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Abstract: By discretising in space, non-linear time fractional reaction-diffusion equations(TFRDEs) can be con-

verted into a system of time-fractional differential equations (TFDEs). The full memory method (FMM) and short

memory method (SMM) are well-established memory selection methods used in the time integration of TFDEs. The

main drawbacks of FMM and SMM are higher computational cost and uncontrollable error respectively. The only

way to increase the accuracy of SMM is by increasing short memory length which causes an increase in computa-

tional cost. Especially when we apply these two methods to integrate TFRDEs, we have to solve a large system of

TFDEs. Therefore, the drawbacks of these two methods affect seriously, when these are applied to solve TFRDEs.

This paper aims to investigate the accuracy and efficiency of the memory selection method, Exponentially Decreasing

Random Memory Method (EDRMM), and compare it with FMM and SMM when these methods apply to integrate

TFRDEs. Based on these three memory selection methods, three semi-implicit numerical schemes namely semi-

implicit scheme with full memory method (SI-FMM), semi-implicit scheme with short memory method (SI-SMM),

and semi-implicit scheme with exponentially decreasing random memory method (SI-EDRMM)) are proposed and

the accuracy and CPU time (computational time (CT)) of these three numerical schemes are compared. To do this

comparison, these three numerical schemes are applied to four TFRDEs whose exact solutions are known. Numeri-

cal experiments confirm that the accuracy and efficiency of the SI-EDRMM are better than that of SI-SMM and the

efficiency of SI-EDRMM is higher than that of SI-FMM. Therefore, EDRMM is better than SMM and FMM for the

integration of TFRDEs.

Keywords: Fractional differential equations, Full memory method, Short memory method, Time fractional reaction-

diffusion equations.

INTRODUCTION

Fractional order models can be more appropriate than standard order (with integer-order derivatives and integrals)

models as fractional derivatives and integrals bring forwards the temporal and spatial memory heredity of materials

and processes. This is the main advantage of fractional-order models when compared to those with integer-order

models. In a usual reaction-diffusion equation, both time derivative and spacial derivative (diffusion term) are

integer order. This paper considers reaction-diffusion equations with fractional order time derivatives and integral

order diffusion terms. This type of models are called time fractional reaction-diffusion equations (TFRDEs). There
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374 LW Somathilake

is no unique definition for the fractional derivative. Caputo fractional derivative and Riemann-Liouville derivative

are the more well-known fractional derivatives. In this paper, Caputo fractional derivative is applied to solve

TFRDEs. Throughout this paper ⌈x⌉ denotes the smallest integer greater than the real number x.

Definition 1 (Caputo derivative Podlubny & Igor (1999)). The Caputo fractional derivative of order γ of u(t) is

defined as

C
a D

γ
t u(t) =















1

Γ(n− γ)

∫ t

a
(t − τ)n−γ−1 dnu(τ)

dτn
dτ, n− 1 < γ < n,

dnu(t)

dtn
, γ = n,

(1)

where, Γ(z) (z ∈ C) denotes the Euler Gamma function defined by Γ(z) =

∫ ∞

0
xz−1e−xdx, γ is the order of the

derivative, n = ⌈γ⌉ ∈N, a ∈ R is the initial time.

In this paper time fractional reaction diffusion equations (TFRDEs) of the following form are considered with

suitable initial and boundary conditions.

∂ γ u(x, t)

∂ tγ
= d∆u(x, t)+F(u(x, t),x, t), x ∈ Ω̄ ⊂R

l , 0 < γ ≤ 1, 0 ≤ t ≤ T. (2)

Here, γ , d, T ∈R, l ∈N, and the fractional differential operator is in the sense of Caputo derivative. Since 0< γ < 1,

in order to solve this type of TFRDEs uniquely, one initial condition and boundary conditions are required. In

physical applications, meanings of the fractional-order derivatives are unknown, but physical meanings of the

integer-order derivatives are known. Therefore, in physical applications, implementing the Riemann-Liouville

derivative is inappropriate as fractional order derivatives of initial conditions are necessary to implement this

derivative. However, it is possible to implement fractional-order Caputo derivative in physical applications as

just integer-order derivatives of initial conditions are sufficient in this derivative, and the physical meanings of

these derivatives are known. Therefore, in this paper, fractional-order Caputo derivative is applied in constructing

numerical schemes.

