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Abstract: In this paper we have derived the distribution
of upper and lower record statistics for the ratio of two
independently distributed Weibull random variables. The
standard distributional properties of the resulting distribution
have been studied. We have also obtained the recurrence
relations for single and product moments of upper and lower
record values for ratio of Weibull random variables. A real data
application has also been given to see the performance of the
proposed distribution.

Keywords: Lower record values, recurrence relations, upper
record values, Weibull distribution.

INTRODUCTION

The Weibull distribution is widely used to model life
time data. The distribution can deal with increasing,
decreasing and constant failure-rates and can be created
for data with and without suspensions (non-failures).
Weibull distribution was first identified by Fréchet
(1927) and first applied by Rosin and Rammler (1933) to
describe a particle size distribution. The two parameters
Weibull probability distribution function of a random
variable “W’ is given by:

f(W)=%w7]exp[—%j,xzo,ﬂzo; (1)

where v is the shape and B is the scale parameter of
the distribution. The distribution function F(w) and the
hazard rate function corresponding to equation (1) are,
respectively:

V4
F(w) =1—exp(—%j : (2
and
h(w)=Lw .

yij .(3)
The 4 moment for equation (1) is given as:

E(X")=p""T(1+h/y). @

The mean and variance of the distribution can be
obtained from equation (4).

Order and record statistics have emerged as important
areas of study within the framework of ordered random
variables. A comprehensive treaty of order statistics is
given in David and Nagaraja (2003). Record statistics
have been defined by Chandler (1952) and he has shown
that the density function of A" upper record statistics,
when a random sample of size n is available from a
distribution F(x) is:

£(x) =ﬁf(X)[R(X)]H : 5)

where R (x) = —ln[l -F (x)] . Also, the distribution of
lower records is
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where H (x)= —ln[F(x)] .

Ahsanullah (2004) has discussed record statistics for
several distributions including exponential, Weibull and
others. Specifically, the distribution of the " record for
equation (1) is:

w ) ==L whrex —W—y.
F () i) p[ ﬂj (7)

The 4™ moment of the k™ record statistics of Weibull

distribution is:
F(k + ﬁj .
4 (8

ﬂh/ 4
I (k)

In this paper the distribution of record statistics for
ratio of Weibull random variables have been derived.
Many authors have studied the order and record statistics
in the context of specialised distributions. Shahbaz and
Shahbaz (2012) have studied order statistics for Gumble
distribution. Some other notable references are Shahbaz
et al. (2009), and Shahbaz and Shahbaz (2009; 2010).
The distribution of ratio of two Weibull random variables
as discussed by Nadarajah (2010) has been given in the
following section.

E(w)-

METHODOLOGY

The basic methodology contains distribution of ratio of
two random variables as discussed by Nadarajah (2010),
which plays a very important role in modelling various
phenomenon, for example stress and strength study of
components. In addition the methodology contains
distributions of upper and lower records for ratio of
Weibull random variables, which is given in following
sections. Ali et al. (2007) have studied the distribution
of ratio of two inverted Gamma variates and discussed
some of its properties. Mekic et al. (2012) have studied
the distribution of ratio of several random variables
including Rayleigh distribution. The distribution of ratio
of Weibull random variables has also been discussed by
Mekic et al. (2012) and is given as below:

Let W, and W, be independently distributed Weibull
random variables with common shape parameter ¥ and
scale parameters f3, and [3,. The probability density
and distribution functions of W and W, are, respectively:

f(Wl)_F]leleXP[ ﬂlj (1)=1—exp[—%jan
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fw,) =Fiw exp[_%:j (Wz) exp[_%{j

Let X =W, / W, be the ratio of two Weibull random
variables, then the density function of X can be obtained
by using:

fx (x)zjwzfm (xwz)fwz(wz)dwz; (9
and is given as
BB
flx)=—"—=5;x>0.
=) (B+Bx) ..(10)

The distribution function of the ratio can be obtained
by using:

Fy (x):J.le (xwz)fwz(wz)dwz. (1)
0
and is given as

x>0.

Fy (x) - B , -(12)

BB

The A" moment of ratio of Weibull variates is obtained
as:

E(Xh):J‘O W.B,x

dxj(l+ﬂ2>x

CI&S G-

The mean and variance of the ratio of Weibull
variates can be obtained from equation (13). The values
of mean, variance, skewness and kurtosis for distribution
in equation (10) are given in Table I in Appendix. From
the table we can see that the parameters S, and /S,
control the location and variability of the distribution,
as for fixed 7 change in these coefficients has no effect
on skewness and kurtosis of the distribution. Further, we
can see that as 7 increases the mean, variance, skewness
and kurtosis start decreasing. Also for fixed 7, increase
in B, and S, bring increase in mean and variance of the
distribution.

