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Abstract: In this paper, a SEIR (Susceptible, Exposed,
Infectious and Recovered) mathematical model of transmission
dynamics of malaria was proposed. In the model, mosquito
population acts as the vector population and depends upon the
human population for its growth and survival. It was shown
that the environmental factors are conducive to the spread
of malaria disease. It was also found that effective control
programming against the spread of malaria is helpful in
reducing the transmission dynamics of the disease. Sensitivity
analysis was performed to show that spraying of pesticides and
proper drainage system will effectively control the disease.
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INTRODUCTION

Malaria has become a worldwide problem and the
worst affected countries are mostly African and Asian.
Approximately 3 billion people have been affected in
109 countries. Every year there are approximately 250
million cases of malaria reported, which result in one
million deaths (WHO report 2013).

Ross (1916) gave the first mathematical model of malaria
transmission and several mathematical models have been
formulated to investigate the transmission dynamics of
malaria (Gupta er al., 1994; Hethcote, 2000; Ngwa
& Shu, 2000; Ngwa, 2004; Chitnis et al., 2006; 2012;
Chavez et al., 2008; Ruan et al., 2008; Chamchod &

Britton, 2011; Li, 2011; Erin et al., 2013; Xiao et al.,
2013). Ngwa and Shu (2000) analysed a deterministic
differential equation model for endemic malaria
involving variable human and mosquito populations.
Ngwa (2004) provided a solution by analysing the
problem through the mathematical model. In the study
the sample mathematical model has been considered and
used a perturbation analysis and found that the death rate
is nonzero, small and significant. Chitnis et al. (2006;
2012) gave a model for infectious agents where they
found the effect of immigration and disease induced
death rates. The study of malaria transmission dynamics
through mathematical modelling is a vast and fascinating
area wherein the developed model depends on several
factors including death rates environmental factors. But
a few areas like optimisation of malaria curing cost, role
of awareness and follow-up cases, need to be researched.
One of these is the coefficient of human population
dependent on density. Mathematical models of the
transmission of infectious agents in human communities
have been studied by Anderson and May (1991).
Modelling of malaria epidemic has been carried out since
1911 with Ross’s model by Bailey (1957). Ghosh et al.
(2014) developed a mathematical model for malaria
transmission among birds by changing vector behaviour.
Fatmawati and Tasman (2015) studied a mathematical
model for malaria transmission by considering the
resistance of malaria parasites to the anti-malarial drugs
and also incorporated mass treatment and insecticides
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as control strategies. A new age-structured deterministic
model for assessing the impact of anti-malaria drugs
on the transmission dynamics of malaria was designed
and qualitatively analysed by Forouzannia and Gumel
(2015). Wang et al. (2016) a stage structured mosquito
model was developed to investigate the cause of the
large abundance of mosquitoes in Guangdong province
of China in 2014 and its implications for outbreaks of
the disease. Cai et al. (2017) developed a malaria model
with an asymptomatic class in human population and
exposed classes in both human and vector populations.
The model assumes that asymptomatic individuals can
get re-infected and move to the symptomatic class. Some
of the developed models include density dependent death
rates, environmental and other factors. However, in these
studies the effect of transmission coefficient for humans
dependent on the density of mosquitoes has not been
considered. In this study, authors developed a susceptible,
exposed, infectious and recovered (SEIR) model for
humans and a susceptible, exposed and infectious (SEI)
model for mosquitoes and concluded that only human
immune system can fight with such a disease.

Many mathematical models have been developed
earlier by many researchers on transmission dynamics
of malaria disease, however the exposed class has not
been taken into consideration. The exposed class is a
very significant compartment, which is a stage where
the disease has been transmitted to the human, but its
symptoms have not yet appeared. We have incorporated
an exposed class of humans in our model and analysed
its effects on dynamics. Our model also considered an
exposed class for mosquito population which is also an
important component of the study. This has not been
studied earlier studied (Singh et al. 2005; Koella, 1991;
cf. Hazarika & Bhattacharjee, 2011).

