑐2𝑎𝑎23 = 𝑐𝑐3𝑎𝑎35 , 𝑐𝑐5𝑎𝑎54 = 𝑐𝑐4𝑎𝑎41 . Therefore 𝑉𝑉 = 𝑖𝑖=1
5 𝑐𝑐𝑖𝑖𝑉𝑉𝑖𝑖∑ =

𝑉𝑉1 +
𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝛽𝛽𝛽𝛽∗𝑆𝑆∗+𝜁𝜁𝜁𝜁∗
𝑉𝑉2 +

𝛽𝛽𝛽𝛽∗ 2𝑆𝑆∗

𝛿𝛿 1−𝜂𝜂 𝛽𝛽𝛽𝛽∗𝑆𝑆∗+𝜁𝜁𝜁𝜁∗
𝑉𝑉3 +

𝛽𝛽𝛽𝛽∗

𝛿𝛿𝛿𝛿
𝑉𝑉4 +

𝛽𝛽𝛽𝛽∗

𝜖𝜖
𝑉𝑉5 . Thus, it can be easily proved that the

only invariant singleton set is the set {𝐸𝐸∗} in (𝛺𝛺) where 𝑉𝑉' = 0, hence we have the result.

 Figure  Now we solve the model numerically. Fig. 3 depicts that the population meets the disease-free

equilibrium point for 𝑅𝑅0 < 1 , while Fig. 4 represents that the population is approaching to

endemic level for 𝑅𝑅0 > 1 .

Figure 2:	 Weighted-diagraph constructed for system of equations 
(1-5)
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𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

	

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙
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𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙
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𝑋𝑋
𝑋𝑋∗ −
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𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗
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+ 𝑙𝑙𝑙𝑙
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𝑆𝑆
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From figure 2, one can see that there are five vertices and 
two cycles for the associated weighted digraph. One can 
write for each cycle 

Figure 2: Weighted-diagraph constructed for system of equations (1-5)

From figure 2, one can see that there are five vertices and two cycles for the associated

weighted digraph. One can write for each cycle 𝐺𝐺12 + 𝐺𝐺41 + 𝐺𝐺54 + 𝐺𝐺25 = 0 and 𝐺𝐺12 + 𝐺𝐺41 +

𝐺𝐺54 + 𝐺𝐺35 + 𝐺𝐺23 = 0. As stated in Theorem 3.5 of (Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖,  1 ≤ 𝑖𝑖 ≤ 5,

exists for which we have a Lyapunov function for the given system of equations (1-5) has the

form 𝑉𝑉 = 𝑖𝑖=1
5 𝑐𝑐𝑖𝑖𝑉𝑉𝑖𝑖∑ . We have following relations between 𝑐𝑐𝑖𝑖`𝑠𝑠

𝑑𝑑𝐺𝐺+(1) = 1, 𝑑𝑑𝐺𝐺+(2) = 1 , 𝑑𝑑𝐺𝐺+(3) = 1 , 𝑑𝑑𝐺𝐺+(4) = 1, these relations are stated in Theorem 3.3 and

3.4 of (Shuai and Driessche, 2013). And we can write from above relations respectively 𝑐𝑐4𝑎𝑎41 =

𝑐𝑐1𝑎𝑎12 , 𝑐𝑐1𝑎𝑎12 = 𝑐𝑐2 𝑎𝑎23 + 𝑎𝑎25 , 𝑐𝑐2𝑎𝑎23 = 𝑐𝑐3𝑎𝑎35 , 𝑐𝑐5𝑎𝑎54 = 𝑐𝑐4𝑎𝑎41 . Therefore 𝑉𝑉 = 𝑖𝑖=1
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equilibrium point tells the persistence of disease. We 
know that the basic reproduction number measures the 
average number of secondary infections produced by 
an infectious individual during its infectious period. 
Therefore it is important to make the reproduction 
number below unity for the complete eradication of the 
disease. For this purpose, we identify the most influential 
factor that plays vital role in order to reduce the basic 
reproduction number below unity. However, it is 
impossible to eradicate the smoking menace completely 
from the community so we also focus on the possible 
reduction of number of smokers in the community. The 
people of group are the main resources due to which 
disease spread. The definition given below will be used 
to find the sensitive indices of smokers and R0.

Definition 7. If, we have a variable and it has a parameter 
hen we can find the normalized forward sensitivity of y 
w. r. t. t with the help of formula as follows 

Definition 7. If, we have a variable 𝑦𝑦 and it has a parameter 𝑡𝑡 hen we can find the normalized

forward sensitivity of 𝑦𝑦 w. r. t. 𝑡𝑡with the help of formula as follows 𝛾𝛾𝑡𝑡
𝑦𝑦 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
× 𝑡𝑡

𝑦𝑦
.

The sensitivity indices with respect to the model parameters are presented in the following Table

1.

Table 1: The sensitivity indices with respect to the model parameters.

