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A The metric space of p-adic integers with the p-adic 

distinguished point, we lift Zp

Cauchy completion of the initial algebra of an endofunctor on 

the category of one-pointed one-bounded metric spaces with 

distinguished point, we lift Zp is also 

maps are known to be the Cauchy completion of the intial 

distinguished point, we lift Zp 

coalgebra of certain endofunctors on ultra metric spaces. 

The results of this paper unify these observations and give a 

coalgebraic characterisation of the self similarity of distinguished point, we lift Zp

relaxing the ultra metric condition to one-bounded metrics. 

the initial algebra is in close analogy with classical results in 

iterated function systems. Another question that has been asked 

in the literature is whether such results hold when the maps are 

continuous maps as the morphisms may be the right choice for 

such results to hold.

p-adic integers.

INTRODUCTION

It has been shown in Bhattacharya et al. (2014) and Moss 

et al

can be obtained as the Cauchy completion of the initial 

et al. (2014) and 

Moss et al. (2013) considered some endofunctors on 

the category of i-pointed metric spaces (where i = 2,3) 

with short maps preserving distinguished elements as the 

of these endofunctors is the Cauchy completion of the 

initial algebra.

demonstrated distinguished point, we lift Zp p-adic integers (where p is 

category of one-bounded ultra metric spaces with short 

equipped with the p-adic metric as the initial algebra of 

a similar but different endofunctor on the category of 

one-pointed one-bounded ultra metric spaces with short 

maps.

 The main motivation of this paper is to unify the 

above observations and strengthen the postulate that 

Cauchy completion of the initial algebra

demonstrates distinguished point, we lift Zp 

on the category of one-pointed metric spaces with short 

as the Cauchy completion of the initial algebra of the 

choice of morphisms as continuous maps. Results at the 

beginning of this paper are motivated by Bhattacharya 



106 Annanthakrishna Manokaran et al.

March 2019 Journal of the National Science Foundation of Sri Lanka 47(1)

et al

maps is new and applicable to the cases considered in 

allows us to deal with both short maps and continuous 

 

where the latter is the Cauchy completion of the former.

throughout this paper. A one-pointed set is a set having 

one distinguished element. Such a set is denoted by a 

pair (X X is the distinguished element of 

X

X be a one-

of two (or more) one-pointed sets X and Y

subscripts and write  and  for  of X and  of Y

denoted by 

morphisms are functions preserving the distinguished 

elements. A one-pointed metric space (X d) is a one 

-pointed set X = (X ) equipped with a one-bounded 

metric d d(x,y , x,y  X.

 The class of one-pointed metric spaces can be raised 

to the categories  and 

and Continuous maps that preserve the distinguished 

element. The superscript denotes the choice of the 

morphisms and the subscript 1 emphasises the one-

pointed case. Note that  and  are subcategories 

of  is a subcategory of  and there is a 

forgetful functor from these categories (   and 

) to .

 One-pointed metric spaces and the endofunctor F
1 

on 
 

of this paper. Fix a prime number p and let and let Vp =

{{0, 1, · · · , p− 1}}. For a one-pointed set . For a one pointed set (X, ∗), we define

F1X = X × Vp, which is a which is a one-pointed set with 

the distinguished element (

f : X → Y  of , F1f : X × Vp → Y × Vp  
is given by 

F1f(x, a) = (f(x), a). F1f  preserves the distinguished 

point as the distinguished point as F1f(∗X , 0) = (f(∗X), 0) = (∗Y , 0) . Thus, this definition

F
1 
an endofunctor on .

 The endofunctor F
1 
can be lifted to an endofunctor on 

 as follows. Given a one-pointed metric space (X d
1

p
X   represents the metric space obtained by contracting 

X by a factor of by a factor of
1

p
; i.e., d 1

p
X(x, y) = 1

p
dX(x, y). The set 

The set V
p 

 

discrete metric. We let F1X = 1

p
X × Vp  

d ((x1, a1), (x2, a2)) = max{1
p
d(x1, x2), d(a1, a2)}. Here, we have used the same letter

we have used the same letter d to identify the metric on  
1

p
X V

p 
and on and on 1

p
X×Vp

F
1
X is one-bounded.

