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Abstract: This paper deals with 3-component mixture of the
Gumbel type-II distributions when the scale parameter is known
under Bayesian view point. The type-I right censored sampling
scheme is considered due to its extensive use in reliability
theory and survival analysis, taking different non-informative
and informative priors. Bayes estimates of the parameters of
the mixture model along with their posterior risks are derived
under different loss functions. In case where no or little prior
information is available, elicitation of hyperparameters is
given. In order to numerically study the execution of the
Bayes estimators under different loss functions, their statistical
properties have been simulated for different sample sizes and
test termination times. The comparisons among the estimators
have been made in terms of the corresponding posterior risks. A
real life data example is also given to illustrate the study.

Keywords: Bayes estimators, censoring, loss functions,
mixture models, posterior risks.

INTRODUCTION

The Gumbel distribution was introduced by the German
mathematician Emil Gumbel in 1958, and is useful in
predicting the chance of meteorological phenomena,
such as annual flood flows, earthquakes and other natural
disasters. It has also been used in describing the life
expectancy of components. In hydrology, the Gumbel
distribution is used to analyse the variables such as
monthly, quarterly and annual maximum values of daily
rainfall, wind speed and river discharge volumes. The
Gumbel distribution is a special case of the generalised
extreme value distribution (also identified as the Fisher-
Tippett distribution), and the distribution is also known as
the log-Weibull distribution and the double exponential
distribution (also considered as the Laplace distribution).

Many authors have discussed the Gumbel type-I1
distribution. For example, Kotz and Nadarajah (2000)
investigated some properties of the Gumbel distribution.
Feroze and Aslam (2012) applied the Bayesian
estimation scheme for Gumbel type-II distribution under
doubly censored samples by considering various loss
functions. Furthermore, Salinas et al. (2012) proposed
goodness-of-fit tests for the Gumbel distribution with
type-II right censored data. Abbas et al. (2013) obtained
the Bayes estimators for the parameters of the Gumbel
type-11 distribution under different loss functions and
compared these estimates with similar performance by
the maximum likelihood method. Reyad and Ahmed
(2015) proposed the E-Bayesian analysis of the unknown
shape parameter of the Gumbel type-II distribution
based on type-II censored samples. These estimators are
obtained under different symmetric and asymmetric loss
functions.

Mixture models play an important role in many
applicable fields such as medicine, psychology, cluster
analysis, life testing and reliability analysis. A finite
mixture of some suitable probability distributions is
recommended to study a population that is supposed to
comprise a number of subpopulations mixing in unknown
proportion. However, several researchers are interested in
different parameters of mixture distributions. Chen et al.
(1989) considered the Bayes estimation for mixtures
of two Weibull distributions under type-I censoring.
Saleem et al. (2010) presented the Bayesian analysis of
the 2-component mixture of power function distributions
using complete and censored data. Kazmi et al. (2012)
developed the Bayesian analysis of 2-component
mixture of the Maxwell distributions, while Feroze
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and Aslam (2013) discussed the Bayesian estimation
of 2-component mixture of Gumbel type-II distribution
under informative priors using different loss functions.
Noor and Aslam (2013) studied Bayesian inference of the
inverse Weibull mixture model under type-I censoring,
and Ali (2015) described mixture of inverse Rayleigh
distribution under Bayesian framework.

One particular feature, often present in time-to-event
data, is known as censoring. Which broadly speaking,
occurs when some lifetimes are known to have occurred
only within certain intervals. The remainders of the
lifetimes are known exactly. There are various categories
of censoring such as right censoring, left censoring and
interval censoring, single or multiple censoring, and
type-I and type-II censoring. Type-I and type-II censoring
schemes are most familiar among them.

Motivated by the above mentioned applications of
mixture models, the authors have planned to conduct
Bayesian analysis of a 3-component mixture of the
Gumbel type-II distributions with unknown mixing
proportions. The parameters of component distributions
are assumed to be unknown. Three different priors and
three different loss functions are used for the Bayesian
analysis. In addition, an ordinary type-I right censored
sampling scheme is also assumed.

METHODOLOGY
3-component mixture of Gumbel type-II distributions
The probability density function (PDF) and the

cumulative distribution function (CDF) of the Gumbel
type-11 distribution for a random variable x are given by:

fm (x’ am > m) = amﬂmx_(am +]) eXp(_ ﬂmx_am )Px 2 0’ am >

0,8,>0m=123 (1)

F, (x) =1- exp(— Bx lm =123 ..(2)

Where @, and ,Bm are the parameters of Gumble type-II
distribution.

A finite 3-component mixture model with the unknown

mixing proportions p, and p, is defined as when the
scale parameter «,, =1

S6)=pfi()+ pof () + (1= p = p)Ai(x)

PP, 20,p + p, 1 E)
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S5 B0Bos Bopis ps) = B expl= B ')+ po

exp(— ﬂzx'1)+ (1 -P =D, )ﬂ3)c'2 exp(— ﬂ3x‘1) (4

While the CDF of 3-component mixture of the Gumbel
type-11 distributions is given by:

F(x)=pF )+ pyF )+ (1= p, = p,)F () +(5)
F(x) =1- Dy exp(— ﬂlxil )_ D, exp(— 1329671 )_
(1 —P— P )eXP(_ ﬂ3x71) ..(6)

The likelihood function

Suppose ‘n’ units from the 3-component mixture of
Gumbel type-II distributions are used in a life testing
experiment with fixed test termination time ‘t’. Let ‘r’
units out of ‘n’ units failed until fixed test termination
time ‘t’ and the remaining (n-r) units are still working.
According to Mendenhall and Hader (1958), there are
many practical situations in which the failed objects
can be pointed out easily as a subset of subpopulation-I,
subpopulation-II or subpopulation-III. Out of ‘r’ units,
suppose ,, r, and 7, units belong to subpopulation-I,
subpopulation-II or subpopulation-III, respectively and
such thatr=r+r,+r.Now wedefinex,, 0 <x, <tbe the
failure time of & unit belonging to the / subpopulation,
where / = 1,2,3 and k = 1,2,...,r,. For a 3-component
mixture model, the likelihood function can be written as

L((//|x> oc {1’_;[ nh (xlk )}{lr_i[ Dof2 (xzk )}

{ﬁ(l—Pl -ps) 3(x3k)}[1_F(t)]nr ..(7)

k=1

After simplification, the likelihood function of
3-component mixture of Gumbel type-II distributions is
given by:

L{y|x) o 5" 57 B ZZ[? r][;je"p{‘ / ‘[(”_r_i)t_l +§xl_kl j}

i=0 j=0

W%Q@ﬁﬂia}m+%wuim}

n=r—i+n _i-j+r, 1y
Py (1 )

Py ~Pi— P2

..(8)
Where X = (xll,xlz,...,xlrl ,le,xzz,...,xzrz,x31,x32,...,x3,3)
are the observed failure times for the uncensored
observations and ¥ = (8., 5, B5: P1> ).
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3-component mixture of Gumbel type-I1I distributions

Posterior distribution using the non-informative and
the informative priors (IP)

In this section, posterior distributions of parameters
given data, say x, are derived using the non-informative
(uniform and Jeffreys) and the informative (gamma)
priors.