The sensitivity of threshold parameter 𝑅𝑅0 and the endemic level of 𝑆𝑆∗ reveals that the most

sensitive parameters for the reproduction number are 𝛼𝛼, 𝛽𝛽, 𝛿𝛿, 𝛾𝛾, 𝜖𝜖 and for the endemic level of

smokers are 𝛼𝛼, 𝜖𝜖. Sensitivity indices of 𝛼𝛼 and 𝛾𝛾 will not be under consideration because these

are birth and natural death rates, respectively. The remaining parameters are 𝛽𝛽, 𝛿𝛿 and 𝜖𝜖. We can

observe that 𝑅𝑅0 and 𝑆𝑆∗ are directly related to 𝛽𝛽 and inversely related to 𝛿𝛿 and 𝜖𝜖 . 𝑅𝑅0 as a

function of 𝛽𝛽, 𝛿𝛿 and 𝜖𝜖 is shown in figure (5). From this figure we can observe that 𝑅𝑅0 is readily

increasing with respect to 𝛽𝛽 and decreasing with respect to 𝛿𝛿 and 𝜖𝜖. These sensitive parameters

suggest that we can control the disease by starting the campaign through media transmission in

which we briefly explain how the population indulging in this addiction ultimately die. This

death occurs due to smoking related illness.
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Sensitivity analysis

We are interested to analyse those parameters due to 
which disease spread more rapidly from infectious 
person to susceptible. Destruction as a result of smoking 
can be decreased by this way. Threshold parameter R0 
is responsible for the spread of disease and endemic 

The sensitivity of threshold parameter R0 and the endemic 
level of S* reveals that the most sensitive parameters 
for the reproduction number are α, β, δ, γ, ε and for the 
endemic level of smokers are α, ε. Sensitivity indices of 
α and γ will not be under consideration because these are 
birth and natural death rates, respectively. The remaining 
parameters are β, δ and ε. We can observe that R0 and  
S* are directly related to β and inversely related to δ 
and ε. R0 as a function of β, δ and ε is shown in figure 
(5). From this figure we can observe that R0  is readily 
increasing with respect to β and decreasing with respect 
to δ and ε. These sensitive parameters suggest that we 
can control the disease by starting the campaign through 
media transmission in which we briefly explain how the 
population indulging in this addiction ultimately die. 
This death occurs due to smoking related illness. 

Table 1:	 The sensitivity indices with respect to the model 
parameters.

	Parameter	 R0	 S

	 α	  0.999055	  1.00438
	 β	  0.999055	  0.00437816
	 δ	 -0.180802	 -0.00425981
	 ε	 -0.817859	 -0.999636
	 η	 -9.44729 × 10-10	 -2.17881 × 10-7

	 γ	  0.999468	 -0.00903861
	 ζ	  1.81153 × 10-5	  0.00417791
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Optimal control

Now, we will introduce some control strategies, 
prevention and treatment. By including these controls 
into the model, our mathematical model is of the 
following form 

Figure 5: Variation in the value of 𝑅𝑅0 with respect to 𝛽𝛽, 𝛿𝛿 and 𝜖𝜖.  Figure  
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= 𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍.

The parameter 𝑢𝑢1(𝑡𝑡) represents the awareness campaign through the media transmission to

control the potential smokers and temporary quit smokers to become smokers and 𝑢𝑢2(𝑡𝑡)

represents the treatment of smokers.

Let us suppose that the objective functional 𝐽𝐽 is of the form

𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) =
0

𝑇𝑇
(𝐴𝐴1𝑆𝑆 +

𝐵𝐵1

2
𝑢𝑢12 +

𝐵𝐵2

2
𝑢𝑢22)𝑑𝑑𝑑𝑑,�

where 𝐴𝐴1 represents the positive weight. We will have to reduce the smokers and

implementation charges of controls 𝑢𝑢1 𝑡𝑡 and 𝑢𝑢2(𝑡𝑡) with the aid of the above mentioned

objective functional. We shall have the controls 𝑢𝑢1∗ and 𝑢𝑢2∗ such that

𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) = min{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈},

where the set of controls 𝑈𝑈 is given below

𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 𝑢𝑢𝑖𝑖 𝑡𝑡  𝑖𝑖𝑖𝑖 𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑜𝑜𝑜𝑜  0, 1 , 0 ≤ 𝑢𝑢𝑖𝑖 𝑡𝑡 ≤ 1, 𝑖𝑖 = 1, 2 .

In (Pontryagin et al., 1986), Pontryagin gave a principle for the solution of optimal control

problem and deduction of mandatory conditions, this is called Pontryagin’s Maximum Principle.

We will make use of this principle.

Existence of an optimal control
To show that the optimal control problem exists, we need to check that our problem is satisfying

some well-known hypotheses, these are stated in (Fleming and Rishel, 1975) and given below:

(𝐻𝐻1) The set of controls and corresponding state variables is nonempty.

(𝐻𝐻2) The control set 𝑈𝑈 must be closed and convex.

(𝐻𝐻3) The right hand side of the state system is bounded by a linear function in the state and

control.

(𝐻𝐻4) The integrand of the objective functional 𝐽𝐽 is convex on 𝑈𝑈 and is bounded below by

𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2, where 𝑐𝑐1, 𝑐𝑐2 > 0 and 𝛽𝛽 > 1.