As in the set case, let the distinguished element of 1

p
X × Vp be (∗X , 0). Thus, F1X = 1

p
X×Vp  is a one- 

pointed metric space. Given a continuous function f on 

 as in the set setting 

is the application of f 

Lemma 1 guarantees that F
1 
is an endofunctor on .

. Let : X and Y  be two one-pointed metric 

spaces. If f : be two one pointed metric spaces. If f : X → Y  has any of the following 

.

i). Continuous

ii). Lipschitz

iii). Short map

Proof. The proof is straightforward and therefore we will 

outline only the Lipschitz case. The short map setting 

f be a Lipschitz continuous map with the Lipschitz 

constant k. 

When k ≤ 1, we have1, we have dY (f(x1), f(x2)) ≤  

kdX(x1, x2) ≤ dX(x1, x2). Thus

d 1

p
Y×Vp

(F1f(x1, a1), F1f(x2, a2)) = max

 
)) = max{

1

p
dY (f(x1), f(x2)), dVp

(a1, a2)}

 

 

 

≤ max{
1

p
dX(x1, x2), dVp

(a1, a2)}

= d 1

p
X×Vp

((x1, a1), (x2, a2)),

as required.

k > 

d 1

p
Y×Vp

(F1f(x1, a1), F1f(x2, a2)) = max

 
)) = max{

1

p
dY (f(x1), f(x2)), dVp

(a1, a2)}

 

≤ max{
k

p
dX(x1, x2), dVp

(a1, a2)}

≤ kmax{
1

p
dX(x1, x2), dVp

(a1, a2)}

= k d 1

p
X×Vp

((x1, a1), (x2, a2)).
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In both cases F
1 
f 

F
1 
f  has the Lipschitz constant 1 or k provided that f  has 

the Lipschitz constant k k > 

completes the proof.  

 Parts (ii) and (iii) of Lemma 1 guarantee that F
1 
on 

 restricts to an endofunctor on the categories  

and  respectively.

F
1

some basic facts about p

conventions used in this paper. The set of p-adic integers 

(p 

series of the form 

∞∑

0

aip
i

-adic integer) will be denoted by the infinite

a
i 

 V
p
. In this 

p-adic integer) will be 

a = (··· ,a
2
,a

1
,a

0
). The set 

of p-adic integers forms a metric space with respect to 

the p-adic metric d
p
. The distance between two p-adic 

numbers a and b is given by d
p
(a,b) = p i i is the 

largest integer i pi | a b d
p
(a,b) = p i if 

a
k 
= b

k 
for k i a

i 
b

i
. It also follows directly from 

d
p 
is a one-bounded metric. The one-

bounded metric space of all p-adic integers is denoted by 

distinguished point, we lift Zp . By choosing 0 = (··· ,0,

we lift distinguished point, we lift Zp  to a one-pointed (and one-bounded) metric 

space.

coalgebra and the initial algebra of the endofunctor 

F
1 

on 
 

obtained by Cauchy completing the initial algebra. In a 

continuous setting (Proposition 1) and its implications 

initial algebra in the continuous and Lipschitz settings 

settings the same as the initial algebra in the short map 

et al

and (Moss et al

 The presentation of distinguished point, we lift Zp  

characterisation of its self-

the Cauchy completion of the initial algebra is in close 

analogy to results in Hutchinson (1981) [see also 

(Bhattacharya et al

OF F
1
 ON MetS

1

The initial algebra of F
1 
on 

 
can be found by direct 

or Theorem 3.17 of Adámek et al

object of 
 
is the singleton set. The colimit of the 

initial chain starting from the initial object exists and is 

preserved by the functor F
1
. It can be easily shown that 

the colimit of the initial chain in the associated category 

of metric spaces is is (N∗, dp). The structure map. The structure map  of the 

initial algebra is constructed in the natural way (as given 

are omitted.

. The initial algebra of F
1 

on 
 
is the 

pair ((N∗, dp) , φ) φ : F1N
∗ −→ N

∗  is given by 

 The Cauchy completion of The Cauchy completion of N∗ with respect to the 

p-adic metric d
p
 is distinguished point, we lift ZpThe Cauchy completion of N∗ as a dense 

subset of distinguished point, we lift Zp

write The Cauchy completion of N∗ instead of instead of (N∗, dp), with the understanding that it is always viewed as a
it is always viewed as a subspace of the metric space distinguished point, we lift Zp  

with the p-adic metric.