Posterior distribution using uniform prior (UP)

When the elicitation of hyperparameters is difficult
or little prior information is given, usually the non-
informative prior is assumed to be the UP. UPs over the
intervals (0,0) and (0,1) are taken for the parameters
B, B, and B, of Gumble type-II distribution and for the
mixing proportions (p,, p,), respectively. With these
settings, joint prior distribution of parameters (5, 5,, 5.,
D, P,), as defined by Saleem et al. (2010), is given by:

W)l BB B >0, p1.p2 20, pp+ py <1 (9)

The joint posterior distribution of parameters S, 8,, B,
p, and p, given data x assuming the UP is:

<l//| > /-'<l//| >”1

IL ‘//l ”1( )dy

(10)

By using equations (8) and (9) in equation (10), we can
obtain the following:

exd—,@B”)ex;(— ﬁ2B21)eXd_ﬂzB31)

By plh (1= p = p, )0 (1)

n
A, =nrn+LA, =rn+1LA,=rn+1B, =2x{kl +(n—r—i)t_l,

k=1

r 3

| -1 _ -1 . -1
B,, =Zx2k+ z—J)t , B31\_zx3k+]t ,

k=1 k=1

Am:n—r—i+r1+l,B01:i—j+r2+l,C01=j+I‘3+1,

ZZ( JU (401 Co1JB(Buys Ay, + Coy)

i=0 j=0

(A,)T(4,) I(A,)
Blf?n B;ﬂ B3Al3l
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Posterior distribution using the Jeffreys prior (JP)

According to Jeffreys (1946; 1961) and Berger (1985),
the JP is defined as, where p(B,)=I(5,),
1(8,)=- [a fa(;,ﬁ )} is the Fisher’s information matrix.

where

The prior distributions of the mixing proportions p, and

p, are again taken to be uniform over the interval (0,1).
The joint prior distribution of parameters f,,f,, 53, p;
and P> is:

7, (y) e BB By 2

0,p,p,20,p, +p, <1>
ﬂ/%ﬂ; v L

(12)

The joint posterior distribution of parameters 3, ,, 3;, p,
and p, given data x assuming the JP is:

Ly | x)7,(w)

[ L1 3)m w)dy

g2<l//|x>: (13)

By using equations (8) and (12) in equation (13), we can
obtain the following:

ORI g T

i=0 j=0

exp(— BB, )exp(— BBy, )exp(— BB, )

P py (1= p = p,)

..(14)
where 2
— — — _ -1 N -1
A, = ’]sAzz_rszsz_ryBlz_lek +(m—-—r—-0t,
r2 k=1
Bzz = Z X + (=Pt
k=1

T3

B32‘:Zx3‘,}+jt", Ap=n—r—i+r+1,B,=i—j+r,+1,
k=1

Cp=jtn+l

Qz:’ii[fl_r](ijjB(AOZ,COZ)B(BOT A, +C, )r(Alz)r(Azz)r(A32)

An Azz Ax
i=0 j By By Bj

Posterior distribution using the gamma prior (GP)

As an informative prior, we take
prior for the component parameters fp.p5,,5, and
bivariate beta prior for proportion parameters
D15 P,. Symbolically, it can be written as:
B, ~ Gammala,,b, ), B, ~ Gammala, b, ), B, ~ Gamma(a,,b,)
and p;,p, ~ bivariate beta (a,b,c). Again assuming

the gamma
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independence of all parameters, the joint prior distribution
of (ﬂ19ﬂ29ﬂ33p1’p2) is giVen by

Ty (¢) o B - exp(— b )ﬂza - exp(— bzﬁz) ) B

exp( bﬂ3) ! bl( —h- Pz)ﬁl ..(15)

The joint posterior distribution of parameters
ﬂlaﬂbﬂbpl and pz given datax
y|x)z,
g:{w]x) = <—
jL vz, wdy .(16)

By using equations (8) and (15) in equation (16), we can
obtain the following:

&(w]x)= Q?lzz( j(j A e

i=0 j=0

eXP(_ ﬂ]Bm)eXP(_ BB, )eXP(_ ,B3333)

Ags =1 Bys —1 Cos 1
P p (1= pi = p,) -(17)
where
As=r+a,As=n+a,, Ay =1 +a,
n
BBZle’kl n—r—if" +b,B,, = Zx2k j) " +b,,
k=1

3
=D Xy i b, Ay =n—r—i+n+a,By=i—j+r,+Db,
k=1

Cu=Jj+r+c,

% [ (TR T

i=0 j=0

Bayes estimators and posterior risks using the UP, JP
and IP under different loss functions

If £(.4) is a loss function, then the expected value of
the loss function for a given decision with respect to the
posterior distribution is posteriar risk function, and if 4
is a Bayes estimator, then p](d is called posterior risk

Ey AL(B,d)}-

Bayes estimators and posterior risks using the UP, JP
and IP under SELF

and is given by pld )=

The squared error loss function (SELF) has been suggested
by Legendre (1805), and is defined as: L(8,d)=(8-d Y.
The Bayes estimator and posterior risk under SELF are:

d=E, (p) and p(j): E,.(8*)-{E,.(B)}» respectively.
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So, the Bayes estimators and posterior risks using the
UP, JP and IP for parameters f3,,4,, 5;, p, and p, under
SELF obtained with their respective marginal posterior
distributions are given below:

-0 ZZ[ j(] M D) 4, o0, 1)
...(18)

i e T
...(19)

03 v
...(20)

Q'ZO“/Z;,U r](lj B,A )Flg‘;;")rég’)B(Bo Cy.)B(4,, +1,B,, +C,.)

.21

B4y .G, )B(B, +1.4, +C,.)

(22)

(4, +2)T(4,,) (

e DI 54, 0,4, )- (]

oz

(23)

A U
B(AOr»COr)B(BuwAnr+Cu:)’( 21)

(24)

(A Cn) (B(mAm*Cn:)’(ﬁst

(25)

.(26)

A.(r B(Amr»cor)B(an +2, Aw + Co:)’ (ﬁz:)z

(27

Where 7 = 1 for the uniform prior, 7 = 2 for the Jeffreys
prior and 7 = 3 for the gamma prior.
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3-component mixture of Gumbel type-I1I distributions

Bayes estimators and posterior risks using the UP, JP
and IP under precautionary loss function (PLF)

Norstrom (1996) discussed an asymmetric precautionary

loss function (PLF) and also introduced a special case of
2

general class of PLFs, whichis defined as L(8,d )= @ .

The Bayes estimator and posterior risk are:

n L A L

d= {Eﬂ\x(ﬂz)}z & p(d ): 2{E/3\x(ﬁ ) - 2E,.(P), respectively.