MODEL DESCRIPTION

In this model we assumed that there are two types
of populations: (i) human population and (ii) vector
(mosquito) population. The total number of individuals
in the human population is denoted by N, which is further
subdivided into the following four subclasses:

(i) Susceptible human (S,)

(ii) Exposed human (E, )

(iii) Infected human (I,)

(iv) Recovered human (R,).

It is assumed that people enter the susceptible class.
When an infected mosquito bites the susceptible human,
the susceptible human firstly may be exposed. After that
there may be more infected cases with some different
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rates. After some time, the infected human recovers and
moves to the recovered class. Once infected population
is recovered, they return to the susceptible class. In this
case total population is givenas N, =S, +E +1 +R,.

Similarly, the total vector population is denoted by
N, and subdivided into three classes viz. (i) susceptible
mosquito (S ), (ii) exposed mosquito (E) and (iii)
infected mosquito (I ). Susceptible mosquitoes are
recruited at a rate A,. The mosquito firstly moves to
the exposed class and after some time there will be more
infected moves from exposed class to the infected class.
In this case N =S + E + 1 .The transmission diagram
of malaria is depicted in Figure (1).

For the mathematical formulation of the model, the
following notations are used: A, : recruitment rate i.e.
natural birth rate of human population; A, : recruitment
rate of mosquito population which also includes newly
born vector; A : immigration rate of human population;
B: transmission probability rate from susceptible
human to exposed vector (mosquito); /4,: transmission
probability rate from susceptible human to infected
vector (mosquito); /;: transmission probability rate
from susceptible vector to exposed human population;
[, : transmission probability rate from susceptible vector
to infected human population; 7, : progression rate from
exposed class E, to infected class 7, ; 7, : progression rate
from exposed class £, to infected class /,; & : recovered
humans rate to lose their immunity; & : recovery rate for
human population; d,(d,) : natural death rate of human
population (mosquito population).

As
A1+ A
—> Sh ﬁdl SV —> dz
ﬁlShEv
+ BoSul, BSEn
+ SiSuIn
Ey —>d,
o
7n Ev > dz
L, ——d:
Vv
4
Ry, H——>d. L, ——> d
Figure 1: Model flow diagram for malaria disease transmission
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Malaria model for mosquito dependent coefficient

The following two cases have been taken into account to
formulate the mathematical model. We will analyse the
model under two different cases mentioned below:

Case 1: The transmission probability, i.e. the rate 5, at
which infected mosquito bites the susceptible
human is assumed to be constant
Transmission probability B, is a function of
density of the mosquito population. It takes
the form B, =b,+HN,;b, and is a positive
constant.

Case 2:

Governing equations

The model is governed by the following system of
differential equations

% =(A,+A)+IR,—(BE, +5,1)S,-d,S,

dE,
d_lh = (ﬁlEv +ﬂ21v)Sh _(}//x +d1)Eh

dl,
d—;anh _(é:"'dl)lh

% =&1,—(0+d)R,
dN, _ A +A—-dN,
: .(01)
ds
dl‘v =A, - (ﬂth + ﬂ41h )S, —d,S,
dE
dtv =(BE,+B.1,)S,—(y,+d,)E,
dl,
d; = %’Ev - dZIv
dN,
d—; =A,-d,N,
Mathematical Analysis

The developed mathematical model can be discussed in
the following two cases:

Case 1: When [, = ,; 3, is a constant

Since S, +E,+[,+R, =N, and S, +E +I =N,
then the system of equation (1) can be rewritten in the
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dl
d—:=th}z_(§+dl)1h
dR,
d—;’=flh—(5+dl)Rh
an, =A,+A-dN,
dt
dE
dtv =(ﬂ3Eh +ﬂ41h)(Nv_(Ev+1v))_(}/v+d2)Ev
dl
Y=y E —d,I
dt 7/\/ v 2%y
dN
~=A,-d,N ..(02
d[ 2 24y ( )

The region of attraction of the above system is

o ={(&,.1,,R, ,N,,E I N ) O<E +I +R,

<N,<N,O0<E +I,<N,<N,}

and

where N, =lim sup N, = Ald+ A
1

N, =lim sup N, :%.

