INSEL-1-23

- J."Nartn. Sci. Coun. Sri Lanka 1978 6 (1) : 23- 26

The Set of Numbers {1, 5, 10}

HARIMALADEVI BALASUNDERAM

Department of Mathematics and Statistics, University of Sri Lanka,
Jaffna Campus, Thirunelvely, Sri Larka.

(Paper accepted : 5 December 1977)

Abstract 1 The set of numbers {1 5, 10} has the property that, the product of
any two decreased by 1, is a square. It is shown that there exists no positive 1nteger c
such that the set { 1, S. 10, c} possesses the same property.

1. Introduction

The set of numbers [ 1, 3, 8, 120 ] has the property that, the product of any two
increased by 1. is a square.. Baker and Davenport! have proved that the property
* does not hold, if 120 is replaced by any other positive integer. The proof is based
on Baker’s Theorem in Diophantine . Approximation. Kanagasabapathy and
Ponnudurai? have described another method using nothing deeper than quadratic
reciprocity, by which the result may be obtained. In this paper, we deal with the
numbers 1, 5 and 10 which have the property that the product of any two decreased
by 1, is a square. We prove the following theorem concerning these numbers :

2. Statement of the Theorem

Theorem : There exists no positive integer ¢ such that the product of eviry pair of
numbers of the set [ 1, 5, 10, ¢ ] decréased by one, is a perfect square.

Proof ::

To establish our result, it is sufficient to show that the equations

-1 =2x?
and Sc -1 =37
10c - 1 = 22

-

cannot hold simultaneously for any positive integral values of x, y, z and c.

These equations lead to

- Yy — Sx2 == 4 _ (D
and - :

22 -2y = ] - T
5—16489
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All the non-negative integral solutions of the Pell Equation (2) are obtained from
the following formula :

Z + 0 = (1 + 42)" €}

where n is a positive integer or zero.
Using (3) we obtain easily the following relations :-
Zmin = ZmZn + 2Wmla
Ymtn = VYmEn + yr;zm
R N
Zn o= 22k 20 = 252 - 1 = 1+ 4y
P = Wutn
The following congruence holds :

Vutze =~y (mod z,) | | 4
We need the following results which can be easily established by induction :

Q) z, is odd. ‘

() If k = 2%, where ¢ is an integer, then

Zy = 1 (mod 8), for ¢ > 0 0)
Zy = 2 (mod 5), forr > 0 (6)
zy = -1 (mod 17, fort = 0 . @)
Zy = 1 (mod 17) forr > 1 8)

We requlrc the following table of values :

TABLE 1
n yn \ zn _
(1} 0 _ 1
1 2 3
2 12 17
3

70 99

From (1) we obtain
(5% = 5(ya> — 4). ®
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The proof is now accomplished in three stages :

(@ (9) is impossible if » = 0 (mod 4),
For, uvsing (4) we obtain
‘ . = 0 (mod 17)

Thus, we find that ‘
(5x,)* = - 20 (mod 17)
and since (-20|17) =-1, (9) is impossible.

(b)) (9) is impossible if n = 2 (mod 4).
For, using (4) we obtain

Yo = + 12 (mod 17)
Thus, we find that .
(5x,)%? = 20 (mod 17)
and since (20 | 17) = - 1, (9) is impossible.

(o) A(9) is impossible if n = + 1 (mod 4), n % + 1, thatis n

1 = + 1| + 4k + 8k,
where r is an integer and k = 2! with 7 an integer > O. .

For, using (4) we obtain

£ Yy (mod zy)

Yo =
= +3p, (mod z,)
Which implies
2007 = 9(zy2-1)
' = -9 (mod z,) . .
Thus we find that
(10x,)? 10( 2y,2-8)

10(-17) (mod z, )
= -2.5.17 (mod z,,)

) @) () ()

= (i> (%) using the congrueﬁces (5 to (8)

[

and since

(- 2.5.1 7)
Zge  /

|

5
= - 1,

and so (9) is impossible.
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Hence there exist no integral values x, y, z which satisfy equations (1) and (2) simul-
taneously. The theorem now follows. '

/
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