We will make use of a result, which is given by Lukes (Luke, 1982, Th 9.2.1, p 182) to confirm

that the solution of system (6) exists. In this manner, above hypothesis will be confirmed. (𝐻𝐻1)
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(𝐻𝐻3) The right hand side of the state system is bounded by a linear function in the state and
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We will make use of a result, which is given by Lukes (Luke, 1982, Th 9.2.1, p 182) to confirm

that the solution of system (6) exists. In this manner, above hypothesis will be confirmed. (𝐻𝐻1)

is fulfilled because the coefficients are bounded. The boundedness of solutions tells that the set

of controls 𝑈𝑈 fulfils the 2𝑛𝑛𝑛𝑛 hypotheses (𝐻𝐻2). By observing the system (6), we come to know
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is fulfilled because the coefficients are bounded. The boundedness of solutions tells that the set
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(𝐻𝐻2) The control set 𝑈𝑈 must be closed and convex.
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Figure 5: Variation in the value of 𝑅𝑅0 with respect to 𝛽𝛽, 𝛿𝛿 and 𝜖𝜖.  Figure  

Optimal Control
Now, we will introduce some control strategies, prevention and treatment. By including these

controls into the model, our mathematical model is of the following form
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋, (6)

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾,

Figure 5:	 Variation in the value of R0 with respect to β, δ and ε. 
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and deduction of mandatory conditions, this is called 
Pontryagin’s Maximum Principle. We will make use of 
this principle.

Existence of an optimal control

To show that the optimal control problem exists, 
we need to check that our problem is satisfying 
some well-known hypotheses, these are stated 
in (Fleming & Rishel, 1975) and given below : 
	 (H1) The set of controls and corresponding state 
variables is nonempty.
	 (H2) The control set  must be closed and convex.
	 (H3) The right hand side of the state system is bounded 
by a linear function in the state and control.
	 (H4) The integrand of the objective functional 
J is convex on U and is bounded below by 
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In (Pontryagin et al., 1986), Pontryagin gave a principle for the solution of optimal control

problem and deduction of mandatory conditions, this is called Pontryagin’s Maximum Principle.

We will make use of this principle.

Existence of an optimal control
To show that the optimal control problem exists, we need to check that our problem is satisfying

some well-known hypotheses, these are stated in (Fleming and Rishel, 1975) and given below:
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(𝐻𝐻2) The control set 𝑈𝑈 must be closed and convex.
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We will make use of a result, which is given by Lukes (Luke, 1982, Th 9.2.1, p 182) to confirm

that the solution of system (6) exists. In this manner, above hypothesis will be confirmed. (𝐻𝐻1)

is fulfilled because the coefficients are bounded. The boundedness of solutions tells that the set

of controls 𝑈𝑈 fulfils the 2𝑛𝑛𝑛𝑛 hypotheses (𝐻𝐻2). By observing the system (6), we come to know
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the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied
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2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is
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bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2
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𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +
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2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1
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The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is
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The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:
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𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the
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If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied
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𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
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The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =
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boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

 exists such that 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

.

	 The optimal solution can be obtained by finding the 
Lagrangian and Hamiltonian for the optimal control 
problem (6). The Lagrangian of the optimal problem is 
defined as 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

The minimal value of the Lagrangian can be 
obtained by defining the Hamiltonian. Let 
us take 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

 and 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

, to obtain:

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +
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2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
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𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +
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2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is
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,
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=
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and adjoint equation

 
The optimality system

We invoke Pontryagin’s Maximum Principle (Lenhart 
& Workman, 2007), for finding the mandatory 
conditions for this optimal control, as follows: 
If the solution of control problem is 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

 then we have a 
nontrivial vector function 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

 
such that the following conditions are satisfied. The state 
equation is 

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation

the condition of optimality

the bi linearity of system in 𝑢𝑢1 and 𝑢𝑢2, thus, the right hand side of (6) fulfils 𝐻𝐻3 (because the

boundedness of the solution of system). Positivity of integrand of the objective functional 𝐽𝐽 and

bi linearity in controls imply convexity. 𝐻𝐻4 is also satisfied

𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22 ≥ 𝑐𝑐1(|𝑢𝑢1|2 + |𝑢𝑢2|2)
𝛽𝛽
2 − 𝑐𝑐2,

where 𝑐𝑐1, 𝑐𝑐2 > 0, 𝐴𝐴1, 𝐵𝐵1, 𝐵𝐵2 > 0 and 𝛽𝛽 > 1. Hence, we have the following theorem.

Theorem 8. For the system (6) the objective functional 𝐽𝐽(𝑢𝑢1, 𝑢𝑢2) = 0
𝑇𝑇 (𝐴𝐴1𝑆𝑆 +

𝐵𝐵1
2
𝑢𝑢12 +∫

𝐵𝐵2
2
𝑢𝑢22)𝑑𝑑𝑑𝑑 where 𝑈𝑈 = {(𝑢𝑢1, 𝑢𝑢2)|0 ≤ 𝑢𝑢1, 𝑢𝑢2 ≤ 1, 𝑡𝑡 ∈ [0, 𝑇𝑇] subject to Eqs.(6) under some initial

conditions, then an optimal control 𝑢𝑢 = (𝑢𝑢1∗, 𝑢𝑢2∗) exists such that 𝐽𝐽(𝑢𝑢1∗, 𝑢𝑢2∗) =

𝑚𝑚𝑚𝑚𝑚𝑚{𝐽𝐽(𝑢𝑢1, 𝑢𝑢2), (𝑢𝑢1, 𝑢𝑢2) ∈ 𝑈𝑈}.

The optimal solution can be obtained by finding the Lagrangian and Hamiltonian for the optimal

control problem (6). The Lagrangian of the optimal problem is defined as

𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) = 𝐴𝐴1𝑆𝑆 +
𝐵𝐵1

2 𝑢𝑢12 +
𝐵𝐵2

2 𝑢𝑢22.