Basic theoretical aspects of fractional order differential equations have been reported by Podlubny & Igor

(1999), Lakshmikantham & Vatsala (2008), Zhou et al. (2012), El-Sayed & El-Maghrabi (2008), and Caballero

et al. (2011). Different types of instabilities in time fractional reaction-diffusion systems are reported by Gafiychuk

& Datsko (2010). Approximate analytical solutions of some fractional reaction-diffusion equations are presented

by Khan et al. (2012). A method to find numerical solutions of space fractional reaction-diffusion equations, based

on operator splitting method, is proposed by Baeumer et al. (2008).

Adams type predictor-corrector method for numerical solutions of fractional differential equations is discussed

by Diethelm et al. (2002). The author Deng (2007), has used a predictor-corrector approach where the short mem-

ory principle is applied to solve fractional differential equations. A numerical scheme for fractional differential

equations based on Grünwald-Letnikov fractional-order derivative has been discussed by Scherer, Kalla, Tang &

Huang (Scherer et al.). In that paper stability, convergence, and error propagation of the numerical scheme are dis-

cussed. The short memory principle has been applied for solving fractional order Abel differential equation by Xu

& He (2011). Stability properties and order of convergence of some numerical schemes for TFDEs have been

explained by Deng & Li (2012). The fast predictor-corrector method has been applied for fractional differential

equations by Deng et al. (2016).

An implicit difference approximation for TFRDEs has been explained by Zhuang & Liu (2006). The author

Rida et al. (2010) hs used the generalized differential transform method to solve TFRDEs. Finite difference ap-

proaches have been applied to simulate TFRDEs by Murio (2008), and Zheng et al. (2017). In these works, full

memory has been considered and it causes high computational cost. Reducing computational cost by controlling

numerical errors is the main challenge in the integration of TFRDEs. This paper aims to investigate the effective-

ness of the exponentially decreasing random memory method (Somathilake (2020)) in solving TFRDEs.
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MATERIAL AND METHODS

In order to integrate TFRDEs of the form (2), at first it is transformed into a system of TFDEs by discretising in

space.

Space discretisation

By discretising in space, the time fractional reaction-diffusion equation (2) can be approximated to a system of

ODEs of the form

dγu

dtγ
=−

1

h2
Au+F(u,x, t), t ∈ [0,T ], u(0) = u0, (3)

on finite time interval [0,T ]. The vectors x, u and F represent the spatial discretisations of x, u and F respectively,

and A is the discrete Laplacian operator coupled with relevant boundary conditions. For example, the discrete

Laplacian operator, A, on [0,L1], obtained with a finite difference approximation on a uniform mesh of n1 + 1

nodes with step size h = L1/n1 is given by

A =














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1 −1

−1 2 −1

. . .
. . .

. . .
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















(n1+1)×(n1+1)

, and A =

















2 −1

−1 2 −1

. . .
. . .

. . .

−1 2 −1
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















(n1−1)×(n1−1)

.

subject to homogeneous Neumann boundary conditions and Dirichlet boundary conditions respectively. The dis-

crete Laplacian in higher dimensions can be obtained by taking Kronecker (tensor) products of respective one-

dimension discrete Laplacian embedding boundary conditions.

Constructed systems of ODEs are solved using numerical schemes explained in the next section and these

numerical schemes are compared.