10
2

Equilibrium points and stability analysis

Since we know that at equilibrium state all the derivatives
vanish

dE, _dl, _dR, _dN, _dE, dI, _dN

dt dt dt dt dt dt - dt

ie.

il

then the system of equations (2) becomes

(ByE, + 1 )N, —(E, +1,+R,))—(y,+d)E, =0
v,E,—(E+d)I, =0

&I, —(0+d)R, =0

A+A—-d/N,=0

(BE,+B,I)N, —(E,+1,)—(y,+d,)E, =0

following form v,E,—d,] =0
dE,
- = (ﬂUEv + ﬁzlv)(Nh —(E,+1,+R))—(y, +d)E, A, _dsz =0
dr .(03)
Journal of the National Science Foundation of Sri Lanka 47(2) June 2019
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The following are three physically as well as biologically
relevant equilibrium points:

(i)  Disease free equilibrium for only the human

. A+ 4
population is E, = (000 d+ o,o,oj

1

(i) Disease free equilibrium for both human and
A+d A, J

,0,0

mosquito populations E, =| 0,0,0, ,
dl dZ

(iii) Endemic equilibrium point is E3=(Eh,1h,Rh,
N,.E,I Nv) where

(ﬁ(} + ﬂdz}/" ]Evﬁh

, - :
! Bo7, j( Y 3 ] N
o + 1+ + EV + d] + '
(’B d, d+E W rond 1o TG

()

>
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T }/hEh 153 é:}/hEh N A1"'A
I = R =, = ,
"d o+ ETT d +E)d + ) N d,
(5
:B47h E Y2
- (’83 d, +§} N,
(/33 Aiti J( J +(dy+7,)
..(6)
T _yL’EV N7 _&
I,= d, N = d,’ (7

Theorem 1: The equilibrium point E, is stable if
all latent roots are negative. The equilibrium E, is

stable if p,(i=124)>0 and ps(p,p,—py)> Pips, and
otherwise unstable. The equilibrium £E; is stable if
q,(i=1345)>0 and (q,q, = 4;)(9,9,9: =4 = a5 =4, q.)

> qs(q,9, —q5)° +q,4;.

Proof: The general variational matrix J corresponding to the system (2) is

_(ﬂOEv +ﬁ21v)_(}/h +d1) _(ﬂOEv +ﬂ2[v) _(ﬁOEv +ﬂ2[v) (ﬂOEv +ﬂ2[v)

Vi _(dl +§) 0 0
0 £ —(d, +6) 0
J= 0 0 0 -d,
Bi(N, —(E, +1))) B,(N, —(E +1)) 0 0
0 0 0 0
0 0 0 0

By(N, —(E,+1,+R,)  B,(N,—(E, +1,+R,)) 0

0 0 0

0 0 0

0 0 0

—(BE,+BI)-(7,+d)  —(BE+BIL)  (BE,+BI)
v, —-d, 0
0 0 —d,

A +4
At the equilibrium point £, = (0 0,0,——

1

0,0,0J , the variational matrix J, is given by

~Gy4d) 0 o 0 ﬁ{A‘ “‘J ﬂz[A‘ +A) 0
d, d,
7 —d,+& 0 0 0 0 0
0 E —d,+8) 0 0 0 0
o=l 0 0 -d 0 0 0
0 0 0 0 -, +d,) 0 0
0 0 0 0 4 -d, 0
0 0 0 0 0 0 —d,
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Malaria model for mosquito dependent coefficient

The characteristics polynomial of the Jacobian matrix is
given by |J-1|=0

= (d, + A)d, + D)’ (d, + 5+ )(d, +E+ A)d, + 7, +A)
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Hence all these roots are negative. Thus the equilibrium
point £, is stable.