The distribution of upper record for Weibull variates
has been derived in the following section.
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RESULTS AND DISCUSSION

Shakil and Ahsanullah (2011) have studied the
distributional properties of the upper records of ratio
of Rayleigh variates. In this section we derive the
distribution of upper as well as of lower records of ratio
of Weibull variates. The density function of n™ upper
record is given in equation (5) and that of lower record is
given in equation (6).

Now using the density and distribution function of

ratio of Weibull random variables in equation (5), the
density of upper records is:

BB Mﬂl + B ﬂ |
lq(n)(ﬁ1 +ﬁ2x7)2 B

n=12.3,...

fU(n)('x):

(14)

The distribution function of n upper record for ratio
of Weibull variates is readily written as

L toe 2
T { log( 8 D

Again, using the density and distribution function of
ratio of Weibull random variables in equation (6), the
density function of n lower record is

B {m( A +1ﬂnl,
F(n)(ﬁl +ﬂ2x7) Bx

n=1273,...

F (n)(x)zl_

U

(15)

fL(n)(x):

(16

We now study some distributional properties of
upper and lower records of ratio of Weibull variates in
the following section. The distribution function of lower
records is immediately written as

FL(n) (x)= F(n,log(ﬂiy +1D

We now give distributional properties of upper and
lower records in the following.

['(n) -(17)

Distributional properties of records of ratio of
Weibull variates

In this section, the moments, survival and hazard
functions and entropy of the record values of ratio of
Weibull random variables are obtained

167
Moments

The £ moment of the n® record value X(n) is given as:
E[X[’j(n)] = J_Z x“f(x,)dx
Using equation (14) in the above equation, we have:
[ 5 {ln(ﬁ‘ wlisd HH dx.
o T(n)(B+Bx7) b,
B+ Bx

) in the
B

K7 o
E[Xl’j(n)] =ﬁ[%} !(e’ —1) " e

Mﬂzxyil

Making the transformation f= ln[
above equation we have:

kY o
- (ﬁj I (1 —e” )k/y e gy
(n)\ 5,

0

Now using the following series expansion for positive
real & :

« o T(a+l)
14 =Y 20
(1+2) ;h!r(aﬂ—h)z :

we have

Z‘O: h T k/}/-l-l e_th
h=0 h\r k/}/-l-l—h

and hence the A" moment of the n™ record of the ratio of
Weibull variates is:

coy 1 S T (k/y+1)
E(X’f("))_r(n)[ j hz(; hvr (k/y+1—h)

J‘O“’ e—t(]—k/;/Jrh)tnfldt

Now making the transformation ¢(1—k/y+h)=u,

the £ moment of the n™ record value for ratio of Weibull
random variables is:

e[4S

T (k/y+1) [ y j

R\ (k/y+1-h) y+hy—k ..(18)
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The mean and variance of the n™ upper record for ratio
of two Weibull random variables can be obtained from
equation (18). Table II contains values of mean, variance,
skewness and kurtosis for distribution of record values of
ratio of Weibull random variables. From Table II we can
see that for fixed 7 the mean and variance increase with
increase in the value of n. The skewness and kurtosis first
show a decrease and then increase with the increase in 7.
For fixed n the mean, variance, skewness and kurtosis
decrease with increase in the value of 7 . We can also see
that for all values of n and 7, the distribution of upper
records of ratio of Weibull variates is positively skewed.

Again, the k" moment of lower record values for ratio
of Weibull random variables is given as

E(Xi )= ], 5 i ()=

<k
[
0

}ﬁlﬂl‘x}/_] l:ln[ ﬂl
F(n)(ﬂl +,32xy) Box”

n-1
+ IH dx

Making the transformation In ( B/ Bx + 1) =t we
have

E(Xk )= 1 ﬁk/y,"w(l—eT)_k/ye_fmk/y)t"ldx
L(n) F(n) B, 0 ’

Now using the expansion

e w I h
(I-x) =thobxh;x<l,

I'(h)
we have
k 1 S F(k/7+h) 1(14+k/y+h) n—1
E(X“")):m)(?zj 2Ty b
or
L =T (k/y+h) y !
E(Xim)= [ j hz(; T'(k/y) [7h+7+kJ

(19

We have computed the mean, variance, skewness and
kurtosis of the distribution of lower records and are given
in Table Il for g =4, =1.