Numerical implementation of Caputo derivative with full memory

0 T

0 1 m

t

m

Figure 1: Sketch for the selection of full memory length

Discretising the time fractional Caputo derivative of order γ (0 < γ < 1) using finite difference formula Karatay

et al. (2011), we get

FMD
γ
0,tu(tm) =

1

(∆t)γ

m

∑
k=0

g
γ
k(U

m−k −U0), (4)

where Uk denotes the numerical approximation to the exact value u(t) at t = tm = m∆t. Here, g
γ
k = (−1)k

(

γ

k

)

where

(

γ

k

)

=
Γ(γ + 1)

k!Γ(γ − k+ 1)
represents the fractional binomial coefficients. Also, g

γ
k satisfies the recursive

relation g
γ
0 = 1, g

γ
k =

(

1−
γ + 1

k

)

g
γ
k−1 for k > 1.
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Numerical implementation of Caputo derivative with fixed (sh ort) memory length
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Figure 2: Sketch for the selection of short memory length

Definition 2. Let 0 < γ < 1, L ≥ 0, and u(t) an integrable function in the interval [t −L, t]. Then the fractional

derivative with fixed (short) memory length L of u(t), SMD
γ
0,tu(t), can be defined (base on Abdelouahab & Hamri

(2016)) as

SMD
γ
0,tu(tm) =



















1

(∆t)γ

⌈L/∆t⌉

∑
k=0

g
γ
k

(

Um−k −U0
)

, if tm > L,

1

(∆t)γ

m

∑
k=0

g
γ
k

(

Um−k −U0
)

, if tm ≤ L.

(5)

Numerical implementation of Caputo derivative with exponentially decreasing random memory
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Figure 3: Sketch for the discretisation of the time interval [0,T ].

A discrete fractional order derivative on uniform meshes choosing memory points randomly and exponentially

decreasing along the tail of the memory is introduced by Somathilake (2020). We called this method the exponen-

tially decreasing random Memory method (EDRMM). In the derivation of this method the full-time interval [0,T ]

is discretised into N number of partitions with equal step size ∆t. M and N1 are integers such that N1 = N/M (see

Figure 3). That is the interval [0,T ] is divided into N1 number of partitions P1, P2,...,PN1
with equal length M∆t.

The fractional order derivative with exponentially decreasing random memory is defined as follows (please see

Somathilake (2020)).

RMD
γ
0,tu(tm) =























1

(∆t)γ

m

∑
k=0

g
γ
k

(

U (m−k)−U0
)

, m < 2M,

1

(∆t)γ

(

n2

∑
k=0

g
γ
k

(

U (m−k)−U0
)

+
n1−1

∑
j=1

w j

R j

∑
i=1

g
γ
li, j

(

U (m−li, j)−U0
)

)

, m ≥ 2M.

(6)

Here, t =m∆t, n1 = ⌈
m

N
⌉−1, n2 =m−M(n1−1) if n1 ≥ 2, R j =

⌈

Me(−α j/N1)
⌉

; w j =M/R j for j = 1,2, ...,n1−1,

li, j = n2 +( j−1)M+a
j
i . Also, α is a real number that determines the decreasing speed of the number of memory

points from the partition Pi to Pi+1 for i = 1,2, ...,n1 − 1 and {ai
1,a

i
2, ...,a

i
Ri
} is a set of Ri number of random

integers chosen in the ith partition Pi (i = 1,2, ...,N1).

Numerical methods

This section introduces three semi-implicit numerical schemes based on the fractional order derivatives described

in the previous section.
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A semi-implicit scheme with full memory method (SI-FMM)

Replacing the fractional derivative of order γ of (3), by the finite difference formula (4) we get

1

(∆t)γ

m

∑
k=0

g
γ
k(U

(m−k)−U0) = −
1

h2
AUm +Fm−1, m = 1,2, ...N, (7)

where Um = U(x, tm), Fm = F(Um,x, tm), tm = m∆t. Rearranging the system (7) we get a semi-implicit scheme:

(

I+
(∆t)γ

h2
A

)

Um = U0 −
m

∑
k=1

g
γ
k

(

U(m−k)−U0
)

+(∆t)γFm−1, m = 1,2, ...N. (8)

In the summation at the right hand at the mth time step, m number of vector summations has to be done.

A semi-implicit scheme with short memory method (SI-SMM)

By replacing the fractional derivative of order γ of (3), by the finite difference formulas (5) and rearranging terms

we obtained the following semi-implicit numerical scheme.