’0’0’_2

ey . A +4 A
At the equilibrium point E, = (0,0,0, 1 y p j,
1 2

the variational matrix J, is given by

d +y,+4H=0
A +A A +A
_(7h+d1) 0 0 0 ﬁo( : j ﬁz( : J
dl dl
7 —(dl+§) 0 0 0
0 £ —d,+8) 0 0
Jy = 0 0 0 —d, 0
A A
ﬁa_z 184_2 0 0 —(7‘,+d2)
2 2
0 0 0 0 7,
0 0 0 0 0

The characteristics polynomial of the Jacobian matrix is
given by

|J—All=0

=, + ), +)(a, + WA + X p,+ X p, +ps+ p,} =0
..(8)

where

p,=a,+as+a,+d,,

p, =a,a, +a,a, +asa, +(a, +a, +a,)d, — B SN,N,,

ps =a,a;a, +(a,a, +a,a, +aza)d, = BB, y,N,N, —

Py = aaza,d, +(a,a; +aya, +asa,)d, —(BB,7,d, + B.B.7.7.
+ B Ba,d, + B, By,a,)N,N,,
and

a, =, +0),a,=(d, +&),a, =, +y,),a,=(d,+y,)

The three roots of the polynomial given by equation
(8) are negative and the coefficient of a biquadratic
equation give all roots with negative real part. Hence
Routh-Hurwitz ~ conditions  are: pii=124)>0
and ps(p,p,—Pp;)>pip,. For these conditions the
equilibrium points E, is locally asymptotically stable.

At the equilibrium point E, =(E,.7,.R,.N,.E,.T.,
BBs(ay +d)N,N, = BBy, N,N,, I\NIV), the variational matrix J, is given by
—BE,+BI) = +d)  —(BE+BIL)  —(BE+BL) (BE +B,
Vi -d,+& 0 0
0 & —(d, +90) 0
J, = 0 0 0 —d,
BN, ~(E,+1) BN, ~(E, +1) 0 0
0 0 0 0
0 0 0 0
ﬂo(ﬁh _(Eh +le +Eh)) ﬁz(ﬁh_(Eh +7h +iéh)) 0
0 0 0
0 0 0
0 0 0
_(ﬂth +ﬂ41h)_(7v +d2) _(ﬁSEh +ﬂ41h) (ﬂth +ﬂ41h)
v, _dz 0
0 0 —-d,
Journal of the National Science Foundation of Sri Lanka 47(2) June 2019
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The characteristics polynomial of the Jacobian matrix is
given by

|- a11=0

=(d +A)dy, + WA + A q + Xq, + g, +Aq, +q,}=0
.09

where

q,=a,+a,+a,+a,+as+ag+d,,

q, =(a, +ay)d, +agy,)+(a, +a, +a,+as)a, +a, +d,)

+(a,a, +a,a, + a,a5 + a,a, + a,as) + a,a. B, By — y,as,

q,=(a, +a,+a,+as)(a, +ag)d, +ayy,)+(aa,a, +
a,a,as)+(a,a, + a,a, +a,a,+a,a, +a,as)a, +ag+d,)
+a,a.f3,(Bd, +a, B, +a, B, + By.)+a,a. BB, + v,éas
-7,as(a, +a, +ag+d,),

q, = (a,a, +a,a, +a,a; +a,a, +a,as)((a, +ag)d, +agy,)
+(a,a,a; +aya,as)(a, +ag +d,)+y,éas(a, +a, +d,)
+a,a.8,(Bd, +a, b, + B,7.)+a,a.5,(a, fd, +a,B,d,
+a,a,B,+a,p,y, +a,B,7,)—v.as(a(a, +a, +d,)
+(a, +ay)d, +as7,)

qs = (a,a,a; + a,a,a5)(a, +ay)d, +agy,)+y,bas((a, +ag)d,
+agy,) +a;a.B,(Bad, + pay,) + azasfy(aa, fd,
+a,a,B,7,)—v,as((a, +ag)ad, +aagy,)

and

a =(d, +0),a,=(d, +&),a,=(d, +7,).a,=(d,+7,),

as=(BE, + 5,1 ,),as =(BE, +B,1,).

a, =(N, —(E, +1,+R,)).a, =(N, —(E, +1,)).

Two roots are negative and the coefficients
of the above equation give all roots with
negative real part. Hence Routh-Hurwitz

Ram Singh et al.

conditions are:  ¢,(i=13,4,5>0 and (q,9,—¢s)
(99,95 — 97 =495 —49:49.) > 45(@,9, —95)* +q,95.  For

these conditions the equilibrium points E, is locally
asymptotically stable.