The respective marginal posterior distribution yields the

Bayes estimators and posterior risk using the UP, JP and

IP for parameters [, 3,, 55, pyand p, under PLF as:

A= {QJ ‘Z I (ln - rj(’:] ! = 2 F(Aff) F(fl;‘f) B(4,,.C,, )B(B,,. 4, + C,, )};

J

..(28)

1

h oS3 R 2T s, ats, 4, 0)f

4,42 A,
BZr B}

(29

1

j :{Q‘Z:‘Z:‘[:lir)(l] r(4,)T(4,,) T(4,, +2)B(ADT,CDT)B(BOT,A0, +Co,)}z

A, A, )
B B;; By

..(30)

D g P R e

Bl B BE

Ir 2r 3r

(31

1

By = {Q, ! ZZ[n - r][i ] r(4,)r(4,.) r(A”)B(AD,,CO,)B(BD, +2,4, +C,, )}2

A A Ase
By B;; By;

.(32)

1

p(ﬁl): 2{@’532[” —rJ[i»j (4, +2) F(Ai’)F(fff)B(Am»Cor)B(Bnr»Anr + Cm)F

. ) L,
=0 =0 \! J) B By By

Ay +1 Ay, Ay
=0 =0\l J) B! By By

-z{g;*ii[’_’”’}["_jf G DDA iy 1a(8, .4, +Co,)}
.(33)

1

ol )= 2{Q;liz’:[ﬁ - IJ[ZJ r({l.,) r(Aii:z) r(4,) B(4,.C,. )B(B, . 4, + C,, )}3

Bl B By

z
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1

ol )= Z{Q:lii(fl - r)(ij A TAI (A 42) g iy Co,)}z

A, 4, Ay, +2
B B B

20 3

I s, ., a0, . )

|
]
——
[S}
M3
M-
N
~ 3
|
~
N——
N
-
—
|2
®

B]A;,+l
.(35)
P(Pl): Z{Q lg;(:’ - rj(lj] rz(};“l‘r ) rl(;jzz) I;(}::i’)B(BQ[,CO, )B(Am +2,B). +C, )}
_ -1 n—r\i F(Alr)r(AZr)r(Alr)
2o 531 et ) o, s, 18, 0)

..(36)

P(‘bz): 2{Q;"i2[” - rj(i,] rl(;j‘]‘r) rl(;?y) rl(;’iz(z B(Aowcnr)B(Bm +2, 4, + Cm)}z

EETNG

I

_ AE (| r(Alr)r(AZr)r(Axr)
2o 31| Ry, a1, )

=0 j=0

(37

Bayes estimators and posterior risks using the UP, the
JP and IP under DeGroot loss function (DLF)

DeGroot (2005) introduced the asymmetric loss function,
L(ﬂ,d):(%) known as DeGroot loss function (DLF).
The Bayes estimator and its posterior risk under DLF

are: d= ?(582)) and p(a?): 1 _%2_)}; , respectively. The

2

Blx Blx
Bayes estimators and posterior risks using the UP, JP and

IP for parameters f,,5,,,, p, and p, under DLF are:

=

S|t r(A]r+2)r(A21) (Asr)
oS |[ b 2m) ), oo, <)

i=0 j=0

b= {Q{‘i : [n 7rj[ij l‘(A,rr+ 1) F(z/‘ii,)r(Azr)B(Aw,Cw)B(Bu,,AU, + CUr)}

i=0 j=o\! J

.(38)

lor g 20 e, 0,

B(AO,,cU,>B(BO,,AU,+cU,)}

(39

A {Q:‘fi[" ) V][’l] DU DU b 4 2) gy, a5, , 4, +cu,)}

Ay 42
3 2r B

he {Q; ' ZZ[" - r][i ] L, )T, ) DA, +1) B(4,,,C,.)B(B,., 4, +C,, )}

i (n=rYi\T(4, ) T(4,, +1)T(4 2.2 ; A g =
(34) ...(40)
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(=Y () T(4,)
L L 222 B(B, B(4,, +2,B
{Q' sal ) e e st 28

P = )
e (1 D T M) o s s
oS3 ) e e s st v )
(41
oS3 P T s, o, 2,4, 0
b= EEN J) B By BiY
2r T .
Aok i A rAlf)rAZI)rAST)BA c )B(B 1.4 C
foss || i) s, e, 14,02

(42)

2

Blr

L eh oKt s FA11+2)F(A2x)F(An)
forss || JFl ), ot )

oS|It o, o, o, )

(43)

(=Y \D(A4) T4y, + 1) T(4,) ’
forss(y || it a0, )

) p(4,..Co BB, Ay + o )}

3¢

—
[\
M
1M

~
-~ 3
|

L

A —

< =

~—
—
S
_
p=y
16N
2|
+

%)

G

o |2

.(44)

B B B
Fa) () T4, +2)
) B Bl B

[’.’ ‘](] L) O )T )y, 1a(s, 4, + c,,)}z
)

B(Ao,,co,)B<Bo,,Aﬁ,+co,>}

..(45)

2
) B(8,..C, B4, +1.5, + cm)}

s AT come )

..(46)

54y B8, +1.4, +c0,>}‘

- B(A017C01 )B(B(Jr + Z’Aﬂr + Cﬂr)}

..(47)
Elicitation of hyperparameters

Elicitation is the key task for subjective Bayesian. The
whole procedure for quantifying the prior information
in the form of prior distribution is precisely known as
elicitation. Aslam (2003) proposed different methods of
elicitation based on prior predictive distribution for the

Tabasam Sultana et al.

elicitation of hyperparameters. In this study, we use the
method of elicitation using prior predictive distribution
based on predictive probabilities. In this method,
confidence levels of the prior predictive are obtained for
the particular intervals of the random variables. The set
of hyperparameters, for which the difference between
the elicited probabilities and the expert predictive
probabilities is minimum, is considered.

Elicitation of hyperparameters using the gamma prior
For eliciting the hyperparameters, prior predictive

distribution (PPD) is used. The PPD for a random
variable y is:

p(y)= 1p(y W)y )dy -(48)
v
1 aab!! y72 baybs? y72 ca3ba3 y_2
p(y) = |: - 1 + - 1 + : 1
(a+b+c) (b1+y_1)¢1+ (b2+y_1)a2+ (b3+y_1)a3+
..(49)

We choose the prior predictive probabilities satisfying
the laws of probability, to elicit the hyperparameters of
the prior density. Using the prior predictive distribution,
we consider the nine intervals (0,1), (1,2), (2,3), (3,4),
4,5), (5,6), (6,7), (7,8) and (8,9) with probabilities
0.67, 0.13, 0.06, 0.03, 0.02, 0.01, 0.01, 0.008 and 0.006,
respectively given an expert opinion.

For eliciting the hyperparameters a,, a,, a5, b,, b,,
by, a, b and c, the equations are simultaneously solved
through the computer programme developed in SAS
package using the ‘PROC SYSLIN’ command; the
values of the hyperparameters are found to be 1.7388,
0.4722, 0.3528, 1.0779, 0.1469, 0.0737, 0.3695, 1.4360
and 8.8749, respectively.