The minimal value of the Lagrangian can be obtained by defining the Hamiltonian 𝐻𝐻 . Let us

take 𝑋𝑋 = (𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍), 𝑈𝑈 = 𝑢𝑢1, 𝑢𝑢2 and 𝜆𝜆 = (𝜆𝜆1, 𝜆𝜆2, 𝜆𝜆3, 𝜆𝜆4, 𝜆𝜆5), to obtain:

𝐻𝐻(𝑋𝑋, 𝑈𝑈, 𝜆𝜆) = 𝐿𝐿(𝑆𝑆, 𝑢𝑢1, 𝑢𝑢2) + 𝜆𝜆1(𝛼𝛼 − 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛾𝛾𝛾𝛾) + 𝜆𝜆2( 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽𝛽𝛽 − 𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 −

𝛾𝛾 + 𝜀𝜀 𝑆𝑆 + 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆3(𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆 − 𝛾𝛾𝛾𝛾 − 𝜁𝜁 1 − 𝑢𝑢1 𝑋𝑋) + 𝜆𝜆4(𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 𝑆𝑆 − 𝛾𝛾𝛾𝛾) +
𝜆𝜆5(𝜀𝜀𝜀𝜀 − (𝛾𝛾 + 𝜗𝜗)𝑍𝑍).

The optimality system
We invoke Pontryagin's Maximum Principle (Lenhart and Workman, 2007), for finding the

mandatory conditions for this optimal control, as follows:

If the solution of control problem is 𝑢𝑢1∗, 𝑢𝑢2∗ then we have a nontrivial vector function 𝜆𝜆(𝑡𝑡) =

𝜆𝜆1 𝑡𝑡 , 𝜆𝜆2 𝑡𝑡 , . . . , 𝜆𝜆5 𝑡𝑡 such that the following conditions are satisfied. The state equation is

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

the condition of optimality

=
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗ , 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
,

and adjoint equation
 

and adjoint equation 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

Now, the mandatory conditions will be applied to the 
Hamiltonian H. 

Theorem 9. For the optimal controls 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

 and the 
solutions 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

 of the system (6), we have 
adjoint variables 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

 which satisfy 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

	

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following
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𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

with the conditions of transversality  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

.

Moreover, 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

 will be given by 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

Proof. Hamiltonian H will be used to obtain the adjoint 
equations and the conditions of transversality. Now, 
take the derivative of H w. r. t. P, S, X, Y, Z and putting 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

, we have the 
following equations
 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

	

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following
	 with the conditions of transversality 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=−
𝜕𝜕𝜕𝜕(𝑡𝑡, 𝑢𝑢1∗, 𝑢𝑢2∗, 𝜆𝜆(𝑡𝑡))

𝜕𝜕𝜕𝜕
.

Now, the mandatory conditions will be applied to the Hamiltonian 𝐻𝐻.

Theorem 9. For the optimal controls 𝑢𝑢1∗, 𝑢𝑢2∗ and the solutions 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ of the system

(6), we have adjoint variables 𝜆𝜆1, 𝜆𝜆2, . . . , 𝜆𝜆5 which satisfy
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . Moreover,

𝑢𝑢1∗, 𝑢𝑢2∗ will be given by

𝑢𝑢1∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = 𝑚𝑚𝑚𝑚𝑚𝑚{𝑚𝑚𝑚𝑚𝑚𝑚{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

Proof. Hamiltonian 𝐻𝐻 will be used to obtain the adjoint equations and the conditions of

transversality. Now, take the derivative of 𝐻𝐻 w. r. t. 𝑃𝑃, 𝑆𝑆, 𝑋𝑋, 𝑌𝑌, 𝑍𝑍 and putting 𝑃𝑃 = 𝑃𝑃∗, 𝑆𝑆 =

𝑆𝑆∗, 𝑋𝑋 = 𝑋𝑋∗, 𝑌𝑌 = 𝑌𝑌∗, 𝑍𝑍 = 𝑍𝑍∗, we have the following equations
𝑑𝑑𝑑𝑑1
𝑑𝑑𝑑𝑑

= 𝜆𝜆1 − 𝜆𝜆2 𝛽𝛽𝛽𝛽 + 𝜆𝜆1𝛾𝛾,

𝑑𝑑𝑑𝑑2
𝑑𝑑𝑑𝑑

= − 𝐴𝐴1 + 𝜆𝜆1 − 𝜆𝜆2 1 − 𝑢𝑢1 𝛽𝛽𝛽𝛽 + 𝜆𝜆2𝛿𝛿 1 − 𝑢𝑢2 + 𝜆𝜆2 𝛾𝛾 + 𝜀𝜀 − 𝜆𝜆3𝛿𝛿 1 − 𝜂𝜂 − 𝜆𝜆4𝛿𝛿𝛿𝛿 1 − 𝑢𝑢2 − 𝜆𝜆5𝜀𝜀,

𝑑𝑑𝑑𝑑3
𝑑𝑑𝑑𝑑

= − 𝜆𝜆2𝜁𝜁 1 − 𝑢𝑢1 + 𝜆𝜆3𝛾𝛾 + 𝜆𝜆3𝜁𝜁 1 − 𝑢𝑢1 ,

𝑑𝑑𝑑𝑑4
𝑑𝑑𝑑𝑑

=𝜆𝜆4𝛾𝛾,

𝑑𝑑𝑑𝑑5
𝑑𝑑𝑑𝑑

=𝜆𝜆5(𝛾𝛾 + 𝜗𝜗),

with the conditions of transversality 𝜆𝜆1(𝑇𝑇) = 𝜆𝜆2(𝑇𝑇) = 𝜆𝜆3(𝑇𝑇) = 𝜆𝜆4(𝑇𝑇) = 𝜆𝜆5(𝑇𝑇) = 0 . By the

use of optimality conditions and the property of the control space 𝑈𝑈, we can have the following