 Because : : N∗ −→ F1N
∗ 

is also an isomorphism in 
 
and it is given by 

and it is given by φ−1(a0+a1p · · ·+anp
n) = (a1+· · ·+anp

n−1, a0). We extend

to a function from Zp to 1

p
Zp × Vp  

as follows. Define ϕ : Zp −→
1

p
Zp × Vp(= F1Zp ) by 

by ) by ϕ

(

∞
∑

0

aip
i

)

=

(

∞
∑

1

aip
i−1, a0

)

; i.e.,

is well defined.

; i.e., ϕ((ai)i≥0) = ((

) = ((ai)i≥1, a0). Then Then ; i.e., ϕ((

 Consider sider d(ϕ(ai)i≥0, ϕ(bi)i≥0) = max{1
p
d((ai)i≥1,

, (bi)i≥1), d(a0, b0)} tity is 1 or, 1

pj  for 

some j a
0 

b
0 

a
i 

= b
i
, i 

j a
j 

b
j  

respectively. If a
0 

b
0

, then d(ϕ(ai)i≥0, ϕ(bi)i≥0) = 1 = d((ai)i≥0, (bi)i≥0).. If 

If ai = bi, ∀ i ∈ {0, · · · j − 1} a
j 

b
j

j 

1, then d(ϕ(ai)i≥0, ϕ(bi)i≥0) =  1

pj
= d((ai)i≥0, (bi)i≥0).

 is an isometry and hence is an isomorphism 

in the category Moreover, (Zp, ϕ) is a coalgebra of is a coalgebra of 

F
1 
on .

F
1 
on  is Moreover, (Zp, ϕ) is a coalgebra of.
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Proof. Let (X,e) be any coalgebra of F
1 

on . Let 

x
0 

 X. Then e(x
0
) is of the form e(x

0
) = (x

1
,a

0
). Similarly 

e(x
i
) = (x

i+1
,a

i
) for i 

have sequences (xn)n≥1 and and (an)n≥0  corresponding to the element 

x
0 

 X. f : X −→ Zp by f(x0) = (ai)i≥0 . Then 
. Then f(xk) = (ai)i≥k  and it is easy to verify that f makes the 

following diagram commute.

 

 

X X × Vp

Zp Zp × Vp

e

f F1f

ϕ

 Since f is uniquely determined by e f is the unique 

function that makes this diagram commute (the mediating 

morphism f is discussed in detail in the next section). To 

f 

f is a morphism in .

 Let x
0 

y
0 

 X e(x
n
) = (x

n+1
,a

n
e(y

n
) = (y

n+1
b

n

where n = 0,1,2, f(x
0
) = (a

i
)

i 
 and f(y

0
) = 

(b
i
)

i 
. Note that d(f(x

0
f(y

0
)) = d((a

i
)

i 
b

i
)

i 
) takes 

the value 0 or 1 or ) takes the value 0 or 1 or
1

pj
 provided that a

i 
= b

i 
i or a

0 
b

0 

or a
i 
= b

i 
i j a

j
b

j 
respectively. If a

i 
= b

i 
for 

all i then there is nothing to prove.

 Consider the case a0 6= b0. Thend(f(x0), f 
), f(y0)) = d((ai)i≥0,, (bi)i≥0) = 1.. Since e is a short 

is a short map, d(e(x0), e(y0)) ≤ d(x0, y0). But. However d(e(x
0
),e(y

0
)) 

is equal to to max{1
p
d(x1, y1), d(a0, b0)} which takes the 

value 1 as which takes the value 1 as d(a0, b0) = 1. Therefore 1 ≤ d(x0, y0). Since

Since d is a one bounded metric, d(x0, y0) = 1. Thus

d(f(x0), f(y0)) d((a0)i≥0, (b0)i≥0) = 1 = d(x0, y0).

 Now consider the case a
i 
= b

i 
, i j a

j 
b

j
. 

d(f(x
0
),f(y

0
)) = d((a0)i≥0, (b0)i≥0) =

1

pj
.  

 Consider the following chain iterated from the 

coalgebra morphism X
e
−→ F1X.

