
J- Natn. Sci. Cnun. Sri Lan.Ga 1976 4(2) : 157-162 

KARIMALADEVI BALASUNDARAM 
Department of Mathem?ics a d  Statistics, Univeusity of Sri Lsilka. 
Jaflna Cnmnpus, Vnddukoddai, Sui Lanka. 

(Paper cccepted : 12th October 1956). 

Abstract : It is shown by using the properties of quadratic resiproc~ty that thc only 
solution in positive inlegci-s of the Diophantine eqcation 

( y ( y +  1 ) ) z  = 3 x ( x + 1 )  

i 3 x = 3 ,  v = 2 .  

The Equations 

On putting 22 + 1 = V , n d  2y + 1 = Y, the equation of the title reduces to 

which implies that 6 divlc1.es Y2 - . l  

Mow, if we put Y 2  - 1 = 6TJ, the last equation becomes 

The general solution of tile equa'ion (1) i z  given by 

where 
a = 2 f  43, P = 2  - 4 3 .  

Hence, we must have 

We obtain easily froin ((2) the f~ilowing relations : 

v m u n  -!- vnum, 
vmvn 4- 3% Un, 
- Un, = 7%) 
ZUn Vn, 
V",, + 3UZn = 1 + GU2, = 

un ( 4V2n 1 ), 
Vn ( 4C7,2 - 3 ), 
0, ( 16V;," - 12V" ,+ I ), 
Y n f  ( V , )  = V % h (  U,), 



where j ( . V  ) = 16VP - 2QV2 + 6 

and 72. ( 7 7 )  = 144U4 -k 3677' + 1 .  

The following congruences hold : 

- 
Un+21. = - un (mod Vr), (13) 

- 
U,+, = Un (mod Ur) (14) 

We need the following results which can be easily establislred by induction : 

(i) U ,  is 0d.d or even accor2ing s s  n is odd or even ; 

(ii) U,  4 (mod 13), and. if k = 2' with t a n  integer > 1, 

U ,  =- + 4 (mod 13), according as t is even or odd ; (15) 

(iii) If k = Zt, then V ,  r 2, 7 ,  5, 3, - 6 (mod 23) when t r 0, 1 ,  2, 3, 4 
(mod 5)- respectively. (16) 

We also note that since Y = 2y -1- 1, P is odd and. so if U ,  satisfies (3), 
then U ,  must be even. 

Hence, n must be necessarily even for (3) to hold. 

We require the foll~wing table of values 

0 0 
1 1 
2 4 
3 15 
4 5 6 
6; 209 
6 780 
7 291 1 
8 10864 

The proof is now accomplished in five stages: 

(a) (3) is impossible if n r 4 ( mod 10). 



The Diophantine Eqzaation 

For, using (14) we find that 

U ,  E U, (mod U,) 
r 56 (mod 209) 
G 56 (mod l l ) ,  since 11/209 
r 1 (mod 11). 

Thus we find that 

6Un -+ 1 r 7 (mod 11) 

and since (7111) = - 1, (3) is impossible. 

(b)  , (3) is impossible if n r 6 (mod 10). 

For, using (14) we find that . 

U ,  r U ,  (mod U,) 
r 780 (mod 209) 
f 78@ (m.od li) 
E - 1 (mod 11). 

Thus we find that 

6Un -1- 1 F - 5 (mod l l )  

arid since ( -6-Ill) = - 1, (3) is impossible. 

(c) (3) is impossible if n r 8 (mod 10). 

For, using (14) we find that 

& r U ,  (mod U,) 
-E 10864 (mod 209) 
r 10864 (mod 1.1) 
A - 
A 7 (mod 11). 

Thus we find tha t :  

BUn + 1 _ 43 (mod 11) 
- = - 1 (mod 11) 

and since ( -..1/11) = - I t  (3) is impossible. 



(d) (3) is impossible if n 0 (mod l o ) ,  cz # 0,  that is, if n = 5k(2m -+ I )  
where k = Zt with t an integer 2 I and m is an integer. 

  or, using (13) we find that 

U ,  EZ + 7 7 6 ,  (mod V5,) 
r + U ,  ( 16Va, - 32V2, + 2 )  (;nod f(V,) ) 
r k/r-U, (2VZk - 1 ) ( n o d  f (Vk  ) ) 

Whence, 6U, + 1 E +24Uk ( 2V2, - 1 ) -!! 1 (mod f ( 8, ) ) 

Now, 



The Dfopkantine Equation 

and so (3) is imr:ossible. 

( e )  (3) is impossible if n 2  (mod l o ) ,  n # 2,  that is, n = 2 + IOkm, 
where k = 2l with t an integer 2 0 and m is an  odd integer. 

For, using (13)  we find that 

U n = - U 2 = - - 4 (mod V,, ). 

Thus, 

6Un f 1 r - 23 (mod V k  f (V ,  ) ) ,  

and so (3) would jmply 

But i t  is easily seen that 

V 2  F 3 ( mod 4) ,  
V ,  E 1 (mod 4  ) for t B 2, 

and f ( Vlc ) E 1 (mod 4 )  for z 2 0, 

so, using quadratic reciprocity, (17) implies 

Now by (16)  the residues of V k  modulo 23 and so f ( V ,  ) mod1110 23 
are periodic with respect to t ,  and the length of the period is 5. The 
followi~lg table gives these residues and the signs of their Legendre 
symbols ( V k / 2 3 )  &nd ( f  ( V ,  ) / 23 ) ; we see that ( 1 8 )  or (19) is 
i~npossible. 
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t 0 1 2 3 4 5 6 

V ,  mod 23 7 5 3 17 2 7 

f ( Vk  ) mod 23 20 20 6 37 11 20 20 

We have now two f ~ r t h e r  cases n = 0, 2 to consider. 
When n = 0, we find x = 0, y = 0, a trivial solution. 
When n = 2, U ,  = 4, V ,  = 7. 

Thus we get z = 3, y = 2. 

Hence, x = 3, y = 2 is the only solution of the givsn equation in positive 
integers. Now we can write down the complete solution in integers; it 
consists of the four trivial pairs of solutions obtained by equating both sides of 
the equation of the title to zero and the four pairs given by the following 
table : 

The author wishes to dedicate the article to the memory of the h t e  
Professor P. Kanagasabapafhy. 
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