. By 
the use of optimality conditions and the property of 
the control space U, we can have the following form of 
controls form of controls 𝑢𝑢1∗, 𝑢𝑢2∗ ,

𝑢𝑢1∗ = max{min{1,
1
𝐵𝐵1

𝜆𝜆2 − 𝜆𝜆1 𝛽𝛽𝛽𝛽𝛽𝛽 + 𝜆𝜆2 − 𝜆𝜆3 𝜁𝜁𝜁𝜁 }, 0},

𝑢𝑢2∗ = max{min{1,
1
𝐵𝐵2

𝜆𝜆4𝛿𝛿𝛿𝛿𝛿𝛿 − 𝜆𝜆2𝛿𝛿𝛿𝛿 }, 0}.

 Figure  Outcome of the optimal control strategies on the transmission of smoking disease can also

be observed numerically. In Fig.6a, we observe that the endemic level of potential smokers

increases by applying the control. It seems true because practically if the smokers have been

removed from the community then total individuals will be non-smokers and enter into the

potential smokers’ class. As a result, potential smokers increase. Fig.6b shows the behaviour of

smokers with and without control. We can see interesting behaviour of smokers with control.

After ∼ 120 days, smokers start to increase even though the control is being applied consistently.

After ∼ 300 days, smokers start to decline and become zero after 400 days. According to the

graph, there will be no more smoker present in the community after 400 days by the application

of these controls. Control profile is shown in Fig.6c. From this figure, we can see that the control

𝑢𝑢2 remains zero till 500 days. It represents the treatment of smokers by using the injection
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	 where h is the step size. Then, it is easy to see that 
nonstandard finite difference scheme implemented 
in discrete system (7) is positivity and steady-states 
preserving scheme. Indeed, the equilibria of (7) are 
computed as follows in closed forms: 
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where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
,  𝑆𝑆∗  : =−

𝛾𝛾
𝛽𝛽
+

𝛼𝛼(𝛾𝛾 + 𝜁𝜁)
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:
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,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:

where 

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where
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𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
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𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:

 

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
,  𝑆𝑆∗  : =−

𝛾𝛾
𝛽𝛽
+

𝛼𝛼(𝛾𝛾 + 𝜁𝜁)
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:

 

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
,  𝑆𝑆∗  : =−

𝛾𝛾
𝛽𝛽
+

𝛼𝛼(𝛾𝛾 + 𝜁𝜁)
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:

 

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
,  𝑆𝑆∗  : =−

𝛾𝛾
𝛽𝛽
+

𝛼𝛼(𝛾𝛾 + 𝜁𝜁)
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:
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.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
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𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
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1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)
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1
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1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:
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where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:
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𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
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,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:

be unique positive equilibrium point of system (7) if and only if 

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the
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−
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,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:

 Now, Jacobian 

matrix for (7) computed at E0 is given as follows:

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
,  𝑆𝑆∗  : =−

𝛾𝛾
𝛽𝛽
+

𝛼𝛼(𝛾𝛾 + 𝜁𝜁)
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows:
The characteristic polynomial for 

where ℎ is the step size. Then, it is easy to see that nonstandard finite difference scheme

implemented in discrete system (7) is positivity and steady-states preserving scheme. Indeed, the

equilibria of (7) are computed as follows in closed forms:

𝐸𝐸0 =
𝛼𝛼
𝛾𝛾
, 0, 0, 0, 0 ,

and

𝐸𝐸∗ = 𝑃𝑃∗, 𝑆𝑆∗, 𝑋𝑋∗, 𝑌𝑌∗, 𝑍𝑍∗ ,

where

𝑃𝑃∗  : =
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁)
,  𝑆𝑆∗  : =−

𝛾𝛾
𝛽𝛽
+

𝛼𝛼(𝛾𝛾 + 𝜁𝜁)
𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

,

𝑋𝑋∗  : =
𝛿𝛿(𝜂𝜂 − 1) −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽(𝛾𝛾 + 𝜁𝜁) 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

𝑌𝑌∗  : =−
𝛿𝛿𝛿𝛿 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽𝛽𝛽𝛽𝛽 2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)
,

and

𝑍𝑍∗  : =−
𝜀𝜀 −𝛼𝛼𝛼𝛼(𝛾𝛾 + 𝜁𝜁) + 𝛾𝛾 𝛾𝛾2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿)

𝛽𝛽 𝛽𝛽2 + 𝛾𝛾(𝛿𝛿 + 𝜀𝜀 + 𝜁𝜁) + 𝜁𝜁(𝜀𝜀 + 𝛿𝛿𝛿𝛿) (𝛾𝛾 + 𝜗𝜗)
.