X
e
−→ F1X

F1e−−→ F 2
1X · · ·

F
j−1

1
e

−−−−→ F
j
1
X

F
j
1
e

−−→ F
j+1

1
X

We have F
j
1
e ◦ F

j−1
1

e ◦ · · · e(x0) = (

) = (xj+1, aj , aj−1, · · · a0) and and F
j
1
e ◦ F

j−1
1

e ◦ · · · e(y0) = (
) = (yj+1, bj , bj−1, · · · b0). Because Because ). Because d(aj−1, bj−1) = 

) = d(aj−2, bj−2) = · · · = d(a0, b0) = 0 as as a
i 
= b

i 
for 

all i j a
j
 b

j 

d
(

F
j
1
e ◦ F j−1

1
e ◦ · · · e(x0), F

j
1
e ◦ F j−1

1
e ◦ · · · e(y0)

)

= max{
1

pj+1
d(xj+1, yj+1),

1

pj
d(aj , bj),

 
),

1

pj−1
d(aj−1, bj−1), · · · , d(a0, b0)}

=
1

pj
.

Moreover, d
(

F
j
1
e ◦ F j−1

1
e ◦ · · · e(x0), F), F j

1
e ◦ F j−1

1
e ◦ · · · e

◦ · · · e(y0)
)

≤ d(x0, y0), because

1
F

j
1
e ◦ F

j−1
1

e ◦ · · · ◦ e is a 

is a short map. Thus we have
1

pj
≤ d(x0, y0) and hence and hence 

d(f(x0), f(y0)) =
1

pj
≤ d(x0, y0).

 

f is a short map as required. This completes 

the proof. 

 

1 
on MetS

1 
is the Cauchy 

completion of the initial algebra

a metric space. Let Let (X, d)  be a metric space. Then 

there exists a complete metric space be a metric space. Then there exists a complete metric space (C (X) , d) and an and 

an isometric embedding isometric embedding νX : X → C (X) such that such that 

) such that νX(X) = C (X). For a metric For a metric space space X, C (X) can be constructed as follows. Consider the equivalence relation can be 

constructed as follows. Consider the equivalence relation 

 on the set S of all Cauchy sequences in X given by 

given by (an) ∼ (bn) if lim
n→∞

d(an, bn) = 0.

 The quotient set S/  of equivalence classes is the 

required complete metric space , C (X) can be constructed as follows. Consider the equivalence relation

d on , C (X) can be constructed as follows. Consider the equivalence relation is given by ) is given by d([(xn)], [(yn)]) = lim
n→∞

d(xn, yn).

The required isometric embedding The required isometric embedding νX  
of X into , C (X) can be constructed as follows. Consider the equivalence relation 

is the one which sends every element x in X to the 

equivalence class [(x x
n 
= x)

n
.

 The above construction can be extended to an 

endofunctor C on the category of metric spaces. 

ric spaces. Specifically, C (f : X → Y ) = C (f) : C (X) → C (Y ), where

where ), where C (f) is given by is given by C (f) ([(xn)]) = [(f(xn))]. It directly follows from the construction that. It directly 

follows from the construction that if f 

so is ), where C (f)

endofunctor C: . 

 Fix a metric space X. Because V
p 

sequence is finite, for each sequence (xn, bn) in
1

p
X×Vp V

p 
must 

b
n
). Let b 

be such an element in V
p 
and ( ) be the subsequence 

of (x
n
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of the subsequence (
 
, ) are all b

αX : C (F1(X)) = C

(

1
p
X × Vp

)

→ F1 (C(X)) = 1
p
C(X)× Vp

X 
([(x

n
,b

n
,b). One can then check that {αX 

et al

that the collection of morphisms )) and that the collection of morphisms α = {αX} determines a 

F
1 
and F

1 

 The inverse of {αX 
is the morphism

βX : 1
p
C(X) × Vp → C(1

p
X × Vp) given by given by  

βX([(xn)], a) = [(xn, a)]. Hence, the collection of maps

)]. Hence, the collection of maps β = {βX}  is the inverse of {αX’s and {βX’s 

are isometric embeddings and in particular short maps as 

required.

 Consider the initial algebra of F
1
. As the associated 

we have the coalgebra phism, by reversing the arrow we have the coalgebra (N∗, φ−1 : N∗ → 1
p
N
∗ × Vp).