Case 2: When B, =b, +b /N ;b, and b, is a constant

Since S, +E,+1,+R, =N, and S +E +I =N,
the system of equation (1) can be rewritten in the
following form

% =(b,+bN,)N,—(E,+1,+R))E,

+B,I(N,—(E,+1,+R))—(y,+d)E,

dl
d_th=7hEh _(§+dl)lh

dR
—E=E1, -G+ d)R,
dN,

dt

=A,+A—dN,

dE
= BE+ BN, —(E +1)= (7, +d)E,

dl

=y E —d,l,

dt % v 2%y

ﬂzAz_dsz

dt ..(10)

The region of attraction of the system given by
equation (10) is

o, ={(&,.I,,R, ,N,,E I ,N)O<E +I, +R,

<N,<N,0<E +I,<N,<N,}

and

_ A +A
where N, =lim sup N, = ld
f—ro0
1

Q |M>

NV =limsup N, =
t—o0
2

Equilibrium points and stability analysis

Since we know that at equilibrium state all the derivatives
vanish

June 2019
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Malaria model for mosquito dependent coefficient

dE, dl, dR, dN, dE, dI, N,

.. ——  =—— =7 = =y,

dt dt dt dt dt dt dt

then the system of equations (10) becomes

(by+b,N )N, —(E,+I,+R))E, +B,I (N,—(E, +
I, +R))—(y,+d)E, =0

v,E,—(E+d)I, =0

EI,—(0+d)R, =0

A +A—dN,=0

(ﬂth +ﬂ41h)(Nv —(E,+1,)—(y,+d,)E, =0

7VEV _d21v :O

(b0+bl’;2+ﬂmJE At A

191

A,—d,N, =0 (11)
The following are three physically as well as biologically
relevant equilibrium points:

(i) When the exposed human population is infected
then the disease free equilibrium only for human

populationis P = (E,', ,O,O,A'd—JrA,O,O,OJ

1

(ii) When the exposed human population is infected only

then the disease free equilibrium for both human and

mosquito populations is P, = ( E; 0,0, Ald+ 4 ,0,0,%}
1 2

(iii) Endemic equilibrium point is P, =(Eh,lh,Rh,Nh,
E.I.N, ), where

E = 2 2 C
h s
A ~
(bo +b —2+ p.v. j(l P /- Vs JE +(d, +7,)
d, d, d, +& (d, +§)(d1 +0) ..(12)
((bo +bN,) +'6;217VJEVNh
E, = : :
((bo b N+ Bl j{n hey it JE +(d, +7,)
d, di+¢ (d,+8)d +96) (13)
Th:thh’Eh: fthh "“h:A1+A’ ’i:}/‘)EV’N’:&'
dl +§ (dl +§)(d1 +5) dl v d2 v d2 .(16)
..(14) Theorem 2: The equilibrium point P is stable if all
latent roots are negative. The equilibrium p, is stable if
B+ B, PN m, (i =1,2,4)> 0 and m, (m,m, —m,) > m'm, , otherwise
~ Sd+ &S unstable and the equilibrium P, is stable if
E = ,
[ﬁ3 + dﬂﬁ/"g}[l+ y 7. é:JEh +(d, +7,) 15 5,i=1345 >0 and (5,5, —55) (55,8, =8, — 55 —
+ +
! ! —578,)>855(s,8, —55)" +5,52.
Journal of the National Science Foundation of Sri Lanka 47(2) June 2019
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Proof: The general variational matrix M corresponding to the system (10) is:

(b, +bN)E, - BI, (7, +d) —(b,+bN)E,—B,I, —(b,+bN)E —BI
Vn _(d1 +§) 0
0 5 _(dl +5)
M = 0 0 0
By(N,—(E, +1,) Bi(N,—(E, +1))) 0
0 0 0
0 0 0
(bg +byN,)E, + 1, (by+byN, )N, —(E, +1,+R;) By(N,—(E,+1,+Ry)) 0
0 0 0 0
0 0 0 0
~d, 0 0 0
0 —(BE,+ B4l )~ (7, +dy) —(BE, +B4l)) (B5E) + B4ly)
0 7, -d, 0
0 0 0 ~d,
At the equilibrium point B, = (E,’, ,O,O,AId—JrA,O,O,OJ, the variational matrix M, is given by
1
~4dy 0 o 0 b{A”A—E;J ﬂ{A”A—E;J 0
dl dl
7, —(d, +&) 0 0 0 0 0
0 £ -, +8) 0 0 0 0
Mo=l 0 0 —d, 0 0 0
0 0 0 0 —(BE,+7,+d,) -BE, BiE;,
0 0 0 0 e -d, 0
0 0 0 0 0 0 -d,