Then 𝐸𝐸∗ be unique positive equilibrium point of system (7) if and only if 𝛾𝛾
𝛽𝛽
<

𝛼𝛼(𝛾𝛾+𝜁𝜁)
𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)

. Now, Jacobian matrix for (7) computed at 𝐸𝐸0 is given as follows:

𝐽𝐽(𝐸𝐸0) =

1
1 + ℎ𝛾𝛾

−
ℎ𝛼𝛼𝛼𝛼

𝛾𝛾 + ℎ𝛾𝛾2
0 0 0

0
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾
0

1
1 + ℎ𝛾𝛾

0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

The characteristic polynomial for 𝐽𝐽 𝐸𝐸0 is given as follows: is given as follows: 

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

	 ...(8)
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where 

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

Due to aforementioned computation, we have the 
following Lemma.

Lemma 10. E0 is a sink if and only if the following 
condition is satisfied: 

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

Similarly, the Jacobian matrix of (7) computed at E* is given as follows: 

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

Moreover, the characteristic polynomial for 

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

 are computed as follows:

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

 	 ...(9)
where 

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,

𝑃𝑃1 𝜆𝜆 = 𝜆𝜆 − 1
1+ℎ𝛾𝛾

2
𝜆𝜆 − 1

1+ℎ 𝛾𝛾+𝜗𝜗
𝜆𝜆2 − 𝑎𝑎1 + 𝑎𝑎4 𝜆𝜆 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 , (8)

where

𝑎𝑎1  : =
1 + ℎ𝛼𝛼𝛼𝛼

𝛾𝛾
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀) ,  𝑎𝑎2  : =

ℎ𝜁𝜁
1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)

,

𝑎𝑎3  : =
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
,  𝑎𝑎4  : =

1
1 + ℎ(𝛾𝛾 + 𝜁𝜁)

.

Due to aforementioned computation, we have the following Lemma.

Lemma 10. 𝐸𝐸0 is a sink if and only if the following condition is satisfied:

𝑎𝑎1 + 𝑎𝑎4 < 1 + 𝑎𝑎1𝑎𝑎4 − 𝑎𝑎2𝑎𝑎3 < 2.

Similarly, the Jacobian matrix of (7) computed at 𝐸𝐸∗ is given as follows:

𝐽𝐽(𝐸𝐸∗)

=

1
1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗

−
ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 0 0 0

ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
1 + ℎ𝛽𝛽𝛽𝛽∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
ℎ𝜁𝜁

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
0 0

0
ℎ𝛿𝛿(1 − 𝜂𝜂)

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
0 0

0
ℎ𝛿𝛿𝛿𝛿

1 + ℎ𝛾𝛾 0
1

1 + ℎ𝛾𝛾
0

0
ℎ𝜀𝜀

1 + ℎ(𝛾𝛾 + 𝜗𝜗)
0 0

1
1 + ℎ(𝛾𝛾 + 𝜗𝜗)

.

Moreover, the characteristic polynomial for 𝐽𝐽(𝐸𝐸∗) are computed as follows:

𝑃𝑃2 𝜆𝜆 = 𝜆𝜆 −
1

1 + ℎ𝛾𝛾
𝜆𝜆 −

1
1 + ℎ 𝛾𝛾 + 𝜗𝜗

𝑄𝑄 𝜆𝜆 , (9)

where

𝑄𝑄(𝜆𝜆): = 𝜆𝜆3 − (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7)𝜆𝜆2 + (𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7)𝜆𝜆 + 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7
− 𝑏𝑏1𝑏𝑏4𝑏𝑏7,

𝑏𝑏1  : =
1

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗
,  𝑏𝑏2  : =−

ℎ𝛽𝛽 ℎ𝛼𝛼 + 𝑃𝑃∗

1 + ℎ𝛾𝛾 + ℎ𝛽𝛽𝛽𝛽∗ 2 ,  𝑏𝑏3  : =
ℎ𝛽𝛽𝑆𝑆∗

1 + ℎ(𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀)
,  

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

The following Lemma gives necessary and sufficient 
conditions that all roots of (9) lie inside the unit open 
disk.

Lemma 11. Assume that 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

 , then 

unique positive equilibrium point  E*  is a sink if and 
only if 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

where 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

	 In order to show that proposed nonstandard difference 
scheme (NDS) in system (7) is dynamically consistent, 
we choose 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

, 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

, 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

, 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

, 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

, 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step

size 0.0001 is implemented to the system (1) and ℎ is taken as 0.95 in system (7). Then plots for

system of equations (1-5) (blue) and for system (7) (red) are depicted in the figures given below.

The horizontal axis is the time in days.

Time

, 

𝑏𝑏4   ≔
1+ ℎ𝛽𝛽𝑃𝑃∗

1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀
,  𝑏𝑏5   ≔

ℎ𝜁𝜁
1 + ℎ 𝛾𝛾 + 𝛿𝛿 + 𝜀𝜀

,  𝑏𝑏6   ≔
ℎ𝛿𝛿 1 − 𝜂𝜂

1 + ℎ 𝛾𝛾 + 𝜁𝜁
,  

𝑏𝑏7  : =
1

1 + ℎ(𝛾𝛾 + 𝜁𝜁)
.

The following Lemma gives necessary and sufficient conditions that all roots of (9) lie inside

the unit open disk.

