
RESEARCH ARTICLE

J.Natn.Sci.Foundation Sri Lanka 2018 46 (2): 165 - 178  

DOI: http://dx.doi.org/10.4038/jnsfsr.v46i2.8417

Record values of ratio of Weibull random variables

*

Department of Statistics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia.

Revised: 03 October 2017; Accepted: 16 November 2017

* mkmomamad@kau.edu.sa; 

Abstract: 

independently distributed Weibull random variables. The 

standard distributional properties of the resulting distribution 

have been studied. We have also obtained the recurrence 

record values for ratio of Weibull random variables. A real data 

application has also been given to see the performance of the 

proposed distribution.
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INTRODUCTION

decreasing and constant failure-rates and can be created 

Weibull probability distribution function of a random 

variable ‘W’ is given by:

1( ) exp , 0, 0
w

f w w x
γ

γγ
β

β β
−= − ≥ ≥ ;       (1) 

w

1
h w w

( ) ( )

1k

( ) ( )R x F x

1
,

( ) ( )ln .H x F x

;  ...(1)

the distribution. The distribution function F(w) and the 

hazard rate function corresponding to equation (1) are, 

respectively:
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The hth moment for equation (1) is given as:
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 The mean and variance of the distribution can be 

obtained from equation (4).

 Order and record statistics have emerged as important 

variables. A comprehensive treaty of order statistics is 

given in David and Nagaraja (2003). Record statistics 

that the density function of kth upper record statistics, 

n is available from a 

distribution F(x) is:
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where ( ) ( )ln .H x F x= − .

 Ahsanullah (2004) has discussed record statistics for 

several distributions including exponential, Weibull and 

kth record for 

equation (1) is:

( )
( )

1 expk

k k

w
f w w

k

γ
γγ

β β
−= −

Γ
.       (7) 

h

 ...(7)

 The hth moment of the kth record statistics of Weibull 

distribution is:
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 In this paper the distribution of record statistics for 

ratio of Weibull random variables have been derived. 

in the context of specialised distributions. Shahbaz and 

distribution. Some other notable references are Shahbaz 

et al. (2009), and Shahbaz and Shahbaz (2009; 2010). 

as discussed by Nadarajah (2010) has been given in the 

METHODOLOGY

The basic methodology contains distribution of ratio of 

phenomenon, for example stress and strength study of 

components. In addition the methodology contains 

sections. Ali et al. (2007) have studied the distribution 

et al. (2012) have studied 

the distribution of ratio of several random variables 

including Rayleigh distribution. The distribution of ratio 

of Weibull random variables has also been discussed by 

et al.

 Let W
1
 and W

2
 be independently distributed Weibull 

 and 

scale parameters 1  and 2 . The probability density 

and distribution functions of W
1
 and W

2
 are, respectively:
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 The distribution function of the ratio can be obtained 

by using:
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The hth moment of ratio of Weibull variates is obtained 
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 The hth moment of ratio of Weibull variates is obtained 

as:
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 The mean and variance of the ratio of Weibull 

variates can be obtained from equation (13). The values 

in equation (10) are given in Table I in Appendix. From 

1  and 2  

control the location and variability of the distribution, 

can see that as 

, increase 

in 1  and 2  bring increase in mean and variance of the 

distribution.

 

 The distribution of upper record for Weibull variates 
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RESULTS AND DISCUSSION

 

Shakil and Ahsanullah (2011) have studied the 

distributional properties of the upper records of ratio 

of Weibull variates. The density function of nth upper 

given in equation (6).

density of upper records is:
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 The distribution function of nth upper record for ratio 
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 Again, using the density and distribution function of 

ratio of Weibull random variables in equation (6), the 
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( ) ( )
( )( )

1
1

1 2 1
2

21 2

ln 1 , 1, 2,3,....

n

L n

x
f x n

xn x

γ

γγ

γβ β β

ββ β

−
−

= + =
Γ +

, log 1

E X x f x dx

 ln 1 , 1, 2,3,....n+ =    (16) 

, log 1

E X x f x dx

dx

 ...(16)

( ) ( )
2

1, log 1
(

1

)L n
F x n

n x
γ

β

β
Γ +

Γ
=        (17) 

E X x f x dx

 ...(17)

In this section, the moments, survival and hazard 

functions and entropy of the record values of ratio of 

Weibull random variables are obtained

Moments

The kth moment of the nth record value X(n) is given as:
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The mean and variance of the nth upper record for ratio 

equation (18). Table II contains values of mean, variance, 

increase in the value of n

n. 

n

. We can also see 

that for all values of n and , the distribution of upper 

 Again, the kth

of Weibull random variables is given as
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in Table III for
 and are given in the table A.3 below for 1 2 1β β= = . 

γ

.

, the mean 
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n
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different choices of parameters 1 2, , and n  are given 

in Figure I in Appendix.

 The hazard rate function is given as
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 The graph of hazard rate function of upper records 

for various values of parameters are given in Figure II in 

Appendix.

