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Abstract : Infinitestimal systems of random variables, defined for a sequence of
independent random variables are an important class of random variables in Probability
Theory. In this paper, conditionally infinitesimal systems are defined for a sequence of
dependent random variables and some properties are obtained.

1. Imtreduction

Let {{ Xap }} k=1,2......, ks ; n=1,2,...... be a double sequence of random
variables which are row-wise independent. That is for n = 1, 2...... ; ky > o0 as
n -+ oo and for every n (which denotes the row)th: random variables X, , X, ,...
Xn,xn are independent.

Defipition 1.1

A sequence of independent random variables. { { X, } } is said to be infinitesimal
if for every sequence of integers k which satisfy 1 < k < k, for all n we have,

X, - O in probability as n — oc.
Notation.

) B . . }')
X, . — 0 in probability as # —co will be written as Xy, 4

Consider a double sequence {{ X, }} k=1, 2.....,k,; n=1 2.

random variobles. For every k(1< k< k,) and n=1, 2,.... we have an
increusing sequence of o —fields F,o <« Fu,y <. < F, k, such that every

X 18 Fy, measurable.
We shall extend the definition {.1 to a sequence of dependent random variables
and define “conditionally infinitestimal” as follows.
Definition 1.2 ‘
A sequence of random variables { { X, , } } is said to be conditionally infinitestimal if

y P
. gm/?xg . P.( l Xn,kl > €| fnp) TS 0 (1

for every € > 0.
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If the { { X,., } } are independent then it can be shown that the above definition is
equivalent to definition 1.1 and in the general case implies it. [3]

2. Egquivalent Definition and Properties.
Lemma 2.1

{{ Xox } } is conditionally infinitesimal if and only if
X’ P
max E (_"—’k | F MH) —_— 0 %))
1< k< k, L+ X7 n — oo
Proof :
Let F (x| Fo,— ) be a regular conditional distribution for Xy, given Fo,, ;. [1]

o0

in k ) ’ i x?
E ) l F k-1 ) = ——— F( dx | Fn,k-—l)
I + in’k V- x2

-~ 00

< WEE|Fu)+ [ F(dx| Fage)

| x] < e [x] >c¢€
< €+ P(| Xox| > €| Fayy) 3)
Taking max and first letting » — oo and then ¢ - 0 in (3) we get (2) if (1)

1< k<k,
is true.

2
Also E (»——~~~2-~-~ | Fn_.k_l) > [ P Py
1 , 1 4 x?
| X ‘ > €

[ F(dx|Fu)

A\
|
|
|

€ .
= 1_][—’;2 f)( I Xn,k I > € [ Fn,k-~l )

Hence
2

o 1 + € X nyk | -
P(| Xop| > €l Fapa) < 5 E( e | F n,x—x)
€ 1 -+ X n.k

which implies (1) if (2) is true.

Note : If the {{ X,, }} are independent then lemma 2.1 reduces to lemma 1,

.
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Theorem 2.2

If the double sequence { { Xy, } } of non-negative random variables is conditionaily
infinitestimal then for every t > 0.

— ) P
max  E(1-—¢ Xnx P Faey) = --> 0
1 < k< k" 1 - 00
Proof :
o0
E(l—e Kok | Fope) = [ (1m0 ™) Fde| F oy
O

€ o
- /(1—-eJx)Fum;f@bg4«f(1~“a”X)Fuu;f;kq)
(6] €

Stet PO Xy ] > €[ Fopy) %)

Theorem 2.2 is proved by taking max and first letting n > o0 and then e - 0 in (4).
1<k< I’(n

Fheorem 2.3

if the double sequence { { X, }} is conditionally infinitesimal then

max L E(e Xoi U] Fopey) 0 oo 0.
1€ k< ky ' n-»>
Proof :

A o0

| E(e hmefﬁrJJx[f(fy%)Fualﬂwqﬂ
~00

< [ 1e L F(dy ) By [ 1T =1 F(dr | Fagies)
ixi S € X| > €
Selt|+2P(| Xy | > ef Fypy) ' &)

The proof of the theorem is complete by taking max first letting n —> o0 and then

1< k< k,
e >0 in (5)

Note : If the { { X,,; } ; are independent theorem 2.3 reduces to Theorem 1.2
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3. Generalization of results in Section 2 to d — dimension (d > 1).

Let {{ X, } } be a double array of R? valued random vectors.

Definition 3.1

A sequence of random vectors { { X, } } is said to be conditionally infinitesimal if
and only if

P
max P X, >e|Fp ) — > 86 6)
. I; i 1 Xapi 1 [ Fa, k-1 PR (
for every ¢ > 0, where || x || = (x4 x2 +4- ... 4 xa?) % for x = (3, x4...... , X4)

e Rd.

Temma 3.2

{{ Xox}} 15 conditionally infinitesimal if and only if

X P
A P .
lﬁkgkn _*—H){l‘.k“ ? / n—

Theorem 3.3
If the double array { { X, } } € R 4- d is conditionaliy infinitestimal then for every
te R+ d

max E(1—e (L Xox) | F N

ﬂK—l’ -
1<k<kn Ho-> 00

)

Lemma 3.2 and theorem 3.3 are multidimensional versions of lemma 2.1 and
theorem 2.2 respectively and the proofs are similar to the proofs in one-dimensional
case.
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