Lemma 11. Assume that 𝛾𝛾
𝛽𝛽
< 𝛼𝛼(𝛾𝛾+𝜁𝜁)

𝛾𝛾2+𝛾𝛾(𝛿𝛿+𝜀𝜀+𝜁𝜁)+𝜁𝜁(𝜀𝜀+𝛿𝛿𝛿𝛿)
, then unique positive equilibrium point

𝐸𝐸∗ is a sink if and only if

𝛼𝛼2 + 𝛼𝛼0 < 1 + 𝛼𝛼1,   𝛼𝛼2 − 3𝛼𝛼0 < 3 − 𝛼𝛼1,  and  𝛼𝛼02 + 𝛼𝛼1 − 𝛼𝛼0𝛼𝛼2 < 1,

where

𝛼𝛼2  : =− (𝑏𝑏1 + 𝑏𝑏4 + 𝑏𝑏7),  𝛼𝛼1  : = 𝑏𝑏1𝑏𝑏4 − 𝑏𝑏2𝑏𝑏3 − 𝑏𝑏5𝑏𝑏6 + 𝑏𝑏1𝑏𝑏7 + 𝑏𝑏4𝑏𝑏7,  𝛼𝛼0  :
= 𝑏𝑏1𝑏𝑏5𝑏𝑏6 + 𝑏𝑏2𝑏𝑏3𝑏𝑏7 − 𝑏𝑏1𝑏𝑏4𝑏𝑏7.

In order to show that proposed nonstandard difference scheme (NDS) in system (7) is

dynamically consistent, we choose 𝛼𝛼 = 3.6, 𝛽𝛽 = 0.04, 𝛾𝛾 = 0.1, 𝛿𝛿 = 0.3, 𝜂𝜂 = 0.04, 𝜁𝜁 = 0.5,

𝜀𝜀 = 0.1 and 𝜗𝜗 = 0.8 for both systems (1) and (7) with initial conditions(𝑃𝑃0, 𝑆𝑆0, 𝑋𝑋0, 𝑌𝑌0, 𝑍𝑍0) =

(6.4, 11.2, 5.4, 1.35, 1.2). Furthermore, implicit Runge Kutta (IRK) method of order 4 with step
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    	 ...(7)

	 where h is the step size. Then, it is easy to see that 
nonstandard finite difference scheme implemented 
in discrete system (7) is positivity and steady-states 
preserving scheme. Indeed, the equilibria of (7) are 
computed as follows in closed forms: 

0.6
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Kutta (IRK) method of order 4 with step size 0.0001 
is implemented to the system (1) and h is taken as 0.95 
in system (7). Then plots for system of equations (1-5) 
(blue) and for system (7) (red) are depicted in the figures 
given below. The horizontal axis is the time in days. 

CONCLUSIONS

In this paper, we presented and analysed the dynamics of 
mathematical model of smoking. This model contains five 
classes namely potential smokers, smokers, temporary 
quitters, permanent quitters and those individuals that 
have some disease as a result of smoking. We assumed 
that temporary quitters become smokers again. Some 
smokers suffer from diseases like lung cancer, mouth 
cancer and TB etc. So we have considered this class in 
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the model. Evidences show that some people die due to 
smoking related diseases so disease related death rate 
in the model has also been assumed. We have made 
use of matrix theoretic method to show that smoke free 
equilibrium point is globally stable for 

To find the smoke free equilibrium of (1-5), we will take all derivatives and 𝑆𝑆(𝑡𝑡) = 0. Then, we

get
𝛼𝛼 − 𝛾𝛾𝛾𝛾 = 0,

𝑃𝑃 =
𝛼𝛼
𝛾𝛾
,

and the following equilibrium point

E0P0 ,S0 ,X0 ,Y0 ,Z0E0

, 0,0,0,0 .

Local Stability of smoke-free equilibrium
In this section, with the help of threshold parameter 𝑅𝑅0, we study that smoke free equilibrium

point is locally stable. Driessche and Watmough, introduced a method to find 𝑅𝑅0, this method is

known as ``next generation matrix method" (Driessche and Watmough, 2002). By following this

method, the matrices of new infection and remaining terms are as follows

𝐹𝐹 =

𝛽𝛽𝛽𝛽0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

and 𝑉𝑉 =

𝛿𝛿 + 𝛾𝛾 + 𝜀𝜀 −𝜁𝜁 0 0
𝜂𝜂𝜂𝜂 − 𝛿𝛿 𝛾𝛾 + 𝜁𝜁 0 0
−𝛿𝛿𝛿𝛿 0 𝛾𝛾 0
−𝜀𝜀 0 0 (𝛾𝛾 + 𝜗𝜗)

.

Then the greatest eigenvalue, in magnitude, of the matrix 𝐹𝐹𝑉𝑉−1 is called the threshold

parameter 𝑅𝑅0 and is given by

𝑅𝑅0 =
𝛽𝛽𝛼𝛼𝛾𝛾

𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾
+

𝜁𝜁𝜁𝜁 1 − 𝜂𝜂
𝛾𝛾 + 𝜁𝜁 𝛿𝛿 + 𝜀𝜀 + 𝛾𝛾

.

One can know, with the help of 𝑅𝑅0, about the new smoker produced by the single smoker in its

smoking period. If 𝑅𝑅0 < 1, then it tells that there is no smoking in the population but if its value

is greater than one then smoking can expand in the community. Driessche and Watmough, set up

a result which is given below (Driessche and Watmough, 2002),

Theorem 1. If 𝑅𝑅0 < 1, then smoke free equilibrium point is locally asymptotically stable

otherwise unstable.