Entropy

The entropy of ratio of Weibull random variables is given 

as:
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The plot of entropy can be made from equation (22).

Estimation using records

of the distribution of ratio of Weibull random variables. 

The estimation and application are given based upon the 

records.

Estimation using upper records

The density and distribution function of the ratio of 

Weibull random variables are given in equations (10) 

and (12) as
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distribution of records. The joint distribution of records 

is given by Shahbaz et al. (2016) as
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 The maximum likelihood estimates can be obtained 

by simultaneously solving the equations
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 The entries of Fisher information matrix can be 

computed for any given data.

Estimation using lower records

et al. 

(2016) as

( )
( )
( )

( )
1

1,2, , 1 2

1

, , , .
n

i

n n n

ii

f x
f x x x f x

F x

−

=

= ∏       (28) 

( ) ( )

2 1
= × = × ⋅

 ...(28)

  

( ) ( )1 2 1,2, , 1 2

2 1

| , , , , ,n nL f x x x

x x

β β γ =

= × = × ⋅

x

 

( )

1 11
1 1 2

2 1
1 1 2 1 2

n
i n i

i i
n

x x

x x x

γ

γ γ

γβ γβ β

β β β β

− −−

=

= × = × ⋅
+ + +

∏

 
( ) ( ) ( )

11 1
1 2 1

2 1 2

1 2 1 21

1
nn n

ii n i

n

i ni

x

xx x
γ γ

γ β β

β β β β

−

=
−

=

= × = × ⋅
++ +

∏
∏

 The log of likelihood function is

( )1 2 1 2

1 1

ln | , , ln ln ln ln ln
n n

i i n

i i

L n n x x xβ β γ γ β β
= =

= + + − − + − + ⋅x

( )

n ix x

( )

n ix x

( ) lnn n i i

n i

x x x x

x x

( ) ( )
0

( )
=

( )
2 2 2 2

2 2 2 2

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

 ( ) ( )
1

1 2 1 2

1 1

ln | , , ln ln ln ln ln 2ln
n n

i i n

i i

x x xγ γβ β β β
−

= =

= + + − − + − + ⋅  (29) 

( )

n ix x

( )

n ix x

( ) lnn n i i

n i

x x x x

x x

( ) ( )
0

( )
0.

( )
2 2 2 2

2 2 2 2

2 2 2
x x x x x x

x

( )
2 2

( )
2 2

i ix x x x

 

  ...(29)

( ) 1

1 1 11 2 1 2

ln 2 1n

in i

LF n

x x
γ γβ β β β β β

−

=

∂
= − −

∂ + +

x

      (30) 

( )

n ix x

( ) lnn n i i

n i

x x x x

x x

( ) ( )
0

(

( )
2 2 2 2

2 2 2 2

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

 ...(30)

   

( ) 1

2 2 11 2 1 2

ln 21 n
n i

in i

LF x x

x x

γ γ

γ γβ β β β β β

−

=

∂
= − −

∂ + +

x

      (31) 

( ) lnn n i i

n i

x x x x

x x

( ) ( )
0

(

( )
2 2 2 2

2 2 2 2

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

 ...(31)

  ( ) 1
2 2

11 2 1 2

ln 2 ln lnn
n n i i

in i

LF x x x xn

x x

γ γ

γ γ

β β

γ γ β β β β

−

=

∂
= − −

∂ + +

x

      (32) 

( ) ( )
0

(

( )
2 2 2 2

2 2 2 2

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

 ...(32)

The maximum likelihood estimates can be obtained by 

simultaneously solving the equations

( ) ( )

1 2

ln ln
0; 0

LF LF

β β

∂ ∂
= =

∂ ∂

x x

 and  
( )ln

0.
LF

γ

∂
=

∂

x

( )
2 2 2 2

2 2 2 2

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

( )

( ) ( )

2 1

2 2 2 2
11 1 1 2 1 2

2 2 21

2 2 2 2

ln 2 1

ln 21

n

i
n i

n

LF n

x x

LF x x

γ γβ β β β β β

−

=

∂
= − + +

∂ + +

x

x

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

( )

( ) ( )

2 2 21

2 2 2 2
12 2 1 2 1 2

ln 21 n
n i

i
n i

LF x x

x x

γ γ

γ γβ β β β β β

−

=

∂
= − + +

∂ + +

x

2 2 2
x x x x x x

( )
2 2

( )
2 2

i ix x x x

( ) ( )

( )
( )

( )

2 2 22 22 1 1
1 2 2

2 2 2 2
1 1

1 2 1 2

2 ln lnln n n
n n i i i i

i i
n i

x x x x x xLF n

x x

γ γ γ

γ γ

β β β

γ γ β β β β

− −

= =

∂
= − − + −

∂ + +

x

( )
2 2

( )
2 2

i ix x x x

 

( ) ( )
2 2 21 1

2

2
1 1 1 2

lnn n
n n i i i i

i i i

x x x x x x

x

γ γ γ

γ

β

β β

− −

= =

−
+

( )
2 2

( )
2 2

i ix x x x

( )