Limiting expressions

Letting £ — 00, all the observations that are incorporated
in our analysis are uncensored and therefore, 7 tends to 7,
r, tends to the unknown », r, tends to the unknown n,
and r, tends to the unknown n,. As a result, the amount of
information contained in the sample is increasing, which
consequently results in the reduction of the variances
of the estimates. The limiting (complete sample)
expressions for Bayes estimators and posterior risks
using the UP, JP and IP under SELF, PLF and DLF are
given in Tables 1 — 4. The properties of Bayes estimators
and their corresponding posterior risks using complete
sampling under SELF are given in Table VII in appendix.
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Table 1: Limiting expressions for the Bayes estimators as ¢ — oo using the UP, JP and GP under SELF, PLF and DLF
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Loss Prior
function ’81 ’32 ﬂ3 yz D
n +1 ny +1 n3y +1
UP S & S m+l ml
lek szk szk n+3 n+3
k=1 k=1 k=1
n ny "3
SELF  Jp S < o m+l m+l
lek szk szk n+3 n+3
k=1 k=1 k=1
n+a ny +ap n3 +az
n 1y 3 n+a ny +b
GP le_kl-%—bl Zx;li+b2 ngll‘*'b?, n+a+b+c n+a+b+c
k=1 k=1 k=1
|
o s Doy +25 [+ 22 s+ 1oy +2))2 y p
UP & 2 & (my +1)m +2) ]2 (np + 1)y +2) 2
DT Y pE: (n+3)fnr4) (n+3)fnrd)
k=1 k=1 k=1
1
Y S P U LS (NP1 ” \
1P n n, n3 . (nl + Ian + 2) 2 (n2 + 1)(n2 + 2) 2
PLF PET: e D r3Nntd) Tne3fnia)
k=1 k=1 k=1
| ] 1
o) }4 frarer) }4 erves) }4 mea) V[ es) )2
ap (m +a+1) (my +ay +1) (n3+a3+1) (m +a+1) (ny +b+1)
L 0, & . S (n+a+b+c) (n+a+b+c)
lek b 2x2k+ 2 Zx3k+b3 (n+a+b+c+1) (n+a+b+c+1)
k=1 k=1 k=1
ny+2 ny +2 n3y +2
T n, Ty +2 +2
UP m » 1 . 73 5 n "
lek ZXZk Z’%k n+4 n+4
k=1 k=1 k=1
n + 1 ny + 1 n3 + 1
n n, N +2 +2
DLF P S o —~ hre M te
lek szk Z"sk n+4 n+4
k=1 k=1 k=1
n1+a1+1 n2+a2+l n3+a3+1
n n 7, n, +a+l n, +b+1
GP 4 5, 2 T e B
lek"'bl Zx2k+b2 Zx3k+b5 n+a+b+c n+a+b+c
k=1 k=1 k=1
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Table 2: Limiting expressions for the posterior risks as { — oo using the UP, JP and GP under SELF

Parameters UP JP GP
n; +1 n m+a
2
n ) z il | ? g -1
B lek lek lek +by
k=1 k=1 k=1
ny+1 n, Ny +a,
2 2 2
ny n
— l’lz 2
1 _ -1
A, [Z] [Zm] [Zb]
k=1 k=1
k=1
nsy +1 75 ny +as
ny 2 ny 2 ny 1 2
ol -1 X3, +b
B, [z) [zj 2 i th,
k=1 k=1

b,

(n| +1)(n2 +n +2)
(n+3)2(n+4)

(n2 + l)(nl +n3+ 2)

(n+3P(n+4)

(rzl +1)(nz +ny +2)
(n+3)2(n+4)

(nz + 1)(n1 +n3 + 2)
(n + 3)2 (n + 4)

(m, +a)(n2 +ny +b+c)

(n+a+b+c)z(n+a+b+c+1)

(n2 +b)(n1+n3 +a+c)

nta+b+cPnrarbrctl
( )

Table 3: Limiting expressions for the posterior risks as # — 00 using the UP, JP and GP under PLF

Parameters

2

b

Py

2

b

2((n2 +3;) (n, +1) .
(t:3)

JP GP
(”1 +l)% _1 Z(n1 +a,) {(n, +a, +1)% _]}
(”1)% [ixfkl +le (m +al)%

k=1

2(;13 + a3)

(ns +ay +l)% -

_1} 2ny +a,) {(n2+a2+1)% _1}
et

ny
Z x5 +by

k=1

J{ (”3*”3)%

2(n, +1) W—l ( 2n, +ba) ) (WJ% %

2(n, +1) [((’,11; :?))J% . 2(n, +b) [(n(znjrf;)l)J% 1

(n+3) [(n+4)]% (n+arbeo) [M
(n+3) (n+a+b+c)

f
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Table 4: Limiting expressions for the posterior risks as £ — o0 using the UP, JP and GP under DLF

Parameters UpP Jp Gamma prior
1 1 1
’Bl ny+2 ny+1 n+a +1
1 1 1
ﬂ2 n, +2 n, +1 n, +a,+_1
1 1 1
ﬂa nz + 2 ny+1 ny+az+1
(ny +nz +2) (ny +n3 +2) (ny+n3+b+c)
P (m+2)(n+3) (m +2)(n+3) (m+ta+tDn+a+b+o
(ny +nz + 2) (g +n3+2) (ny+ng+a+c)
P, (ny +2)(n+3) (ny +2)(n+3) (na+b+1)(n+a+b+c)
Table 5:  Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-1I distributions using the UP,

JP, and GP under SELF, PLF and DLF with Crowder et al. (1994) mixture data

Prior Loss functions ﬁl Bz ’% ﬁl ﬁz
BE 3.00174 2.43043 1.99007 0.19558 0.34294
SELE PR 0.676233 0.247192 0.121833 0.002011 0.002962
Up PLF BE 3.11234 2.48076 2.02045 0.20066 0.34723
PR 0.221205 0.100665 0.060756 0.010148 0.008582
DLF BE 3.22702 2.53213 2.05129 0.20586 0.35158
PR 0.069811 0.040167 0.029845 0.049934 0.024564
BE 2.79327 2.34029 1.93776 0.19715 0.34295
SELF PR 0.620029 0.236873 0.118651 0.002034 0.002956
BE 2.90213 2.39036 1.96814 0.20225 0.34723
P PLE PR 0.217730 0.100144 0.060755 0.010184 0.008567
BE 3.01524 2.44151 1.99899 0.20747 0.35157
PLE PR 0.073617 0.041456 0.030631 0.049718 0.024520
BE 2.63492 2.40087 1.91168 0.17412 0.31509
SELE PR 0.469892 0.242927 0.113700 0.001672 0.002551
Gp PLF BE 2.72262 2.45094 1.94119 0.17886 0.31911
PR 0.175413 0.100138 0.059021 0.009473 0.008045
BE 2.81325 2.50206 1.97115 0.18372 0.32319
PLE PR 0.063390 0.040440 0.030173 0.052265 0.025053
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RESULTS AND DISCUSSION

In order to obtain and investigate the properties of the
derived estimators, simulation analysis has been carried
out. Simulation study is a flexible methodology to
illustrate the properties of the Bayes estimators of the
3-component mixture of the Gumbel type-II distributions
using the UP, JP and GP under SELF, PLF and DLF in
terms of different sample sizes and test termination times.
Random samples of size n = 50, 100, 200 and 300 have
been generated from the Gumbel type-II mixture model
by using different values of the vector of the parameters
={(2, 3,4, 0.20, 0.60), (3, 3, 3, 0.40, 0.40)}.

For a fixed sample size, test termination time and
set of parameters, the observations are randomly taken
from the first, second and third component density. The
observations, which are greater than the fixed ‘t” were

Figure 1:  BEs for 8 under SELF

Figure 3:  BEs for 8, under PLF

Tabasam Sultana et al.

declared as censored observations. Foreacht, only failures
were identified either as a member of subpopulation
I, subpopulation II or subpopulation III. This process
was replicated 1000 times using a Mathematica 10.0
programme. For each of the 1000 samples, the Bayes
estimators and posterior risks were computed and the
results are presented in the appendix from Tables I to VII.
The simulation study provides some interesting properties
of the Bayes estimates. The properties are highlighted in
terms of sample sizes, the size of mixing proportions
parameters, different loss functions and censoring rates.
Estimates are obtained by using the UP, JP and GP. The
same results have been examined in Figures 1 — 10 that are
based on simulation analysis tables corresponding to the
different prior distributions and various loss functions. In
Figures 1 — 4, the UP, JP and GP are represented by red,
yellow and blue colours, while in Figures 5 — 10, SELF,
PLF and DLF are represented by red, yellow and blue
colours, respectively.