By applying the Cauchy completion functor to this 

By applying the Cauchy completion functor to this coalgebra, we have C(φ−1) : : C(N∗) → C(1
p
N
∗×Vp). After composing with After 

composing with ). After composing with αN∗ , we have a coalgebra, we have a coalgebra αN∗◦C(φ−1) :

C(N)∗ → 1
p
C(N∗)× Vp. 

 For any For any (ai) ∈ Zp, the sequence ( x
n
) in ) in N

∗  

given by given by xn =
∑n

0 aip
i, is Cauchy. It

follows that f : Zp → C(N∗) defined by) defined by f((ai)i) = [(
∑n

j=0 ajp
j)n] is a well defined 

isometric embedding. Note that if x =
∑k

0 aip
i = (a0, ..., ak, 0, · · · ) ∈ N

∗ , then f(x)  is the 

equivalence class of the constant sequence (x

). Therefore, f(N∗) = νN∗ (N
∗). ce, f(N∗) is dense in is dense in C(N∗). Since. Since 

f is isometric, it also follows that f(Zp) =C(N∗). Thus, f 

is an isomorphism in the category .

 

C(N∗) Zp

1
p
C(N∗)× Vp

1
p
Zp × Vp

αN∗◦C(φ−1)

f

ϕ

F1f

(

αN∗ ◦C(φ−1) ◦ f
)

(

∞
∑

0

aip
i) =

(

αN∗ ◦C(φ−1)
)

([(

n
∑

0

aip
i)n])

= αN∗([(

n
∑

1

aip
i−1, a0)n])

  
  

= ([(
n

∑

1

aip
i−1)n], a0) =

  

) = F1f(
∞
∑

1

aip
i−1, a0)

  
= (F1f ◦ ϕ) (

∞
∑

0

aip
i)

f makes the above diagram commute. It follows 

that f is an isomorphism between the F
1
-coalgebras 

ras (C(N∗), αN∗ ◦Cφ−1) and ( and ) and (Zp, ϕ). As the right column is the final. As the right column is 

following theorem.

. Theorem 2.
(

C(N∗), αN∗ ◦C(φ−1)
)

of F
1 

on 

initial algebra.

coalgebra from the initial algebra by Cauchy completion.

F
1 
ON 

 
AND 

Consider F
1 
on Set

1

one can easily prove the following result in a similar way 

to the proof of Lemma 2.

. The initial algebra of F
1 

on 
 
is the pair 

(N∗, φ)  where : F1N
∗
−→ N

∗  is given by (a
1 

+ ··· + 

a
n 
pn a

0
) = a

0 
+ a

1 
p··· + a

n 
pn.

coalgebra of F
1 
on 

 
is is (Zp, ϕ), leaving out the

structure of metric structure of Zp..

F
1 
on 

 
is the pair 

is the pair (Zp, ϕ), where where ϕ : Zp −→
1

p
Zp × Vp(= F1Zp ) is given 

by ((a
i
)

i
) = ((a

i
)

i
a

0
).

algebra of F
1 
on 

 
can be obtained by forgetting the 

algebra of F
1 
on 

F
1 
on 

 

coalgebra of F
1 

on 
 
is the same as that of F

1 
on 

 Consider F
1 

on 

F
1 

on 

F
1 
on 

 
was obtained 

by Cauchy completing the initial algebra. Recall that the 

F
1 
on 

 
are 

the same as those of F
1 
on 

 

structure. One can make use of this fact to compute the 

continuous.
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Let (X,e) be a coalgebra of F
1 

on 
 

X,e) is an F
1

at the set level. Since is (Zp, ϕ), leaving out the F
1 

on g : X −→ Zp  such 

that the following diagram commutes.

X X × Vp

Zp Zp × Vp

e

g F1g

ϕ

 By applying F
1 
to the coalgebra X

e
−−−→ X × Vp  

X
e
−−→ X × Vp

F1e−−−→ X × Vp × Vp · · · −→

 
· · · −→ X × Vp · · · × Vp

Fn−1

1
e

−−−−−→ X × Vp · · · × Vp

 Let x
0 

 X e(x
0
) is of the form e(x

0
) = (x

1
,a

0
) and 

similarly e(x
1
) = (x

2
,a

1
n ∈ N, let let 

e(x
n
) = (x

n+1
,a

n
), where ai ∈ Vp  

for all all i ∈ {0, 1, · · · }. Consider the sequences ( 

n
) of elements in ) of elements in N

∗, where
, where χn = a0 + a1p+ · · ·+ anp

n. We claim that (
n
) is a 

Cauchy sequence in Zp .