( ) ( )

2 1

2 2
1 2 1

1 2 1 2

ln 2 n
n i

i
n i

LF x x

x x

γ γ

γ γβ β β β β β

−

=

∂
= +

∂ ∂ + +

x

( )
2 2

i ix x x x( )

( ) ( )

2 1
2 2

2 2
1 1

1 2 1 2

ln 2 ln lnn
n n i i

i
n i

LF x x x x

x x

γ γ

γ γ

β β

β γ β β β β

−

=

∂
= −

∂ ∂ + +

x

( )

( ) ( )

2 21 1
1 2

2 2
2 1 1

1 2 1 2

ln 2 ln lnn n
n n i i i i

i i
n i

LF x x x x x x

x x

γ γ γ

γ γ

β β

β γ β β β β

− −

= =

∂
= − + −

∂ ∂ + +

x

 

 

 

( )

( )

1 1

2 2
1 1 1 2

ln lnn n
n n i i i i

i i i

x x x x x x

xx x

γ γ γ

γβ β

− −

= =

− ⋅
+

 The entries of Fisher information matrix can be 

computed for given data.
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 9.0 1.7 7.0 20.1 0.4 2.8 14.1 9.9 10.4 10.7 30.0 3.6

  (standard error in parenthesis)   (p - value)

Weibull   = 11.630   = 0.901

Exponentiated   = 0.019  = 1.346  

1.198  b = 0.127  

 

Ratio of   = 2.422  
2
 = 0.238   = 1.212

Weibull (0.683)  (0.067) (0.011)  (0.1833)
 

Record values of   = 1.922  
2
 = 0.174  = 1.412

ratio of Weibull  (0.483) (0.032) (0.019)  (0.6241)

Table 1: Fitted distribution values

ratio of Weibull random variables, ratio of Weibull 

Weibull and Weibull distribution to above data. The 

parameter estimates are given in Table 1.

Recurrence relations for moments of record values

of ratio of Weibull random variables. These recurrence 

Recurrence relations for moments of lower record 

values

the density and distribution function of ratio of Weibull 

random variables are related as

( ) ( )12

1

.
x

F x x f x
γβ

γ β γ
+= +         (33) 

x F x H x dx

 ...(33)

(2004)

Application

of the distribution of ratio of Weibull random 

m3s-1) of Wheaton river as used by 
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   ...(37)

be computed recursively from equations (36) and (37).

Recurrence relations for moments of upper record 

values

relations for moments of upper records of ratio of 

the density and survivorship function of ratio of Weibull 

random variables are related as
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moments of upper record values for ratio of Weibull 

random variables
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random variables
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  ...(42)

be computed recursively from equations (41) and (42).

CONCLUSION

The distribution of upper records has simple density 

a slightly complex density. The distribution of upper 

records for ratio of Weibull random variables is positively 

ratio of Weibull variates are nicely related and hence the 

order moments.

Acknowledgement

Research (DSR), King Abdulaziz University, Jeddah, 

support. 

REFERENCES

1. Ahsanullah (2004). Record Values-Theory and Applications. 

2. 

Australian Journal of Statistics (2): 

3. 

record values. Journal of the Royal Statistical Society: 

Series B : 

4. 

Technometrics 

(4): 478  484.

Order Statistics, 3rd 

 DOI: https://doi.org/10.1002/0471722162

6. 

maximum. Annales de la Société Polonaise de 

Mathematique, Cracovie 

7. 

its application in performance analysis of multi-hop 

relaying communications over fading channels. Przeglad 

Elektrotechniczy 88: 133 137.

8. Nadarajah S. (2010). Distribution properties and estimation 

of ratio of independent Weibull random variables. AstA 

Advances in Statistial Analysis 

 DOI: https://doi.org/10.1007/s10182-010-0134-1

9. 

Journal of the Institute of Fuel 

7 .

10. 

Ordered Random Variables: Theory and 

Applications.

 DOI: https://doi.org/

11. 

concomitants of bivariate pseudo Rayleigh distribution. 

World Applied Sciences Journal 7(7): 826 828.

12. 

concomitants of order statistics for pseudo exponential 

distribution. 

(1): 22 24.

13. 

order statistics for bivariate pseudo truncated gumble 

distribution. World Applied Sciences Journal 19(2): 

246 247.

14. 

concomitant of order statistics for bivariate pseudo 

exponential distribution. World Applied Sciences Journal 

ratio of Rayleigh random variables. Pakistan Journal of 

Statistics 



174 Bander Al–Zahrani et al.

June 2018 Journal of the National Science Foundation of Sri Lanka 46(2)

1 2

Table I: 
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                              = 6.0 

 10 7.44 36.48 3.49 286.63 6.19 19.33 2.03 113.91

Var: variance; S

Table II: Summary measures for distribution of upper records
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 9 0.164 0.010 - 1.963 4.267 0.194 0.011 - 2.117 3.818

 

Var: variance; S

Table III: 
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