Figure 2:  PRs for #, under SELF

Figure 4: PRs for f, under PLF
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Figure 5:  BEs for f, using GP

Figure 7:  BEs for P, using UP

Figure 9:  BEs for P, using GP

It is observed that the PRs of Bayes estimators using
different priors and loss functions reduce with an increase
in sample size at different test termination times. For a
smaller test termination time, the PRs of Bayes estimators
are larger than the PRs for a larger test termination time,
irrespective of the priors, loss function and sample size.
Also, the PRs of Bayes estimators are smaller (larger) for

297

Figure 6: PRs for §, using GP

Figure 8:  PRs for P, using UP

Figure 10: PRs for P, using GP

smaller (larger) component parametric values for each
sample size and test termination time considered in the
simulation study.

In Table VII in appendix, some results for the complete
sample under SELF are given, which generally highlights
the importance of incorporating full information into the

Journal of the National Science Foundation of Sri Lanka 45(3)
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sample by producing Bayes estimates that do not involve
underestimation for any loss function or prior used, and
provides smaller posterior risks. The same results have
been obtained under PLF and DLF.

A real life data application

Crowder et al. (1994) have reported the data on fibre
failure strength, and the breaking strength of fibre
sections of lengths 5, 12, 30 and 45 mm. To elucidate
the proposed methodology, we have taken the data on
3-component, namely, 5, 12 and 30 mm, respectively. The
values are right censored at 4.0 i.e. t = 4.0. The sample
statistics required to evaluate the proposed estimates are
as follows:

n=102,n =15,y =26,r3 =34,r=75,n—-r =217,

Sl 40610, % 271280087, 2 4o
Y X =42612, 5 x5, =89087, 3 x7)=14.2608.
k=1 k=1 k=1

Bayes estimates and Bayes posterior risks (BPRs) using
the UP, JP and GP under SELF, PLF and DLF are given
in Table 5.

It is noted that the results gained from real data are
compatible with simulation results. The results declare
that the execution of the informative prior is better
than the non-informative priors. It is also examined
that execution of DLF is preferred for estimating
the component parameters, while SELF is better for
estimating the proportion parameters.

CONCLUSION

As far as the problem of selecting the most suitable prior
is concerned, it can be seen that the informative prior
(GP) is the best prior among the assumed priors. On the
other hand, DLF is observed performing better than PLF
and SELF for estimating component parameters, whereas
for estimating proportion parameters, SELF is observed
superior to PLF and DLF. Therefore, the informative
prior has a clear edge over the non-informative prior. It
is to be noted that the selection of the best prior (loss
function) for a given loss function (prior) is made on
PRs associated with it. Also, the selection of the best
prior and loss function does not depend on the sample
size and test termination time. The findings of this study
are compatible with the findings described by Feroz and
Aslam (2012) in Bayesian estimation of 2-component
mixture of Gumbel Type-II distributions and are useful
for analysts looking to model lifetime data, where the
causes of failure are more than one.

Tabasam Sultana et al.

From simulated results, we observed that an increase
in the sample size and test termination time provides
better Bayes estimators. Furthermore, as the sample
size increases (decreases) the posterior risks of Bayes
estimators decreases (increases) for a fixed test
termination time. Also, the DLF is observed as a suitable
choice for estimating component parameters, and SELF
is preferable for estimating proportion parameters.
Finally, we conclude that the GP is the suitable prior in
order to estimate the component parameters. When SELF
is used, the GP is an appropriate prior for proportion
parameters. The same pattern is observed for JP when
non-informativse priors are considered.
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APPENDIX

Table I:  Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-II distributions using the UP under
SELF, PLF and DLF with 8 =2, 8,=3, f,= 4, p, = 0.20, p,= 0.60, 1 = 15, 20

t n Loss functions UpP
! B, B, b P

15 50 SELF BE 2.05963 2.55289 3.67339 0.22425 0.58263
PR 0.482935 0.264136 1.79543 0.003897 0.005405

PLF BE 2.19242 2.63541 3.91421 0.23213 0.58712
PR 0.214497 0.101558 0.437589 0.017182 0.009336

DLF BE 2.28623 2.67729 4.14929 0.24211 0.59072
PR 0.094131 0.038059 0.107369 0.072757 0.015954

100 SELF BE 1.9083 2.47895 3.37552 0.22084 0.58924
PR 0.207845 0.12508 0.748593 0.002019 0.002821

PLF BE 1.94512 2.52087 3.4678 0.22440 0.59252
PR 0.102426 0.049940 0.208573 0.009078 0.004782

DLF BE 2.0144 2.56464 3.55651 0.22876 0.59437
PR 0.051802 0.019695 0.058730 0.040271 0.008087

200 SELF BE 1.8058 2.45322 3.17286 0.21748 0.59484
PR 0.093528 0.061420 0.331186 0.001024 0.001441

PLF BE 1.84137 2.4676 3.22743 0.22039 0.59524
PR 0.050347 0.024795 0.101088 0.004668 0.002420

DLF BE 1.85144 2.48367 3.28593 0.22325 0.59672
PR 0.027120 0.010030 0.031212 0.0211 0.004069

300 SELF BE 1.77416 2.43709 3.11848 0.21716 0.59595
PR 0.059966 0.040370 0.212681 0.000686 0.000965

PLF BE 1.78096 2.44789 3.17044 0.21873 0.59607
PR 0.033017 0.016504 0.067174 0.003149 0.001623

DLF BE 1.80725 2.46302 3.18745 0.21992 0.59787
PR 0.018491 0.006724 0.021136 0.014418 0.002714

20 50 SELF BE 2.19255 2.75901 3.98405 0.22086 0.58229
PR 0.529995 0.294373 1.96752 0.003677 0.005170

PLF BE 2.29534 2.81129 4.16831 0.22801 0.58747
PR 0.215926 0.102638 0.434676 0.016384 0.008858

DLF BE 2.37214 2.84112 441512 0.23687 0.59125
PR 0.090964 0.036132 0.100275 0.070849 0.015106

100 SELF BE 1.97456 2.62072 3.63898 0.21549 0.59029
PR 0.216296 0.132854 0.806272 0.001883 0.002682

PLF BE 2.00635 2.65615 3.68027 0.21964 0.59295
PR 0.101846 0.049947 0.20561 0.008666 0.004541

DLF BE 2.08985 2.70458 3.80788 0.22497 0.59449
PR 0.050019 0.018781 0.055241 0.039135 0.007705

200 SELF BE 1.88328 2.60844 3.39904 0.21392 0.59515
PR 0.097850 0.065837 0.352952 0.000958 0.001367

PLF BE 1.91467 2.60709 3.4868 0.21558 0.59594
PR 0.050685 0.024890 0.101762 0.004461 0.002299

DLF BE 1.9436 2.62831 3.51094 0.21776 0.59786
PR 0.026292 0.009506 0.02904 0.020641 0.003845

300 SELF BE 1.85822 2.57683 3.34688 0.21291 0.59656
PR 0.063635 0.042874 0.228372 0.000642 0.000918

PLF BE 1.87119 2.58445 3.39781 0.21401 0.59728
PR 0.033540 0.016527 0.067136 0.003005 0.001538

DLF BE 1.88059 2.60682 342132 0.21608 0.59795
PR 0.017818 0.006393 0.019735 0.013989 0.002580
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Table II: Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-II distributions using the JP under
SELF, PLF and DLF with §, =2, ,= 3, f,= 4, p,= 0.20, p,= 0.60, ¢ = 15, 20