From Table III we can see that for fixed 7 , the mean
and variance have a decreasing trend with increase in
the value of n. The skewness shows an increasing trend
with increase in n. Also, the kurtosis of lower records
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first shows a decreasing trend with increase in n and then
shows an increasing trend with increase in n. Further,
we can see that for fixed n, the mean of lower records
shows increasing trend with increase in 7 . The variance,
skewness and kurtosis show a decreasing trend with
increase in 7 . The kurtosis shows an increasing trend
only at n = 2. Further, we can see that the distribution of
lower records is negatively skewed for all values of the
parameters.

Survival and hazard functions

The survival and hazard functions of n" record value X(n)
with the pdf (14) and cdf (15) are respectively, given by

1
Sy (X)=1=F,, (x) :%F(n,log(ﬂzxy/ﬁl +1))
.(20)

The survivorship function for lower record is written
from equations (16) and (17) as

1
Sy (x)=1=F, (x) :1—%1“(11, log(B/ B +1)).
21

Graph of survival function of upper records for
different choices of parameters f,, f,,7 and n are given
in Figure I in Appendix.

The hazard rate function is given as

fU(u) (X) _ ,Blﬂz}/xy'] log™! (ﬁzxy/ﬂl +1) )
1=Fy (¥) (B4+4,27) T(n.log (B +1))

The hazard rate function for lower records is

n (e tunlx) _ ARyl (/B )
L(n) 1-F,, (%) (ﬂ]+ﬁ2x7)2F(",log(ﬂl/ﬂzxy‘l'l))

The graph of hazard rate function of upper records
for various values of parameters are given in Figure II in
Appendix.

Entropy

The entropy of ratio of Weibull random variables is given
as:

S]] 245

(B+B, ")

yﬂl ﬂZ xV" dx
(B+p)
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which on simplification becomes:
L. (B
E|-Inyf(x)t|=2——In —2]—ln ¥

The plot of entropy can be made from equation (22).

(22)

Estimation using records

In this section we have given estimation and application
of the distribution of ratio of Weibull random variables.
The estimation and application are given based upon the
records.

Estimation using upper records
The density and distribution function of the ratio of

Weibull random variables are given in equations (10)
and (12) as

_ BB ..(10)
f(x)= z
(B,+B.x7)
and
_ BX )
F, (x)_—ﬁl+,6’2x7 (12)

We now give estimation of parameters of the
distribution of records. The joint distribution of records
is given by Shahbaz et al. (2016) as

n—1
fl,z,.“,n (xl’x2""’xn ) = |:Hr(xi)i|f(xn )’

(23)

169
The log of likelihood function is
InL(x|f,.5,.y)=nlny+Inf +nln g, +(y—1)
n n—l
Diinx, = In(f+ Box] )= 2In( B + Box])-
i=1 i=1
(24

The derivatives of likelihood function with respect to
the parameters are

olnLF(x) 1 2 SR

BB BB BA A (26)
dlnLF(x) _n__ 2x _”Z’l‘ x/

9p, By BB T BB .27
dInLF(x) _n_pBxInx, Inr Sox! Inx,

dy Y BB ZI: " Z + 55 (28)

The maximum likelihood estimates can be obtained
by simultaneously solving the equations

dInLF (x)
9B,

dInLF (x)

d dInLF (x)
G dy

The entries of Fisher information matrix are given
below

’InLF(x) 1 . 2 RS 1
where r(x,)=f(x,)/{1-F(x)}. Now using equations B R R N2
(10) and (12) we have : ' (ﬁ‘ +'52x”) - (’Bl B )
-1
r(x) =2 PMLF(x)  n 2w
l ﬂl +152xy aﬂz __F-‘_ +
2 s (B al) z%@+@ o)
The joint distribution of records for ratio of Weibull
random variables is therefore 9> InLF (x) _n 2B (inx, ) N ot By 27(lnx)
-T2
L(XllBI’IBZ’}/):fl,Z,...,n('xl’XZ""’xn) o7 Y (ﬂl +5 n) =l (ﬂu +ﬁ2xi)
_ ( n—1 wz_xty_l J Jﬁlﬁz _gﬂzxiy(lnxf )2
it B+ B! (ﬁl + B, x] ) o B+ Px!
N | PILF(x) 2o
5 =
]‘[i:I (B+Bxl) (B+Bx) 9B,95, (,Bl+ﬂ2x) par (ﬂl+ﬂ2 )
Journal of the National Science Foundation of Sri Lanka 46(2) June 2018



170

0*InLF(x ) 283,x Inx, Sox! Inx,
WY (B+pr) T+ )
0’InLF(x)  2Bx7Inx, N & BxIny,
B0y (181 +ﬂ2xn) =l (131 +,Bzxi7)2
”Zl: x/ Inx,
i=1 ﬁl +ﬁ2

The entries of Fisher information matrix can be
computed for any given data.