(

I+
(∆t)γ

h2
A

)

Um =



















U0 −
m

∑
k=1

g
γ
k

(

U(m−k)−U0
)

+(∆t)γFm−1, if m ≤ NL,

U0 −
NL

∑
k=1

g
γ
k

(

U(m−k)−U0
)

+(∆t)γFm−1, if m > NL,

(9)

for m = 1,2, ...N. Here, NL = ⌈L/∆t⌉.

A semi-implicit scheme with exponentially decreasing random memory method (SI-EDRMM)

By replacing the fractional derivative of order γ of (3), by the finite difference formulas (6) and rearranging the

terms we obtain following numerical scheme.

(

I+
(∆t)γ

h2
A

)

Um =















U0 −
m

∑
k=1

g
γ
k

(

U(m−k)−U0
)

+(∆t)γFm−1; if m < 2M,

U0 −B+(∆t)γFm−1; if m ≥ 2M,

(10)

where B =
n2

∑
k=1

g
γ
k

(

U(m−k)−U0
)

+
n1−1

∑
j=1

w j

R j

∑
i=1

g
γ
li, j

(

U(m−li, j)−U0
)

.

RESULTS AND DISCUSSION

Numerical experiments

Three TFRDEs in one dimension and one TFRDE in two dimensions of the form (2) are considered for the numer-

ical experiments. These TFRDEs were converted into a system of TFDEs of the form (3) by discretising in space

and solved using numerical schemes as explained in the above section. Algorithms for these numerical schemes

were implemented and solved using Matlab on a 2.3GHz, Intel Core i5 laptop computer that had 8GB of RAM and

Microsoft Windows 10. In this section, we demonstrate the accuracies and computational cost of the numerical

schemes discussed in section based on the numerical solutions of these three TFRDEs.
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TFRDE 1 (in one dimension): The first TFRDE is

∂ γ u(x, t)

∂ tγ
=

∂ 2u(x, t)

∂x2
+F(x, t), (0 < x < 1, 0 < t < T, T > 0),

u(x,0) = 0, 0 ≤ x ≤ 1,

u(0, t) = t2, u(1, t) = t2e, 0 ≤ t ≤ T,































. (11)

Here F(x, t) = t2

(

2ext−γ

Γ(3− γ)
− 1

)

. The exact solution of this fractional reaction-diffusion equation is u(x, t) = t2ex.

TFRDE 2 (in one dimension): The second TFRDE is

∂ γu(x, t)

∂ tγ
=

∂ 2u(x, t)

∂x2
+G(x, t), (0 < x < 1, 0 < t < T, T > 0),

u(x,0) = 10x2(1− x), 0 ≤ x ≤ 1,

u(0, t) = u(1, t) = 0.0, 0 ≤ t ≤ T,































. (12)

Here G(x, t) = 10x2(1− x)

(

t2−γ

Γ(3− γ)
+

t1−γ

Γ(2− γ)

)

− 20(t+ 1)2(1− 3x).

The exact solution of this time fractional reaction-diffusion equation is

u(x, t) = 10x2(1− x)(1+ t)2.

TFRDE 3 (in one dimension): Considered third TFRDE is

∂ γ u(x, t)

∂ tγ
=

∂ 2u(x, t)

∂x2
+F(u)+G(x, t), (0 < x < 1, 0 < t < T, T > 0),

u(x,0) = 0.0, 0 ≤ x ≤ 1,

u(0, t) = 0.0, u(1, t) = t, 0 ≤ t ≤ T,































. (13)

Here F(u) = u(1− u), G(x, t) =
x2t1−γ

Γ(2− γ)
− x2t(1− x2t)− 2t.

The exact solution of this time fractional reaction-diffusion equation is u(x, t) = x2t.