t n Loss functions JP
;é| ﬁz ﬁl ﬁ] ﬁz
15 50 SELF BE 1.91359 2.45155 3.2509 0.22435 0.58195
PR 0.473989 0.252987 1.60348 0.003897 0.005413
PLF BE 1.97287 2.51875 3.52761 0.23276 0.58566
PR 0.212444 0.10088 0.44154 0.01714 0.00935
DLF BE 2.12995 2.56425 3.67571 0.24057 0.59092
PR 0.104298 0.0393711 0.119158 0.0731143 0.0158882
100 SELF BE 1.79531 2.43366 3.14736 0.22006 0.58906
PR 0.194814 0.122887 0.687328 0.002009 0.002815
PLF BE 1.84124 2.48089 3.21993 0.224475 0.59115
PR 0.102013 0.050157 0.204803 0.009063 0.004791
DLF BE 1.86886 2.50321 3.38474 0.22953 0.59462
PR 0.054494 0.020077 0.062901 0.040128 0.008080
200 SELF BE 1.75336 24217 3.08974 0.21828 0.59340
PR 0.090090 0.060389 0.321638 0.001023 0.001437
PLF BE 1.7756 2.43406 3.13438 0.22007 0.59628
PR 0.050067 0.024679 0.10183 0.004675 0.002416
DLF BE 1.79672 2.4459 3.18386 0.22295 0.59565
PR 0.027906 0.010143 0.031971 0.021133 0.004085
300 SELF BE 1.73697 2.43213 3.06366 0.21697 0.59573
PR 0.058619 0.040471 0.209437 0.000685 0.000965
PLF BE 1.75734 2.42595 3.0954 0.21841 0.59728
PR 0.033207 0.016422 0.067263 0.003148 0.001617
DLF BE 1.77108 2.44365 3.12952 0.2213 0.59661
PR 0.018707 0.006779 0.021598 0.014293 0.002727
20 50 SELF BE 1.98608 2.62234 3.58365 0.22047 0.58209
PR 0.488933 0.276524 1.7856 0.003668 0.005166
PLF BE 2.05258 2.67762 3.6995 0.22897 0.58573
PR 0.210662 0.101463 0.42616 0.016341 0.008885
DLF BE 2.16879 2.74603 3.93224 0.23758 0.59052
PR 0.100202 0.037637 0.112275 0.070830 0.015206
100 SELF BE 1.85242 2.58929 3.40073 0.21547 0.59044
PR 0.200264 0.132206 0.748278 0.001886 0.002686
PLF BE 1.92981 2.60099 3.52903 0.22024 0.59309
PR 0.102819 0.049756 0.209779 0.008652 0.004536
DLF BE 1.94744 2.65098 3.63798 0.22414 0.59434
PR 0.052889 0.019140 0.058144 0.039334 0.007710
200 SELF BE 1.82224 2.56221 3.31138 0.21249 0.59504
PR 0.094558 0.064152 0.342771 0.000954 0.001367
PLF BE 1.84911 2.58254 3.38609 0.21616 0.59609
PR 0.050298 0.024948 0.102469 0.004472 0.002305
DLF BE 1.88254 2.5993 3.41256 0.21774 0.59728
PR 0.027018 0.009611 0.029842 0.020653 0.003856
300 SELF BE 1.82188 2.56824 3.30343 0.21249 0.59504
PR 0.094558 0.064152 0.226589 0.000640 0.000917
PLF BE 1.83324 2.58679 3.30813 0.21407 0.59740
PR 0.033455 0.016643 0.066773 0.003005 0.001538
DLF BE 1.85456 2.58981 3.37147 0.21540 0.59811
PR 0.018178 0.006425 0.020056 0.014029 0.002576
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Table III: Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-II distributions using the UP
under SELF, PLF and DLF with §, =3, §,= 3, §,= 3, p,= 0.40, p,= 0.40 , £ = 15, 20

t n Loss functions Up
ﬁ] ﬁz ﬁB 131 132

15 50 SELF BE 2.62793 2.64591 2.95677 0.39521 0.39604
PR 0.421742 0.425329 1.07593 0.005321 0.005323

PLF BE 2.70489 2.75525 3.08741 0.40154 0.40333
PR 0.152277 0.154277 0.321992 0.013436 0.013394

DLF BE 2.81627 2.81706 3.24022 0.40897 0.40965
PR 0.055552 0.055434 0.101097 0.033555 0.033465

100 SELF BE 2.5562 2.54079 2.63976 0.39839 0.39763
PR 0.199723 0.197194 0.427289 0.002797 0.002795

PLF BE 2.57602 2.56665 2.74725 0.40174 0.40104
PR 0.07546 0.075397 0.154999 0.007018 0.007026

DLF BE 2.63711 2.63325 2.82425 0.40435 0.40506
PR 0.029048 0.028992 0.055161 0.017479 0.017425

200 SELF BE 2.48608 247612 2.54494 0.39995 0.39856
PR 0.094380 0.093854 0.199052 0.001434 0.001432

PLF BE 2.47993 2.49275 2.5724 0.40106 0.40089
PR 0.037096 0.037296 0.075674 0.003581 0.003582

DLF BE 2.51629 2.5166 2.58785 0.40217 0.40237
PR 0.014923 0.014913 0.029039 0.008956 0.008947

300 SELF BE 2.45501 2.44369 2.49606 0.39848 0.39954
PR 0.061591 0.060864 0.126877 0.000961 0.000962

PLF BE 2.47862 247159 2.53897 0.40093 0.40174
PR 0.010058 0.010038 0.019690 0.006035 0.006015

DLF BE 2.47185 2.46913 2.5463 0.40141 0.40250
PR 0.010050 0.010024 0.019822 0.006025 0.005998

20 50 SELF BE 2.82852 2.8412 3.12293 0.39401 0.39794
PR 0.465625 0.466401 1.14887 0.005075 0.005093

PLF BE 2.90408 2.88555 3.26087 0.40227 0.40279
PR 0.154803 0.153578 0.32237 0.012791 0.012777

DLF BE 2.99341 2.93687 3.43063 0.40983 0.40748
PR 0.052295 0.052619 0.095686 0.031563 0.031883

100 SELF BE 2.70475 2.70685 2.7989 0.39821 0.39638
PR 0.21215 0.213714 0.453306 0.002661 0.002656

PLF BE 2.72495 2.71639 2.90887 0.40162 0.40074
PR 0.075495 0.075436 0.154702 0.006650 0.006660

DLF BE 2.76686 2.76649 2.99525 0.40457 0.40399
PR 0.027602 0.027633 0.052424 0.016619 0.016649

200 SELF BE 2.61974 2.61182 2.6998 0.39916 0.39873
PR 0.099579 0.099068 0.211307 0.001361 0.001361

PLF BE 2.63904 2.63855 2.73 0.40132 0.39985
PR 0.037443 0.037568 0.075892 0.003404 0.003412

DLF BE 2.66335 2.66555 2.76496 0.401336 0.40263
PR 0.014202 0.014156 0.027536 0.008544 0.008498

300 SELF BE 2.59774 2.59539 2.63784 0.39879 0.39944
PR 0.065525 0.065301 0.134688 0.000916 0.000916

PLF BE 2.61575 2.59533 2.6644 0.40040 0.40008
PR 0.024985 0.024815 0.050119 0.002290 0.002292

DLF BE 2.62345 2.62279 2.69464 0.40226 0.40097
PR 0.009508 0.009539 0.018746 0.005699 0.005730
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Table IV: Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-II distributions using the JP
under SELF, PLF and DLF with §, =3, ,= 3, §,= 3, p,= 0.40, p,= 0.40 , £ = 15, 20