Estimation using lower records

In this subsection, we have discussed the estimation
of parameters based upon lower records. The joint
distribution of lower records is given by Shahbaz et al.
(2016) as

Sz (xuxz’-'-’xn):[ﬁ f(Xi):If(xn)

o F(x)

.(28)

Now using the distribution of ratio of Weibull variates
from equations (10) and (12), in equation (28) we have

Bander Al-Zahrani et al.
dlnLF(x) 1 2x7 &

9, _E B+ poxy I B+ Box] -.(31)
OLF(x) n 2Bx/Inx, & Bl Inx,
I Yo BB T BB -(32)

The maximum likelihood estimates can be obtained by
simultaneously solving the equations

dlnLF (x)
9B,

_o; dInLF (x) 0 and dInLF(x)

b, dy

=0.

The entries of Fisher information matrix are given below

821nLF(x) n i
Tz_j-’— +

A A (/31+/32 ) zl(ﬂ1+ﬂ2 )
azlnLF(x)__L 2x27 +” ! X7

aﬁzz ﬁ22 (ﬁ1+ﬁ2 ) ’:l(ﬂ1+ﬂ2 )

’ILF(x) n zﬂlﬁzxg(lnx")2+ 227 (Inx, )’

L(x|B.5,.7) = fraon (X1 %500, 07’ - & (ﬂl +ﬂ2x,f)2 = (ﬂl + fox! )
X BB
[H 1+1,B2 X(ﬁ _I,.; 7)2 nzl:ﬂz (lnx)
X,
1 2 i=1 ﬁl +ﬁ2 Xi
7/1/61 ﬁ2H[ 1 i 1 .
n-1 2 n—
H (ﬁ] + Bx] ) (ﬁl+ﬂ2xrf) aszF(x): 2 |
BB (p+p) (ﬂl e )
The log of likelihood function is
. 0*InLF(x)  2B,x Inx, < Bx/Inx
InL LBy, v)=nlny+nl +1 - Inx, - 2 2
A R WOV (p+pl) T (BB
n-1
_Zln(ﬂ] +ﬂ2xiy)_ ZIH(ﬂl +,B2xny)' 0’ InLF(x) 25 x Inx, N & Bx Inx,
i=1 == 2
.(29) P07 (ﬂl +ﬁ2xn) =l (ﬁl +ﬂ2xiy)
Now the derivatives of log of likelihood function 5 Iy
with respect to the parameters are given below = B+ B!
dln LF(X) _n_ 2 _ ni 1 The entries of Fisher information matrix can be
9f, B B+ B I BB ..(30)  computed for given data.
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Application

In this sub-section we have given the application
of the distribution of ratio of Weibull random
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variables. The data we have used is exceedness of
flood peaks (in m’s’) of Wheaton river as used by
Choulakian and Stephens (2001). The data is given
below

1.7 2.2 14.4 1.1 0.4 20.6 53 0.7 1.9 13.0 12.0 9.3
1.4 18.7 8.5 25.5 11.6 14.1 22.1 1.1 2.5 14.4 1.7 37.6
0.6 22 39.0 0.3 15.0 11.0 7.3 22.9 1.7 0.1 1.1 0.6
9.0 1.7 7.0 20.1 0.4 2.8 14.1 9.9 10.4 10.7 30.0 3.6
5.6 30.8 13.3 42 25.5 3.4 11.9 21.5 27.6 36.4 2.7 64.0
1.5 2.5 27.4 1.0 27.1 20.2 16.8 53 9.7 27.5 25 27.0
Table 1:  Fitted distribution values
Parameters AIC A-D Test
(standard error in parenthesis) (p - value)
Weibull 2=11.630"" y=0.901" 506.997 0.844
(1.602) (0.086) (0.5501)
Exponentiated 2=0.019" y=1.346" a=0.541" 508.055 57.510
Weibull (0.029) (0.401) (0.234) (<0.0001)
Kumaraswamy a=1.198" b=0.127" y=0.857"" 508.831 62.489
Weibull (0.383) (0.016) (0.006) (<0.0001)
Ratio of p=2422" p,=0.238"" y=1212" 502.678 1.472
Weibull (0.683) (0.067) (0.011) (0.1833)
Record values of p=1.922" p,=0.174" y=1412" 497.226 0.625
ratio of Weibull (0.483) (0.032) (0.019) (0.6241)

*#%: p-value < 0.0001; **: p-value < 0.001; *: p-value < 0.05; x: p-value > 0.05

We have fitted the distribution of upper records of
ratio of Weibull random variables, ratio of Weibull
distribution, exponentiated Weibull, Kumaraswamy
Weibull and Weibull distribution to above data. The
parameter estimates are given in Table 1.