The characteristics polynomial of the Jacobian matrix is given by
|/ -1|=0

= (d, +A)(d, + D), + 5+ ), +E+ D), +y, + DIWBLE, +7y, +d,)+ ) (d, + )+ BE 7,1=0
=S (d + ), + A)d, + S+ A)d, +E+ ), +y, + DX +{(BE, +y,+d,)+d,} A
+(ﬁ3E}: + }/v +d2)d2 +IB3E;I}/V] :0

Obviously, five roots of the above equation are negative
and the other two roots are obtained by the quadratic
equations. the variational matrix A, is given by

e . , A, +4 A
At the equilibrium point P, =[Eh,0,0,ld—,0,0,d—2j,
1 2

June 2019 Journal of the National Science Foundation of Sri Lanka 47(2)



Malaria model for mosquito dependent coefficient

A, YA +A A+ A
—(y, +dy) 0 0 0 |byap 22 |2t A _pr| gl M TA gl g
d, d d
I —(d, +$) 0 0 0 0 0
0 £ —(d,+6) 0 0 0 0
M, = 0 0 0 —d, 0 0 0
A2 A2 7 7 ’
B; d_ B d_ 0 0 —(B3E;, +7, +d,) - BE, B5E),
2 2
0 0 0 0 7, -d, 0
0 0 0 0 0 0 —d,

The characteristics polynomial of the Jacobian matrix is
given by

|/ —ar|=0
= (d, +A)d, + A)(a, + V{2 +Vm, + A’m,

+Am,+m,} =0 (7

where,

m, =a,+ay,+a, +d,,

m, =a,a,+a,a,+asa,+a,d, +a,d, +ad,
+(ay,+a,+ay)d,+y BE,
= BN, (by +bN )N, —E}),

my, =a,aya, +(a,a, +a,a, +aya,)d, +
(a, +a) By, E, + BN (a,+d,)b,+bN,)
(N, —E,) = B,B;7,N,(N, - E})
= B.¥yN,(by +b,N )N, — E}),

193

m, =a,a,a,d, +a,a,B,y,E, +a,d,;N,
(by +b,N XN, —-E )+ B,B,7,a,N,
(N, —E)=B,v,d,N, (by +b,N XN, —E})
=By, N, (N, —E})
and
a=d,+0),a,=d, +&),a,=0d,+7,),
a,=(BE, +y, +d,).

The three roots of the polynomial given by
equation (17) are negative and the coefficient of a
biquadratic equation give all roots with negative
real part. Hence Routh - Hurwitz conditions are:
m, (i =1,2,4) > 0 and m, (m,m, —m,) > m}m, . For
these conditions the equilibrium point P, is locally
asymptotically stable.

At the equilibrium point p, =(£,.7,,R,.N,.E, .
LI, N ) the variational matrix M, is given by

_(b0+blﬁv)Ev_lB27v_(7h+dl) _(b0+blﬁv)Ev_ﬂ27v _(b0+blﬁv)gv_ﬂ27v
Vi —(d, +&) 0
0 & —(d, +9)
M,= 0 0 0
By(N, —(E, +1,)) Bi(N, —(E, +1,)) 0
0 0 0
0 0 0

Journal of the National Science Foundation of Sri Lanka 47(2)
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(by+b,N)E, + B,I, (by+b,N)N,—(E,+I,+R,)) B,(N,—(E,+1,+R,))