t n Loss functions JP
ﬁl ﬁz ,H3 131 132

15 50 SELF BE 2.50579 2.51536 2.64102 0.39644 0.39490
PR 0.402872 0.406845 0.957829 0.005300 0.005292

PLF BE 2.57686 2.63748 2.77313 0.40212 0.40141
PR 0.152588 0.156486 0.318867 0.013379 0.013393

DLF BE 2.66136 2.67441 2.93516 0.40854 0.40841
PR 0.058533 0.058548 0.11116 0.033449 0.033467

100 SELF BE 2.46833 2.45947 2.48678 0.39648 0.39748
PR 0.191831 0.190109 0.396216 0.002786 0.002789

PLF BE 2.48161 2.50522 2.60458 0.40145 0.40131
PR 0.074904 0.075625 0.155267 0.007013 0.007015

DLF BE 2.53792 2.53114 2.67258 0.40506 0.40403
PR 0.029799 0.029891 0.058240 0.017395 0.017480

200 SELF BE 2.42514 2.44289 2.4845 0.39850 0.39877
PR 0.091510 0.092750 0.194863 0.001431 0.001431

PLF BE 2.45645 2.45217 2.48111 0.39999 0.40112
PR 0.0374 0.037233 0.074844 0.003587 0.003580

DLF BE 2.47872 2.46598 2.52285 0.40259 0.40242
PR 0.015137 0.015142 0.029992 0.008945 0.008949

300 SELF BE 2.42342 2.41642 2.45373 0.39863 0.39971
PR 0.060662 0.060112 0.125576 0.000962 0.000962

PLF BE 2.44252 2.43282 2.47083 0.40024 0.40036
PR 0.024837 0.024733 0.049966 0.002409 0.002408

DLF BE 2.46121 2.45183 2.49706 0.40183 0.40168
PR 0.010131 0.010135 0.020166 0.006009 0.006013

20 50 SELF BE 2.68043 2.6468 2.80766 0.39553 0.39569
PR 0.44025 0.430049 1.03467 0.005073 0.005075

PLF BE 2.74963 2.7575 2.9669 0.40222 0.40176
PR 0.154661 0.155583 0.324787 0.012783 0.012792

DLF BE 2.81269 2.80334 3.14895 0.40840 0.40935
PR 0.055680 0.055555 0.10659 0.031909 0.031783

100 SELF BE 2.5937 2.59228 2.65418 0.39748 0.39741
PR 0.200978 0.201306 0.429992 0.002662 0.002662

PLF BE 2.66345 2.637 2.74595 0.40147 0.40063
PR 0.076000 0.075421 0.154451 0.003403 0.003408

DLF BE 2.71343 2.68486 2.81504 0.40482 0.40401
PR 0.028407 0.028475 0.055509 0.016624 0.016686

200 SELF BE 2.57921 2.59528 2.611 0.39828 0.39922
PR 0.098256 0.099295 0.203591 0.001362 0.001363

PLF BE 2.62219 2.58364 2.65262 0.40010 0.40025
PR 0.037722 0.037246 0.075879 0.003403 0.003408

DLF BE 2.61636 2.61068 2.70208 0.40239 0.40180
PR 0.014380 0.014401 0.028380 0.008514 0.008534

300 SELF BE 2.57043 2.57452 2.59734 0.39887 0.39941
PR 0.06469 0.064765 0.132917 0.000914 0.000915

PLF BE 2.57775 2.58242 2.61386 0.40098 0.40051
PR 0.024827 0.024906 0.050360 0.002289 0.002290

DLF BE 2.60664 2.6071 2.65028 0.40158 0.40194
PR 0.009625 0.009616 0.019149 0.005721 0.005713
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Table V: Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-II distributions using the GP
under SELF, PLF and DLF with =2, 8,= 3, f,= 4, a, = 1.7388, a, = 0.4722, a,= 0.3528, b, = 1.0779, b,= 0.1469,
b,=0.0737, a=0.3695, b = 1.4360, ¢ = 8.8749, p = 0.20, p, = 0.60, ¢ = 15, 20.

t n Loss functions GP
A B, By 2 3

15 50 SELF BE 1.56683 2.40591 3.07652 0.23817 0.57133
PR 0.241388 0.207639 0.711495 0.003932 0.005267

PLF BE 1.66061 2.44352 3.19152 0.24824 0.57807
PR 0.145569 0.083929 0.226379 0.016248 0.009192

DLF BE 1.72694 2.4871 3.28841 0.25575 0.58198
PR 0.085907 0.034032 0.069234 0.065194 0.015959
100 SELF BE 1.65448 2.40522 3.07746 0.22797 0.585222
PR 0.146583 0.111094 0.46131 0.002038 0.002790