From Table 1 we can see that the distribution of
record values of ratio of two Weibull variables fits the
data well as compared with competing distributions.

Recurrence relations for moments of record values

In this section, we have given the recurrence relations for
moments of upper and lower records for the distribution
of ratio of Weibull random variables. These recurrence
relations are derived in the following sub-sections.

Recurrence relations for moments of lower record
values

In this sub-section we have derived the recurrence
relations for moments of lower records of ratio of
Weibull random variables. For this, we first see whether
the density and distribution function of ratio of Weibull
random variables are related as

x B on
F(x):{—+—2x7 }f(x).
v Ay (33)

We also have the following relations between
moments of lower record values as given by Ahsanullah
(2004)

Journal of the National Science Foundation of Sri Lanka 46(2)
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MYy = HE ﬁf:ﬂ 'F(x)[H (x)]" dx
..(34)
and
p . q <[
o) ~ i) =~ T T ) [

f (Xl ) m—1 n—m—1
H x| H -H
XF()CI)[ (xl)] [ (x2) (xl ):|
F(x,)dx,dx,.
...(35)
Now using equation (33) in equation (34), we have the

following recurrence relation between single moments of
lower record values for ratio of Weibull random variables

yx”‘}f(X)}

p o=l x B
Moy =M == x? {—+—
Ho e F(")IO [ y B

n-1 P 182 pty
[H (x)] dx= _§|:'UL(n) B 7 M i|

or

/4 _PB oy
My = +y{ﬂ“’ I ﬂf(n)}' -

Again using equation (33) in equation (35), we
have the following recurrence relation between product
moments of lower record values for ratio of Weibull
random variables

Bander Al-Zahrani et al.

The single and product moments for lower records can
be computed recursively from equations (36) and (37).

Recurrence relations for moments of upper record
values

In this sub-section we have derived the recurrence
relations for moments of upper records of ratio of
Weibull random variables. For this, first we see whether
the density and survivorship function of ratio of Weibull
random variables are related as

Rl

xH}f(x).

.(38)

We also have the following relations between
moments of lower record values as given by Ahsanullah
(2004)

= B ﬁ) [T [1=F(x)][R(x)

.(39)
and
ﬂz[;izn,n) - /15{,1”71,,,) = mji Ji X x4
xr()[R(x)]" (R(x)-R(x)] ™
[1 - F(x, )]dxzdx,. (40)

Now using equation (38) in equation (39), the
following recurrence relation is obtained for single

urs - b __ Jm J'X' e
Limn) — FL(m=Ln) = —m) I 1 moments of upper record values for ratio of Weibull
random variables
f(xl) m—1 n—m—1
X H(x X| H(x,)—H (x by P "ol X By
F(xl)[ O H () H )] o) ﬂuw—n‘r(n)jo ) I:{7+ﬂ27x }f(x)}
ﬂz y+1 n-1 P ﬂ _
{ v By (%) dxydx; [R(x)] dx=; y{]’(n) +?;,ng("}3
or
__49| ,ra + & p.gt+y p ﬁ
y[#L(m,n) ﬂl #L(m,n)j or ﬂg(n) :E|:‘ll5(n 1 W]’L{U
...(41)
, /4 4 4B
ﬂf(,q,t,n) :T{Uf(zl_l n) wz ﬂf ,q,:rny } . Again using equation (38) in equation (40), we
r+q have the following recurrence relation between product
moments of lower record values for ratio of Weibull
..(37)  random variables
June 2018 Journal of the National Science Foundation of Sri Lanka 46(2)
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pa_pra —_ 4 [T, p g
/um,n /um—l,n - F(m)r(n—m)j—mj—wxl )C2

{);f+l£l}/x£7}f(x2)dx2dx,

_41 ,pa B var ]
- lLl m,n +7lLl m,n
7/[ U(m.n) B, U(m.n)

or

M) =

o q{ﬂﬁ(in_l,n) +q—ﬁ1ﬂ5327]

7- V75 ..(42)

The single and product moments for lower records can
be computed recursively from equations (41) and (42).

CONCLUSION

The distribution of upper records has simple density
function, whereas the distribution of lower records has
a slightly complex density. The distribution of upper
records for ratio of Weibull random variables is positively
skewed, whereas the distribution of lower records is
negatively skewed. The moments of records values for
ratio of Weibull variates are nicely related and hence the
higher order moments can be computed from the lower
order moments.

Acknowledgement

This work was supported by the Deanship of Scientific
Research (DSR), King Abdulaziz University, Jeddah,
under grant number (D—-81-130-1437). The authors
gratefully acknowledge the DSR technical and financial
support.