 Let m > n be integers. Then, d(χn, χm) takes the value takes 

the value ) takes the value
1

pk
, where, where n+1 ≤ k ≤ m

takes the value zero then there is nothing to prove. 

Consider the non-zero

Choose 0 be arbitrary. Choose N ∈ N  large enough so that large enough so that
1

pN
< ǫ. For

m > n > N , d(χn, χm) =
1

pk
≤

1

pn+1
<

1

pN
< ǫ . Thus (

n
) is a Cauchy sequence as claimed.

 As As Zp  
n
) is Cauchy, lim

n→∞
χn  

 
exists 

in exists in Zp . Define f : X −→ Zp  by f(x0) = lim
n→∞

χn . 

f  

following diagram commutes.

X X × Vp

Zp Zp × Vp

e

f F1f

ϕ

Thus f 

set level.

. The mediating morphism f

Proof. f 

at some fixed x ∈ X. Let. Let ∈ > 0 and 0 and y ∈ X. f we 

have we have dZp
(f(x), f(y)) = lim

n→∞
dN∗(χn, χ

′

n). Therefore,

there is some there is some N ∈ N  such that such that dZp
(f(x), f 

), f(y))− ǫ
2 < dN∗(χN , χ

′

N ) 

 Now the function gN = FN
1 e ◦ FN−1

1 ◦ · · · ◦ F1e ◦ e  

is continuous on X as e and all and all F i
1e’s are continuous. 

Since ), gN  
is continuous at x , ∃ δN > 0 such that such that 

d(gN (x), gN (y)) <
ǫ

2
 whenever whenever d(x, y) < δN ..

 Suppose that whenever d(x, y) < δN . Then we have

d(gN (x), gN (y)) = max{
d(xN+1, yN+1)

pN+1
,

d(aN , bN )

pN
,

 
, · · ·

d(a1, b1)

p
, d(a0, b0)}

 

<
ǫ

2

 If a
0 

b
0

, then max{
d(xN+1,yN+1)

pN+1 , 

,
d(aN ,bN )

pN
, · · · d(a1,b1)

p
, d(a0, b0)} = 1 <

ǫ

2
, which is 

j  

a
i 
= b

i , ∀i ≤ j − 1 and and a
j 

b
j 
. Consider the cases j N 

and j > N.

j N:

d(gN (x), gN (y)) = max

{

d(xN+1, yN+1)

pN+1
,
d(aN , bN )

pN
,

 , · · ·
d(a1, b1)

p
, d(a0, b0)

}

 =
1

pj
<

ǫ

2

dZp
(f(x), f(y)) −

ǫ

2
< dN∗

(

χN , χ
′

N

)

)

=
1

pj
<

ǫ

2
. It follows that. It follows that dZp

(f(x), f(y)) < ǫ..

j > N : In this case : In this case dZp
(f(x), f(y)) −

ǫ

2
< d 

< dN∗

(

χN , χ
′

N

)

= 0. ThusdZp
(f(x), f(y)) < ǫ..

 

This completes the proof .  

 The mediating morphism is uniquely determined for 

a given coalgebra (X e) with continuous e

. Therefore, (Zp, ϕ) is the final coalgebra ofF
1 
on .
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Corollary 1 F
1 

on  is the 

same as that of F
1 
on .

for the initial algebra of F
1 

. More specifically; Is (N∗, φ) the initial algebra of 

the initial algebra of F
1 
on ? Though a similar result 

holds for the initial algebra of F
1 
on  and 

 
(see 

following section by giving a counter example.

F
1 
on 

 
and 

Recall that the initial algebra of F
1 

on  is 

is (N∗, φ), where), where φ : F1N
∗
−→ N

∗  is given by 

given by φ(a1 + a2p+ · · ·+ akp
k−1, a0) = a0 + a1p+ · · ·+ akp

k. The pair ( The 

pair is (N∗, φ), where is also the initial algebra of F
1 
on 

 
leaving 

out the metric structure of is (N∗, φ.