0 0
0 0
-d, 0
0 —(BE, + B.T,) = (¥, +d,)
0 I8
0 0

The characteristics polynomial of the Jacobian matrix is
given by

|J-21]=0

=S d, +A)dy + WA + s, + Xs, + Vs, + As, +5,1=0
.(18)

where

s,=a,+a,+a,+a,+tas+as,+d,,

s, =Wa, +ag)d, +agy,)+(a +a,+a,+as)
(a, +as+d,)+(a,a, +aa,+aas+a,a,
+a,as) +a,aza, By — y,as,

s, =(a,+a, +a;+as)(a, +ag)d, +ayy,)+
(a,a,a, +a,a,a5)+(a,a, +a,a, +a,a;
ta,a; +ayas)a, +ag+d,)+a,a, 3, (a,d,
taa, +a,a,+ Boy,)+a,a.a,8, + 7.as

-7.as(a, +a, +as+d,),

s, =(a,a, +a,a, +a,as +a,a, +a,as)(a, +ag)d,
+agy,)+(aa,a, +aa,as)(a, +as+d,)
+y,éas(a, +ag+d,)+a,a.p,(a,d, +a,a, +
By +a,a5B5(aa.d, + a,ayd, +a,a,a,
+a,f.y, +a,5,7,)-vas(a (a, +as +d,)
+(a, +ag)d, +agy,)

ss = (a,a,ay +aayas)((a, +ag)d, +agy,)+
vigas((a, +ag)d, +agy,) +a,a.,(a,a,d,
+Bay,)+a,a.f5(a,a,a4d, + aia,5,7,)

- Yas((a, +ag)ad, +a,agy,)

and

a,=(d, +0),a, =(d, +§),a; =(d, +7,).

a, =(d,+7y,),a; =, +b,N)E, + p,1,,

Ram Singh et al.

0
0 0
0 0
0 0
—(BE, + BT, (BE, + BuT,)
-d, 0
0 -d,

ag = (BE, + B,1,),a, =(N, —(E, +1, + R))),
ag=(N,—(E, +1)),ay =b, +bN,.
Two roots are negative and the coefficients of the

above equation give all roots with negative real part.
Hence Routh-Hurwitz conditions are:

5,(i=13,4,5 >0 and (5,5, —55) (5,8,5; = — 53

2 2 2
—5;8,) > 85(8,8, —8;)" +5,55.

Under these conditions the equilibrium point p, is
locally asymptotically stable.

The global stability of the above equilibriums can be
computed by constructing the Lyapunov function.

RESULTS AND DISCUSSION

The numerical simulation is presented to validate the
analytical results discussed previously. For this purpose,
Runge-Kutta fourth-order method was used to perform
the sensitivity analysis. The dataset for case 1 was as
follows:

£, =0.00000029;
£, =0.00000009; d, =0.00012;
A, =0.00012; A, =0.0085;

7, =0.012; y, =0.015; A =12;

S, =0.00000021; B, =0.00000015;

d, =0.0085;
5=0.00146; & =0.0085;

and initial values were:
E, =500;1, =4181.8; R, =209.2; N, =20000; E, =14000;
I, =30000; N, =963400,

which are based on Gosh et al. (2005) and Hazarika and
Bhattacharjee (2011).

Similarly, for case 2, the parameters values are taken
as follows:
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b, = 0.00012; b, =0.00000006; /3, = 0.00000021;
B, = 0.000024; 3, =000000009;  d, =0.00012;
d,=0.0085; A, =0.00012; A, =0.00085; & =0.000146;
£=0012; 7 =0.012; y, =0.015; A =10

and initial values were:

E,=500; I,=4181.8; R, =209.2; N, =20000;
E, =14000; 1, =30000; N, =963400.
‘ l ‘ ‘ ‘ yh= ooz
——ll
—— = 0.004

Infected humans (Lh)

500 600 700 800 900 1000
Time t

0 100 200 300 400

Figure 2:  Variation in infective human population I, with time
for various values of progression rate /s, when the
transmission coefficient for humans is a constant
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Figure 3:  Variation in infective human population I, with time for

various values of recovery rate & when the transmission
coefficient for humans is a constant
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Figure 4:  Variation in infective human population I, with time
for various values of immigration constant 4, when the

transmission coefficient for humans is a constant

which are based on Gosh et al. (2005) and Hazarika and
Bhattacharjee (2011).

The effect of progression rate 7,, on infected human
population (I,) is depicted in Figure 2. It is noted that
initially when y, is low the infected human population
is also less, but as time increases the effect of y, on I, is
reversed.