REFERENCES

1. Ahsanullah (2004). Record Values-Theory and Applications.
University Press of America, Lanham, MD, USA.
2. AliM.M., Pal M. & Woo J. (2007). On the ratio of inverted

10.

11.

12.

13.

14.

15.

173

Gamma variates. Australian Journal of Statistics 36(2):
153 - 159.

Chandler K.N. (1952). The distribution and frequency of
record values. Journal of the Royal Statistical Society:
Series B 14: 220 —228.

Choulakian V. & Stephens M.A. (2001). Goodness of fit
tests for generalized Pareto distribution. Technometrics
43(4): 478 — 484.

DOI: https://doi.org/10.1198/00401700152672573

David H.A. & Nagaraja H.N. (2003). Order Statistics, 3™
edition. John Wiley and Sons, New York, USA.

DOI: https://doi.org/10.1002/0471722162

Fréchet M. (1927). Sur la loi de probabilité de 1’écart
maximum. Annales de la Société Polonaise de
Mathematique, Cracovie 6: 93 — 116.

Meki¢ E., Sekulovi¢ N., Bandjur M., Stefanovi¢ M. &
Spalevi¢ P. (2012). The distribution of ratio of random
variable and product of two random variables and
its application in performance analysis of multi-hop
relaying communications over fading channels. Przeglad
Elektrotechniczy 88: 133 — 137.

Nadarajah S. (2010). Distribution properties and estimation
of ratio of independent Weibull random variables. Ast4
Advances in Statistial Analysis 94: 231 — 246.

DOI: https://doi.org/10.1007/s10182-010-0134-1

Rosin P. & Rammler E. (1933). The laws governing the
fineness of powdered coal. Journal of the Institute of Fuel
7:29 - 36.

Shahbaz M.Q., Ahsanullah M., Hanif Shahbaz S. & Al-
Zahrani B. (2016). Ordered Random Variables: Theory and
Applications. Atlantis Press, Paris, France.

DOI: https://doi.org/10.2991/978-94-6239-225-0

Shahbaz M.Q. & Shahbaz S. (2009). Order statistics and
concomitants of bivariate pseudo Rayleigh distribution.
World Applied Sciences Journal 7(7): 826 — 828.

Shahbaz S. & Shahbaz M.Q. (2010). On bivariate
concomitants of order statistics for pseudo exponential
distribution. Middle-East Journal of Scientific Research
6(1): 22— 24.

Shahbaz S. & Shahbaz M.Q. (2012). Distribution of largest
order statistics for bivariate pseudo truncated gumble
distribution. World Applied Sciences Journal 19(2):
246 —247.

Shahbaz S., Shahbaz M.Q. & Mohsin M. (2009). On
concomitant of order statistics for bivariate pseudo
exponential distribution. World Applied Sciences Journal
6(8): 1151-1156.

Shakil M. & Ahsanullah M. (2011). Record values of
ratio of Rayleigh random variables. Pakistan Journal of
Statistics 27(3): 307 — 325.

Journal of the National Science Foundation of Sri Lanka 46(2)