PLF BE 1.68095 2.43261 3.14103 0.23219 0.58733
PR 0.083698 0.045390 0.144118 0.008823 0.004750

DLF BE 1.73631 2.44626 3.19767 0.23654 0.59015
PR 0.049253 0.018571 0.045425 0.037906 0.008087

200 SELF BE 1.67789 2.40478 3.0596 0.22234 0.59080
PR 0.077589 0.057147 0.260907 0.001027 0.001426

PLF BE 1.70871 2.40322 3.10043 0.22439 0.59315
PR 0.045493 0.023430 0.084019 0.004606 0.002412

DLF BE 1.78005 2.60856 3.46066 0.24920 0.58346
PR 0.083875 0.032581 0.066443 0.064252 0.015133

300 SELF BE 1.688 2.40726 3.06311 0.22019 0.59429
PR 0.053211 0.038604 0.184811 0.000689 0.000961

PLF BE 1.70816 2.42443 3.09497 0.22206 0.59540
PR 0.031020 0.016004 0.059690 0.003119 0.001617

DLF BE 1.73084 2.42641 3.09362 0.22294 0.59590
PR 0.018117 0.006588 0.019093 0.014073 0.002718

20 50 SELF BE 1.63206 2.52061 3.2088 0.23250 0.57498
PR 0.2555 0.217936 0.749546 0.003695 0.005036

PLF BE 1.69767 2.54503 3.34103 0.24197 0.57906
PR 0.14462 0.083487 0.226435 0.015594 0.008744

DLF BE 1.78005 2.60856 3.46066 0.24920 0.58346
PR 0.083875 0.032581 0.066443 0.064252 0.015133

100 SELF BE 1.71018 2.5279 3.26042 0.22321 0.58629
PR 0.150658 0.116468 0.489156 0.001901 0.002647

PLF BE 1.74817 2.55661 3.29384 0.22741 0.58849
PR 0.084285 0.045499 0.143777 0.008449 0.004518

DLF BE 1.7895 2.57899 3.35566 0.23192 0.59098
PR 0.047566 0.017695 0.043204 0.036876 0.007668

200 SELF BE 1.75244 2.52875 3.25501 0.21805 0.59295
PR 0.081961 0.060124 0.280411 0.000964 0.001359

PLF BE 1.77711 2.55312 3.28737 0.21942 0.59456
PR 0.045908 0.02368 0.084041 0.004408 0.002290

DLF BE 1.80335 2.57442 3.34172 0.22243 0.59505
PR 0.025536 0.009256 0.025407 0.019926 0.003861

300 SELF BE 1.7727 2.54839 3.26254 0.21506 0.59560
PR 0.056899 0.041106 0.196652 0.000643 0.000914

PLF BE 1.77372 2.56268 3.2735 0.21699 0.59544
PR 0.031184 0.016086 0.058896 0.002978 0.001537

DLF BE 1.7855 2.57433 3.32566 0.21837 0.59626
PR 0.017496 0.006262 0.017886 0.013696 0.002579
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Table VI: Bayes estimates (BEs) and posterior risks (PRs) of 3-component mixture of Gumbel type-II distributions using the GP
under SELF, PLF and DLF with 8, =3, 8, =3, f, = 3, a, = 1.7388, a, = 0.4722, a, = 0.3528, b, = 1.0779, b, = 0.1469,
b,=0.0737,a=0.3695, b = 1.4360, ¢ = 8.8749, p, = 0.40, p, = 0.40, t = 15, 20

T n Loss functions GP
ﬁ] ﬁz ﬂ3 ]31 i72

15 50 SELF BE 2.12678 2.38951 2.72082 0.40564 0.39293
PR 0.254593 0.289911 0.544987 0.005204 0.005144

PLF BE 2.18569 2.43408 2.82963 0.41106 0.40064
PR 0.115597 0.115898 0.191636 0.012760 0.012965

DLF BE 2.2665 2.48761 2.89171 0.41782 0.40747
PR 0.052405 0.047261 0.066818 0.031160 0.032519

100 SELF BE 2.25086 2.3792 2.6293 0.40268 0.39659
PR 0.149246 0.157632 0.319119 0.002756 0.002740

PLF BE 2.30602 2.40795 2.66264 0.40645 0.39950
PR 0.065449 0.064773 0.1162 0.006823 0.006899

DLF BE 2.32588 2.46535 2.71347 0.40958 0.40366
PR 0.028255 0.02671 0.043260 0.016847 0.017258

200 SELF BE 2.33068 2.40639 2.53466 0.40174 0.39823
PR 0.081609 0.084513 0.17035 0.001422 0.001417

PLF BE 2.35514 2.41406 2.5509 0.40375 0.39892
PR 0.03468 0.034658 0.064973 0.003533 0.003561

DLF BE 2.36777 2.43104 2.59392 0.40521 0.4023

PR 0.014684 0.014251 0.025453 0.008765 0.008868

300 SELF BE 2.35866 2.40545 2.48941 0.40083 0.39948
PR 0.056178 0.057160 0.114795 0.000958 0.000956

PLF BE 2.37855 2.41126 2.50286 0.40193 0.40030
PR 0.023701 0.023529 0.045154 0.002388 0.002394

DLF BE 2.37596 2.4273 2.54011 0.40338 0.40113
PR 0.009925 0.009731 0.017937 0.005930 0.005984

20 50 SELF BE 2.23761 2.48796 2.78189 0.40413 0.39282
PR 0.26815 0.301329 0.548209 0.004953 0.004903

PLF BE 2.29827 2.55371 2.89405 0.41080 0.39812
PR 0.115619 0.117149 0.188654 0.012185 0.012436

DLF BE 2.3717 2.62563 3.00873 0.41742 0.40687
PR 0.049823 0.045242 0.064752 0.029644 0.030952

100 SELF BE 2.39365 2.52706 2.71051 0.40296 0.39629
PR 0.160617 0.16999 0.327067 0.002632 0.002616

PLF BE 2.42274 2.56881 2.78415 0.40611 0.39986
PR 0.065507 0.065964 0.117108 0.006516 0.006580

DLF BE 2.47136 2.59433 2.85391 0.40957 0.40241
PR 0.026780 0.025501 0.041446 0.015980 0.016465

200 SELF BE 2.46999 2.53253 2.64858 0.40142 0.39787
PR 0.087172 0.089220 0.17707 0.001353 0.001349

PLF BE 2.48995 2.55163 2.68829 0.40324 0.40031
PR 0.034869 0.034753 0.065770 0.003366 0.003381

DLF BE 2.50759 2.58732 2.71896 0.40571 0.40082
PR 0.013930 0.013613 0.024274 0.008318 0.008487

300 SELF BE 2.49846 2.53969 2.62927 0.40121 0.39876
PR 0.059744 0.060617 0.12178 0.000910 0.000908

PLF BE 2.51474 2.5473 2.64388 0.40220 0.39991
PR 0.023784 0.023656 0.045509 0.002271 0.002279

DLF BE 2.51968 2.56658 2.67343 0.40341 0.40121
PR 0.009441 0.009269 0.017166 0.005648 0.005698
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Table VII: Bayes estimates and posterior risks (in parentheses) under SELF using complete sampling

@ = (BB by r) ®=(2,3,4,0.20,0.60) UP
n Bl ﬂz ﬁS ﬁl l}Z
50 2.48265 3.21679 4.88026 0.20755 0.58491
(0.629920) (0.345467) (2.437100) (0.003046) (0.004496)
100 2.22325 3.09560 4.44845 0.20388 0.59223
(0.248929) (0.159958) (0.996820) (0.001561) (0.002322)
200 2.10990 3.05416 4.22293 0.20197 0.59606
(0.111342) (0.077774) (0.446620) (0.000790) (0.001180)
300 2.06432 3.04423 4.13686 0.20132 0.59736
(0.070969) (0.051500) (0.285329) (0.005289) (0.000791)
@ = (BB o) ®=(2,3,4,0.20,0.60) 1P
n B] :Bz ﬁ3 ﬁl 152
50 2.21951 3.08711 4.36265 0.20755 0.58491
(0.550923) (0.328661) (0.550923) (0.003046) (0.004496)
100 2.10056 3.06126 4.17918 0.20388 0.59223
(0.235037) (0.158854) (0.235037) (0.001561) (0.002322)
200 2.04042 3.02665 4.12896 0.20197 0.59606
(0.106829) (0.076988) (0.106829) (0.000790) (0.001180)
300 2.20698 3.01377 4.08431 0.20132 0.59736
(0.069618) (0.050753) (0.069618) (0.000529) (0.000791)
= (BB b2) ®=(2,3,4,0.20,0.60) G
n Bl ﬂz ﬁ} i)I 132
50 2.04143 3.10604 4.42386 0.17089 0.51806
(0.379034) (0.326937) (2.101710) (0.002297) (0.004048)
100 2.04769 3.05268 4.26802 0.18404 0.55508
(0.200731) (0.156494) (0.943645) (0.001345) (0.002211)
200 2.00909 3.02822 4.12159 0.19162 0.57640
(0.098997) (0.076810) (0.431607) (0.000732) (0.001153)
300 2.02312 3.02583 4.08484 0.19431 0.58400
(0.067357) (0.051004) (0.281109) (0.000502) (0.000779)
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