 Let (X,e) be an F
1 

there exists a unique function f : N∗ → X such that the 

following diagram commutes.

 

 

 

N
∗
× Vp N

∗

X × Vp X

φ

F1f f

e

 

 Since Since φ is an isomorphism, φ−1 : N∗ → N
∗
× Vp  

φ−1(a0 + a1p+ · · ·+ akp
k) = (

 
) = (a1 + a2p+ · · ·+ akp

k−1, a0).

 Now the diagram at the bottom of the page is obtained 

by applying F
1 

top horizontal arrow reversed.

 Any number in is (N∗, φ can be written as a polynomial in 

p V
p
. Let a0+a1p+· · ·+akp

k ∈ N
∗ be 

be arbitrary. Then F k
1 φ
−1◦F k−1

1
φ−1◦· · ·◦φ−1(a0+a1p+· · ·+ 

akp
k) = (0, ak, ak−1, · · · , a0) and  and ) and F k+1

1
f(0, ak, ak−1, 

, · · · , a0) = () = (∗, ak, ak−1, · · · , a0). Since the above 

f as follows.

f(a0 + a1p+ · · ·+ akp
k) =

 

 
) = e ◦ F1e ◦ · · ·F

k
1 e(∗, ak, ak−1, · · · , a0) (1)

 (1)

Let Now, consider the following example. Let X0 = {0, 1} be a one-ointed metric space with the 

e e : X0×Vp −→ X0  
 
by by e(0, 0) = 0, e(0, a) = 1 if a 6= 0 and

and = 0 and e(1, a) = 1 , ∀ a ∈ Vp. Thene is a Lipschitz map with 

the Lipschitz constant p. In particular e is continuous. 

X
0

e) is an algebra of F
1 
on MetL

1 
and on 

 
. 

X
0

e) is an algebra of F
1 
on 

out the metric structure.

We claim that (N∗, φ) is not the initial algebra of is not the initial algebra of F
1 

on 
 

We claim that (N∗, φ) is not the initial algebra of

is the initial algebra of F
1 

on 
 

a unique continuous map there exists a unique continuous map f : N∗ −→ X0  
such that the 

required square commutes.

 f is the unique 

as We claim that (N∗, φ) is not the initial algebra of is the initial algebra of F
1 
on . Recall that f 

is given by equation (1). Since f 

must be some < δ. Then > 0 such that such that d(f(0), f(y)) < 1

2
 for 

every y such that d y) . Choose n large enough so 

that so that
1

pn
< δ. Then. Then d(0, pn+1) =

1

pn+1
< δ . Consider the case when. Consider 

the case when y = pn+1.

f(pn+1) = f(0 + 0.p+ 0.p2 + · · ·+ 1.pn+1)

= e ◦ F1e ◦ · · ·F
n+1

1
e(0, 1, 0, · · · , 0)

= e ◦ F1e ◦ · · ·F
n

1 e(1, 0, · · · , 0)

= e ◦ F1e ◦ · · ·F
n−1

1
e(1, 0, · · · , 0)

= : : :

= e(1, 0) = 1.

 Because se f(0) = 0 , f(y) = 1, we have

) = 1, we have d(f(0), f(y)) = 1 < 1

2
, which is a contradiction.

F k+1

1
N
∗ F k

1 N
∗ · · ·N∗ × Vp × Vp N

∗ × Vp N
∗

F k+1

1
X F k

1 X · · ·X × Vp × Vp X × Vp X

Fk+1

1
f

Fk

1
φ−1

Fk

1
f

Fk−1

1
φ−1

F 2
1
f

F1φ
−1

F1f

φ−1

f

Fk

1
e Fk−1

1
e F1e e
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Therefore Therefore (N∗, φ) is not the initial algebra of is not the initial algebra of F
1 

on 

 
. The same example also implies that Therefore (N∗, φ) is not the initial algebra of is not 

the initial algebra of F
1 
on .

. The initial algebra of F
1 
on 

 
is neither 

the initial algebra of F
1 
on 

 
nor the initial algebra of 

F
1 
on 

 
.
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