June 2018



174 Bander Al-Zahrani et al.

Appendix
Table I: Mean, variance (Var), skewness (Sk) and kurtosis (Ku) of the distribution
Y
y=4.5 y=5.5 y=6.5
B, B, Mean  Var Sk Ku Mean Var Sk Ku Mean Var Sk Ku
1.5 1.5 1.09 0.24 0.11 62.02 1.06 0.14 -0.91 19.50 1.04 0.09 -1.38 12.07
2.0 1.16 0.27 0.11 62.02 1.11 0.16 -0.91 19.50 1.09 0.10 -1.38 12.07
2.5 1.22 0.30 0.11 62.02 1.16 0.17 -0.91 19.50 1.13 0.11 -1.38 12.07
3.0 1.27 0.32 0.11 62.02 1.20 0.18 -0.91 19.50 1.16 0.12 -1.38 12.07
35 1.31 0.35 0.11 62.02 1.23 0.19 -091 19.50 1.18 0.12 -1.38 12.07
4.0 1.35 0.37 0.11 62.02 1.26 0.20 -0.91 19.50 1.21 0.13 -1.38 12.07
2.0 1.5 1.02 0.21 0.11 62.02 1.00 0.13 -0.91 19.50 0.99 0.09 -1.38 12.07
2.0 1.09 0.24 0.11 62.02 1.06 0.14 -0.91 19.50 1.04 0.09 -1.38 12.07
2.5 1.14 0.26 0.11 62.02 1.10 0.15 -0.91 19.50 1.08 0.10 -1.38 12.07
3.0 1.19 0.29 0.11 62.02 1.14 0.16 -0.91 19.50 1.11 0.11 -1.38 12.07
35 1.23 0.31 0.11 62.02 1.17 0.17 -0.91 19.50 1.13 0.11 -1.38 12.07
4.0 1.27 0.32 0.11 62.02 1.20 0.18 -0.91 19.50 1.16 0.12 -1.38 12.07
2.5 1.5 0.97 0.19 0.11 62.02 0.96 0.12 -0.91 19.50 0.96 0.08 -1.38 12.07
2.0 1.03 0.22 0.11 62.02 1.01 0.13 -0.91 19.50 1.00 0.09 -1.38 12.07
2.5 1.09 0.24 0.11 62.02 1.06 0.14 -091 19.50 1.04 0.09 -1.38 12.07
3.0 1.13 0.26 0.11 62.02 1.09 0.15 -0.91 19.50 1.07 0.10 -1.38 12.07
35 1.17 0.28 0.11 62.02 1.12 0.16 -0.91 19.50 1.10 0.10 -1.38 12.07
4.0 1.21 0.29 0.11 62.02 1.15 0.17 -0.91 19.50 1.12 0.11 -1.38 12.07
3.0 1.5 0.93 0.18 0.11 62.02 0.93 0.11 -0.91 19.50 0.93 0.08 -1.38 12.07
2.0 0.99 0.20 0.11 62.02 0.98 0.12 -0.91 19.50 0.98 0.08 -1.38 12.07
2.5 1.04 0.22 0.11 62.02 1.02 0.13 -0.91 19.50 1.01 0.09 -1.38 12.07
3.0 1.09 0.24 0.11 62.02 1.06 0.14 -0.91 19.50 1.04 0.09 -1.38 12.07
35 1.12 0.26 0.11 62.02 1.09 0.15 -0.91 19.50 1.06 0.10 -1.38 12.07
4.0 1.16 0.27 0.11 62.02 1.11 0.16 -0.91 19.50 1.09 0.10 -1.38 12.07
35 1.5 0.90 0.16 0.11 62.02 0.91 0.10 -0.91 19.50 091 0.07 -1.38 12.07
2.0 0.96 0.19 0.11 62.02 0.95 0.11 -0.91 19.50 0.95 0.08 -1.38 12.07
2.5 1.01 0.21 0.11 62.02 0.99 0.12 -0.91 19.50 0.99 0.08 -1.38 12.07
3.0 1.05 0.22 0.11 62.02 1.03 0.13 -0.91 19.50 1.02 0.09 -1.38 12.07
35 1.09 0.24 0.11 62.02 1.06 0.14 -0.91 19.50 1.04 0.09 -1.38 12.07
4.0 1.12 0.25 0.11 62.02 1.08 0.15 -0.91 19.50 1.06 0.10 -1.38 12.07
4.0 1.5 0.87 0.15 0.11 62.02 0.88 0.10 -0.91 19.50 0.89 0.07 -1.38 12.07
2.0 0.93 0.18 0.11 62.02 0.93 0.11 -0.91 19.50 0.93 0.08 -1.38 12.07
2.5 0.98 0.19 0.11 62.02 0.97 0.12 -0.91 19.50 0.97 0.08 -1.38 12.07
3.0 1.02 0.21 0.11 62.02 1.00 0.13 -0.91 19.50 0.99 0.09 -1.38 12.07
35 1.05 0.22 0.11 62.02 1.03 0.13 -091 19.50 1.02 0.09 -1.38 12.07
4.0 1.09 0.24 0.11 62.02 1.06 0.14 -0.91 19.50 1.04 0.09 -1.38 12.07
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Table II: Summary measures for distribution of upper records
y=4.5 y=35.0

n Mean Var Sk Ku Mean Var Sk Ku

2 1.65 0.32 10.48 487.45 1.56 0.18 13.54 244.29
3 2.13 1.20 4.24 415.39 1.95 0.72 3.16 124.99
4 2.73 2.95 4.12 684.72 2.44 1.69 2.41 143.44
5 3.51 6.50 4.89 1337.72 3.05 3.51 2.63 194.15
6 4.52 13.58 6.05 2827.78 3.81 6.86 3.13 279.29
7 5.81 27.47 7.50 6282.35 4.77 12.97 3.77 414.95
8 7.47 54.43 9.27 14474.10 5.96 24.00 4.53 630.42
9 9.60 106.18 11.39 34304.80 7.45 43.71 5.39 975.14
10 12.34 204.68 13.94 83169.60 9.31 78.64 6.37 1531.86
11 15.87 390.81 17.00 205396.0 11.64 140.11 7.47 2439.42
12 20.40 740.47 20.70 515028.0 14.55 247.63 8.73 3932.00
13 26.23 1394.03 25.18 1307920 18.19 434.78 10.16 6406.46
14 33.73 2610.39 30.59 3357170 22.74 759.11 11.77 10538.60
15 43.37 4865.88 37.17 8965810 28.42 1319.03 13.61 17484.40

