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ABSTRACT

Control chats are vridely used to establish and nainrain statistical control of a process. They are
dso eflective devices for estimating Focess parameters, particularly in process- capabilily
studies. Ile design of a contol chart requnes dr engineer or analyst ro selecr a sanple sue, a
sampiing lrequency and the control limirs for the chatr. Selection of these three parameien is
usually calledthe designofthe contol charts.

Traditionally, control charts have been designed with respect to staristical crirerja only. This
usually nvolves selecting d1e sanple size and conrol limits for prederemined valucs of a and
p risks. Ihe design ofa control chart has cconomic conseqxences in thar the cost ofsampxng.
cost of tesring. cost associaled with investigaimg out of,control signals, cosr or correitg
assignable causes and cost of allowing non confiming units !o reach thc consumer are all
affected by the choice of ihe conrrol char! paramerers. Therefore, ir is togicat ro consider rhe
desiga of a control chan ftom an economic vie*?oinr.

This research paper proposed an economic model for Fraction Non-coniming euatity Conrol
Charl (p cha.t), by presenting an algoritbm for detemining the most cconomic conrol
parametels such as sample size_ sanrpling ftequency, and the conrot limirs that will yield
maximum average net income of the process. Finally, the outpui of the econonic model $as
presented in a tabular fonn which provides the quality controller to choose the desircd conrol
chart parameters and naximum incomc according to d and I risks.

1. INTRODUCTION

It is essential that products meet the requirements ofthose who use them. Therefore, we can
define quality as fitness for use. Quality Control is the set of operational activities that a
company uses to ensure that quality characteaistics are at the nominal or requircd levels. Most
organizations find it difficult (and expensive) to provide the customer with products that have
flawless quality chancteristics. A major reason for this difficulty is variability. Since
vanation can only be describe in statistical terms, statistical methods are to be considered in
Quality conlrol effon. The Quality control chart is an on-line process col1i'rol technique
widely used for this purpose.
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Traditionall). control charts have been designed with rcspect to statisfical c teria only. This
usuall!' rmoh'es selecting the samplc size and control limits for predetermincd values of
a and / risk.

The design ofa control chart has economic conscquences in that the cost ofsampling, cost of
testing, cost associated with investigating out-of-col1troi signals, cost ofcorrecting assignable
causes and cost of allowing non-conlilming units to reach the consumer arc all affected by
the choice ofthe control chart paaaotctels.
In this paper, we present an oconomic model for Fraction Non-confiming Quality Control
Chart (p-chart), by prcscnting an algoritllm for determining the most economtc control
parameters that will yicld maximum average net income ofthe proccss.

The rest ofthis paper is organized as follows. Section 2 presents the literature survey. Scction
3 descnbes the formulation of the problcm. Section 4 presents the experimental results.
Finally, scction 5 concludes the paper.

2. LITERATURE SURVEY

2.1. yarious process models in the liten ture

In 1956, Duncanr prcposed an economic model for the oplimum economic design of the
). conftol chaft. Duncan drew on the earlier u ork of G irshick and Rubin2 in that he utilized a
design critelion that maximizc tlte expected l1et income per unit of timc lrom the prccess. In
the development of the cost model, Duncan assumes that the process is characterized by an
in-control statc with process mean lo and that a single assignable cause of magnitude

d (measured by standard deviation units), whjclt occurs at nndom, result jn a shift in the
meai ftom lo to eithor pa + 6o or 7l0 do, where o. is thc process standard devialion. The

prccess is monitored by an i chart wilh center line pnand upp€r aDd lo\\er conhol

limits tta !L(o t.l;), where k is thc multiple ofthe o,and '7 is the sample size . Samples are to
'be taken at intervals of /r hours. The parameters po , d' and d are assumed known ,whilc a
(sample size), /<, and, are to be detemined. The optimization prccedue suggested is based
on solvilg numerical approximatiots to the system for first padial derivatives of expected
loss per hour (tfzr) with respect to ,?, I aDd ,. An iterative procedure is required to solve for
the optimal 71 aDd,t. A close-fom solution for , is given using the opljmal values of /7 aDd ft.
Several authors have presented optimization methods lor Dtmcan's model. Goel, Jain, and
Wu' et al. have devised an iterative procedure for minimizing tfz) that will produce the exact
optimurn solution. This paper also contains an extcnsive sensitivity analysis. Chui and
Wetherill'have devcloped a simple, approximate procedurc for optinizing Duncan's model.
The development of oconomic models for the design ofcontrol charts has been concentrated

on the r chad and the control chart for ftaction nonconforming- However, the geneml
approach has been extended to othe. tlpes of controi charts. To summarize biefly, the
economic design of cumulalive,sum control charts was first investigafed by Taylor'. I{is
model expresscs the expected cost per unit of timc as a function of the sarnplc sizc a,
sampling interval i, and thc V-mask desigll parameters d andq. Hc assumes that a single
assignable cause of magl tude t occurs accordi g to a Poisson process. Gocl and Wur' hrve
also dereloped a siltgle assi$lable causc model for the oplimum economic dcsign of
cumulati\ e-sum control charts. GoelT has coDlpared econonltcallv ootimel i and cumulative-
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sum charts. He reports that, in general, there is a little difference between the two t]?es of
chads, with rcspect to optimum system cost. Chui" has also developed a single assignable-
cause economic model of the cumulative-sum, following the general modeling strategy of
Duncan's' i chart model.