Figure 3, shows that if recovery rate &, increases than
the I, decreases.

5500 . : : : : : :
—— 5= 0.00085
5000 ====='§=0.00135 [{
3= 0.00185
_ 4500 3= 0.00235
= 4
=
> 4000
=
<
£ 3500
=
=
T 3000
&
b
‘S 2500
=
2000
1500
1000 ! ! ! ! ! ! ! ! !
0 50 100 150 200 250 300 350 400 450 500
Time t
Figure 5:  Variation in infective human population I, with time for

various values of the rate of immunity loss of recovered
humans J, when the transmission coefficient for humans

is a constant
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Figure 6:  Variation in infective human population I, with time for

various values of the interaction coefficient /|, between
susceptible humans and exposed mosquitoes, when the
transmission coefficient for humans is a constant

Effect of immigration constant ‘A’ on I, is shown in
figure 4. Infected human population I, increases with
the increase in ‘A’. I, increases with the increase in
rate of immunity loss of recovered humans J, which is
illustrated in Figure 5.

In Figure 6, I is plotted against the various values
of B, which is the interaction coefficient between

Ram Singh et al.

susceptible humans and exposed mosquitoes. Increase
in f8,, increases the I, . Whereas in Figure 7, I, is plotted
against the various values of £, which is the interaction
coefficient between susceptible humans and infected
mosquitoes. B, also follows the same trend as f, with
respect to 1.

The time-dependent patterns of infection and
immunity are illustrated in Figure 8. With the increase
in time, first the infected human population increases

16000 T T T T T T T T T

14000 ]

12000} E

10000} 1
8000 |- i

6000

Infected humans (Th)

4000

2000 |-

0 ol Il Il Il Il Il Il L L L
0 50 100 150 200 250 300 350 400 450 500
Time t

Figure 8:  Variation in infective population and recovered population
of humans with time when the transmission coefficient for

humans is a constant.
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£ 6000 ] .
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£ 5000 =
< E |
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4000 N =
3000
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Time t 0 500 1000 1500 2000 2500 3000
Time t
Figure 7:  Variation in infective human population I, with time for
various values of the interaction coefficient f3,, between Figure 9:  Variation in infective human population I, with time
susceptible humans and infective mosquitoes, when the for various values of progression rate 7., when the
transmission coefficient for humans is a constant transmission coefficient for humans is a variable.
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and in the gradually decreases, due to the presence of
non-linearity terms in the developed model. On the other
hand, the proportion of recovered humans increases
because of the fact that when some medicinal treatment
is given to the infected human, its recovery rate grows
significantly.

. ‘
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Figure 10: Variation in infective human population I, with time for

various values of b, when the transmission coefficient for
humans is a variable
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Figure 11:  Variation in infective human population I, with time for

various values of b, when the transmission coefficient for
humans is a variable

Analysis of case 2, where we considered that #, = b, +
b N, is shown in Figures 9 to 12. In Figure 9 it is observed
that if y decreases the I, increases.

197

350 : : : : : : :
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— — N,()=1188.8 ||

300 / N

Infected humans (Th)

0 L L L L L L L L L

0 50 100 150 200 250 300 350 400 450 500
Time t

Figure 12:  Variation in infective human population /, with time for
various values of N, when the transmission coefficient for

humans is a variable

Figures 10 and 11, show the variation in I, with respect to
b,andb,. Itis depicted from these figures that the infected
population of humans increases with the increase in b
and b. Variation in I, for two values of N (t) (888.8,
1188.8) is given in Figure 12. It is noted that if N _is high
then I is also high.

CONCLUSION

In this paper, a SEIR model for malaria epidemic is
proposed by considering both human and mosquito
populations. The exposed class of both human and
mosquito populations were included. The major factor
which is responsible for the spread of malaria is the
transmission coefficient between the human population
and the infected mosquito. Numerical results revealed
that if the immigration constant ‘A’ and human population
with immunity loss ¢ increases, then the number of
infected humans increases, which are clearly illustrated
in Figures 4 and 5. It has been concluded that effective
control strategies against the malaria vector play an
important role in the outburst of the disease. Proper
drainage systems and insecticides can lead to elimination
of mosquito population.
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