y=5.5 7=6.0

n Mean Var Sk Ku Mean Var Sk Ku

2 1.49 0.10 20.64 193.99 1.44 0.06 36.43 174.95
3 1.83 0.46 2.81 70.34 1.73 0.32 2.83 48.95
4 2.23 1.07 1.57 69.13 2.07 0.72 1.11 44.33
5 2.73 2.11 1.52 81.00 2.49 1.38 0.87 48.13
6 333 3.93 1.76 100.60 2.99 2.46 0.97 55.41
7 4.07 7.05 2.10 128.22 3.58 4.24 1.17 65.37
8 498 12.38 2.52 165.92 4.30 7.13 1.43 78.09
9 6.09 21.39 2.98 217.08 5.16 11.82 1.72 94.03
10 7.44 36.48 3.49 286.63 6.19 19.33 2.03 113.91
11 9.09 61.63 4.05 381.55 7.43 31.29 2.37 138.69
12 11.11 103.26 4.66 511.72 8.92 50.25 2.74 169.62
13 13.58 171.85 5.33 691.08 10.70 80.14 3.13 208.33
14 16.60 284.37 6.07 939.39 12.84 127.08 3.54 256.88
15 20.29 468.24 6.87 1284.71 15.41 200.52 3.99 317.96

Var: variance; Sk: skewness; Ku: kurtosis
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Table III: ~ Summary measures for distribution of lower records
Y
y=4.5 y=50

n Mean Var Sk Ku Mean Var Sk Ku

2 0.728 0.065 -2.661 3.136 0.747 0.057 -2.762 3.127
3 0.572 0.046 -2.605 3.151 0.601 0.042 -2.712 3.061
4 0.458 0.035 -2.547 3.101 0.492 0.033 -2.659 2.971
5 0.371 0.027 -2.456 3.147 0.406 0.027 -2.573 2.979
6 0.302 0.021 -2.343 3.302 0.337 0.022 -2.467 3.085
7 0.246 0.016 -2.220 3.549 0.280 0.017 -2.352 3.268
8 0.201 0.013 -2.092 3.873 0.233 0.014 -2.235 3.516
9 0.164 0.010 - 1.963 4.267 0.194 0.011 -2.117 3.818
10 0.135 0.007 -1.834 4.725 0.162 0.009 -2.001 4.169
11 0.110 0.005 - 1.705 5.246 0.135 0.007 - 1.886 4.566
12 0.090 0.004 - 1.576 5.828 0.112 0.005 - 1.773 5.006
13 0.074 0.003 - 1.448 6.473 0.093 0.004 - 1.661 5.490
14 0.060 0.002 -1.320 7.183 0.078 0.003 - 1.550 6.017
15 0.049 0.002 - 1.191 7.963 0.065 0.002 - 1.439 6.589

Y
y=55 y=6.0

n Mean Var Sk Ku Mean Var Sk Ku

2 0.765 0.050 -2.853 3.156 0.780 0.045 -2.937 3.218
3 0.627 0.038 -2.804 3.017 0.649 0.035 -2.884 3.007
4 0.522 0.031 -2.752 2.895 0.548 0.029 -2.831 2.854
5 0.438 0.026 -2.669 2.874 0.466 0.025 -2.751 2.810
6 0.369 0.022 -2.569 2.943 0.398 0.022 -2.655 2.849
7 0.311 0.018 -2.461 3.080 0.341 0.018 -2.553 2.952
8 0.263 0.015 -2.352 3.272 0.292 0.015 -2.450 3.102
9 0.223 0.012 -2.243 3.510 0.250 0.013 -2.348 3.292
10 0.188 0.010 -2.137 3.787 0.214 0.011 -2.249 3.515
11 0.159 0.008 -2.033 4.099 0.184 0.009 -2.153 3.766
12 0.135 0.006 - 1.930 4.444 0.157 0.007 -2.060 4.044
13 0.114 0.005 - 1.830 4.821 0.135 0.006 - 1.968 4.346
14 0.096 0.004 - 1.731 5.228 0.116 0.004 - 1.879 4.671
15 0.082 0.003 -1.634 5.667 0.099 0.004 - 1.791 5.019

Var: variance; Sk: skewness; Ku: kurtosis
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