3. FORMULATION OF THE PROBLEM

3.1. Formuhrton of the loss-cost function

Economic models are generally formulated using total cost function, which exprcsses the
relatioNhip between the control chart design parameters and three tlpes ofcosts namely; cost
oftaking a sample, cost offinding assignable cause, cost of investigating a false alarm, two
types of incomes namely; income per hour in the in-control state, income per hour in out-of
confol state and four periods namely; in-control pe od, out of control period, time to take
the sarnple and intelpret the result and time to find assignable cause.
Each production cycle is started in the in-contlol state and continues until process monitors
an out-of-conhol signal. After the necessary adjustnents, the process is retumed to the in-
contol state and a new cycle begins. Let tf? be the expected length of a cycle, and tfc) be
the expected total income during a cycle. Then expected income per unit time is given by,

EQ)
( 1 )

The process is assumed to stafi in an in-control state with a proportion of defective items po,
where pa is a kno\{n constant. Because of a single assignable cause of variation, the
proportion of defective items has incrcased to p/. wherc p1 is known constant, ind is larger
thanpa- The assignable cause occus at the late of ,tr per hour ofoperating time.
Time interal that the process remains in-control is an exponential random variable with

^"un y'^hoor". Samples of size ,? are drawn every i hours of production and the process is

carried out undisturbed if the number of defectives found in the sample is d or less. The
number d is called tlre accepta ce no. rf the number of defectives found in the sample
exceeds d, the process is stopped and a search for an assignable cause is rmdertaken.

Given the occunence ofthe assignable cause benveen the j'h and d+l)" samples, the expected
time ofoccurrence within this interval is | 1'l,
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When an assignable cause occurs, the prcbability that it will be detected on ary subsequent
sample and the probability of false alarm are,
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l
l"='-i['),ru o",^n=i('.|;o-',r' . , respectively.

The time required to take a sample and interpret the result is a constant G) proportional to the
sample size, so that gn is the length ofthis segnent ofthe cycle. The time required to find an
assignable cause following an out-of control signal is a constant ,. Therefore, the expected
length ofa cycle is,

ur l=!*- !L-r*sn+D e)
)  t -  l l  "

The net income per hour of opention in the in contol state is ,/r, and the net income per hour
of operation in the out-of-contlol state is ,/1. The cost of taking a sanple of size ', is assumed
to be ofthe fonnq + azlt; that is, ar and a2 represent, respectively, the fixed and variable

components of sampling cost. The expected number of samples taken within a cycle is the
expected cycle length divide by the interval between samples, or Ef|lr'
The cost offinding an assignable cause is 43, and the cost ofinvestigating a false alarm is al .

The expected number of false alarms genemted during a cycle is a times the expected
number of samples taketr before the shift,

, , d t  
) =

oe  "n  ( 4 )
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Thereforc, the expected net income per cycle is,

I  t  h  '  a \e 'o  f \ t )
E(C) vo-+t ,1,  p ,  sn- D 

)-a,  i "_* 
,o ' -a 'n\-  (s l

The expected net income per hour is found by dividing the expected net income per cycle,
equation (5), by the expected cycle length, equation (3), resolting in

E(r)--r",o,T,"

n<D-\l!+

a,lh l (1 /l) - y + gn+ Dl+ a, + q' u:' l(1- e--')

ll l+ hl(I /3)-y+gn+D

a,lh l(L- F) - y + gn + Dl+ a. + ar'ae'" /(l e tu')

I /  .7+hl ( l -  B)  y+gn+D

(o)

Let a a = Yo -vt be the hourly penalty cost associated with prcduction in the

out-of-control state. Then equation (6) may be rewritten as

(7)

The expression tft, represents the expected loss per hour incured by the process rfz) is a
firnction ofthe conftol chart parameters ,?, l, and /r. That is clearly, maximizing the expected
net income per hour is equivalent to minimizing Eflr.
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3.2, Optimisation Procedu re

Since the optimization procedu€ was started for predefined sample size, ultimately optimal
values for the sampling frequency (i) and contrcl limit (l) and a,B were obtained. Then
optmization was carried out until it gives the Best Simulation for minimum Expect€d loss
tfr). This procedure was canied out for fixed shift (d) that is keeping ?r _?0 constant and
forthe sample sizes starting ftom n = 10 to , = Oand obtain the minimum 10 ss cost E(L) for
each sample size.
Then by varying the shift same procedrue was carried out for five different shifts
(d=0.1,d=0.5,t=1.0,d=1.5,t=2.0)andtheminimumlosscosttfz)wasobtained.Finally,the
output was presented in a tabular folm which provides the quality conholler to choose th€
desired control chaxt parameterc and maximum income according to a and I risks.

4. RESULTS

Table 1. Results for Shift Levet = 0.1
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Table 2 R€sults for Shift Level = 0.5
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Table3 Results for ShifiLevel = 1.0
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Fig. 1 Graph of Maximum Expected Net Income Vs Sample Size

5. CONCLUSION

ln general, it was found that smaller shifts require larger samples and for relatively larger
shifts the maximum net income is relatively small. Also when ihe sample size (n) increaies
manimun expected net income (t(4) decreases. This is clearly shown in Fig. l.
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