Global stability of smoke-free equilibrium
In order to show that smoke free equilibrium point is globally stable when 𝑅𝑅0 ≤ 1, we use the

. It is 
shown that for 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

, the endemic point persists and 
its global stability has been studied with the help of graph 
theoretic approach. The sensitivity analysis of threshold 
parameter 

𝑖𝑖 ≤ 𝑛𝑛.

We have some more results according to the arguments given in (Shuai and Driessche, 2013,

Shuai, 2010).

Lemma 4. Suppose that 𝐹𝐹𝑖𝑖(𝑋𝑋) be a set of functions such that 𝑋𝑋 ∈ 𝑅𝑅𝑚𝑚 that is 𝑋𝑋 =

(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3,⋯, 𝑥𝑥𝑚𝑚) and let 𝑐𝑐𝑖𝑖 as stated in above Lemma K then we have the result

𝑖𝑖, 𝑗𝑗=1
𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑖𝑖(𝑋𝑋)∑ = 𝑖𝑖, 𝑗𝑗=1

𝑛𝑛 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗(𝑋𝑋)∑ .

Lemma 5. Let us suppose that for any 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ 𝑛𝑛, 𝑎𝑎𝑖𝑖𝑖𝑖 > 0 and 𝑑𝑑𝐺𝐺+(𝑗𝑗) = 1. Then as given in

(Shuai and Driessche, 2013), 𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑘𝑘=1
𝑛𝑛 𝑐𝑐𝑗𝑗𝑎𝑎𝑗𝑗𝑗𝑗,∑ where 𝑐𝑐𝑖𝑖 is stated in Lamma 3.

Theorem 6. For 𝑅𝑅0 > 1, the endemic equilibrium point 𝐸𝐸∗ is globally asymptotically stable.

Proof. The following Lyapunov functions are constructed:

𝑉𝑉1 = 𝑃𝑃 − 𝑃𝑃∗ − 𝑙𝑙𝑙𝑙 𝑃𝑃
𝑃𝑃∗
, 𝑉𝑉2 = 𝑆𝑆 − 𝑆𝑆∗ − 𝑙𝑙𝑙𝑙 𝑆𝑆

𝑆𝑆∗
, 𝑉𝑉3 = 𝑋𝑋 − 𝑋𝑋∗ − 𝑙𝑙𝑙𝑙 𝑋𝑋

𝑋𝑋∗
, 𝑉𝑉4 = 𝑌𝑌 − 𝑌𝑌∗ − 𝑙𝑙𝑙𝑙 𝑌𝑌

𝑌𝑌∗
, 𝑉𝑉5 =

𝑍𝑍 − 𝑍𝑍∗ − 𝑙𝑙𝑙𝑙 𝑍𝑍
𝑍𝑍∗
.

Taking time derivatives we have

𝑉𝑉1
' ≤ 𝛽𝛽𝛽𝛽∗𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

+ 𝑙𝑙𝑙𝑙
𝑆𝑆
𝑆𝑆∗

− 𝑙𝑙𝑙𝑙
𝑃𝑃
𝑃𝑃∗

−
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗

= : 𝑎𝑎12𝐺𝐺12,

𝑉𝑉2' ≤ 𝛽𝛽𝑃𝑃∗𝑆𝑆∗
𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑃𝑃𝑃𝑃
𝑃𝑃∗𝑆𝑆∗ + 𝑙𝑙𝑙𝑙

𝑃𝑃
𝑃𝑃∗ −

𝑃𝑃
𝑃𝑃∗ + 𝜁𝜁𝑋𝑋∗ 𝑋𝑋

𝑋𝑋∗ − 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗ −

𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆 + 𝑙𝑙𝑙𝑙
𝑋𝑋
𝑋𝑋∗

𝑆𝑆∗

𝑆𝑆
= : 𝑎𝑎23𝐺𝐺23 + 𝑎𝑎25𝐺𝐺25,

𝑉𝑉3' ≤ 𝛿𝛿 1 − 𝜂𝜂 𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑋𝑋
− 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ = : 𝑎𝑎35𝐺𝐺35,

𝑉𝑉4
' ≤ 𝛿𝛿𝛿𝛿𝑆𝑆∗

𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 + 𝑙𝑙𝑙𝑙
𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑌𝑌 = : 𝑎𝑎41𝐺𝐺41,

𝑉𝑉5' ≤ 𝜖𝜖𝑆𝑆∗
𝑆𝑆
𝑆𝑆∗ − 𝑙𝑙𝑙𝑙

𝑆𝑆
𝑆𝑆∗ −

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
+ 𝑙𝑙𝑙𝑙

𝑆𝑆𝑆𝑆∗

𝑆𝑆∗𝑍𝑍
= : 𝑎𝑎54𝐺𝐺54.

 and smokers is discussed and on the basis 
of this sensitivity analysis an optimal control strategy 
has been established. Two kinds of controls strategies 
have been introduced, one is related with the awareness 
campaign through the media transmission to control the 
potential smokers and interimly quit smokers to become 
smokers and the 2nd is treatment of smokers. With the 
help of numerical simulations effect of these proposed 
controls have been studied. The outcomes tell that these 
two control strategies are very effective in reducing the 
endemic level of smokers. At the end, a dynamically 
consistent, positivity and fixed points conserving 
nonstandard difference scheme is implemented. Since 
exact solutions of system of equations (1-5) can not be 
obtained in closed form. In order to compare proposed 
nonstandard difference scheme (7) with its continuous 
counterpart (1-5) higher-order implicit Runge--Kutta 
method with smaller step size is implemented.
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