TFRDE 4 (in two dimensions): The time-fractional diffusion equation (11) in two dimension is:

∂ γ u(x,y, t)

∂ tγ
=

∂ 2u(x,y, t)

∂x2
+

∂ 2u(x,y, t)

∂y2
+ t2

(

2t−γex+y

Γ(3− γ)
− 1

)

,

u(x,y,0) = 0, u(x,0, t) = ext2, u(0,x, t) = eyt2,

u(x,1, t) = e1+xt2, u(1,y, t) = e1+yt2,































. (14)

Here, 0 < x,y < 1, 0 < t < T , T > 0. The exact solution of this time fractional reaction-diffusion equation is

u(x,y, t) = t2ex+y.
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(a) Solutions of (11).
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(b) Solutions of (12).
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(c) Solutions of (13).
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(d) Solutions of (14).

Figure 4: Exact solutions and numerical solutions of the time fractional reaction-diffusion equations (11)-(14) at

t = 5 for the range 0 ≤ x ≤ 1. Solution of (14) is evaluated at y = 0.5.
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(a) Solutions of (11) at t = 5 for 0.88 ≤ x ≤ 1.0.
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(b) Solutions of (12) at t = 5 for 0.58 ≤ x ≤ 0.7.

Figure 5: Exact solutions and numerical solutions of the time fractional reaction-diffusion equations (11) and (12)

for short ranges of space variable x.
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(a) Solutions of (13) at t = 5 for 0.48 ≤ x ≤ 0.6.
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(b) Solutions of (14) at t = 5, 0.48 ≤ x ≤ 0.6

Figure 6: Exact solution and numerical solutions of the time fractional reaction-diffusion equation (13) and (14)

for short ranges of space variable x.

Figures 4, 5, and 6 show the solutions of the TFRDEs (11)-(14) on space interval 0 ≤ x ≤ 1 and short space

intervals respectively. For these numerical simulations, ∆t = 0.0005, ∆x = 0.02, L = 1 and γ = 0.9, percentage

memory length (PML) = 20 in SI-SMM and α = 3, M = 100 in SI-EDRMM). Solutions of (14) are relevant to

y= 0.5. Slight differences between exact solutions and solutions obtained by three numerical schemes are invisible

in the plots of full range 0 ≤ x ≤ 1 (Figure 4). But these slight differences are visible in the plots of short ranges of

space variable x (Figures 5 and 6).

Comparison of numerical schemes

In this section comparison of CPU time (computation time (CT)) and numerical errors of the numerical schemes SI-

FMM, SI-SMM, and SI-EDRMM are presented. Numerical errors are compared using Mean Square Error (MSE)

between numerical solutions and exact solutions of the considered models. To do this comparison, we define the

term “percentage decrease of computational time (PD-CT)” of the numerical scheme SI-SMM as follows

PD-CT of SI-SMM =
CT of SI-FMM−CT of SI-SMM

CT of SI-FMM
100%.

PD-CT of SI-EDRMM can be defined in a similar manner. Table 1 shows the CT spent to integrate equations

(11), (12),(13) and (14) up to t = 5 by the numerical schemes SI-FMM, SI-SMM (for PML = 20), SI-EDRMM

(for α = 3, M = 100) and corresponding PD-CT. According to these data, the CT of SI-EDRMM is less than that

of SI-SMM and SI-FMM. Also, PD-CT of SI-SMM and SI-EDRMM are approximately 65 and 70 respectively

for the TFRDEs (11)-(13) and those values for (14) are approximately 50 and 60 respectively. Therefore, the

computational cost of the proposed method has been dropped to more than 60 percent and it is a good performance

and successfully faces the challenge of the computational cost of TFRDEs. Table 2 shows the MSE between

exact solutions and numerical solutions at t = 5 of the above four TFRDEs obtained by the numerical schemes SI-

FMM, SI-SMM, and SI-EDRMM. The MSE of SI-EDRMM is less than that of SI-SMM. Therefore, the proposed

numerical scheme, SI-EDRMM, is more accurate and efficient than SI-SMM.
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Table 1: CT (in seconds) spent to integrate (11), (12), (13) and (14) up to t = 5 by SI-FMM, SI-SMM and

SI-EDRMM when ∆t = 0.0005, ∆x = 0.02, L = 1, γ = 0.9, (PML = 20 in SI-SMM and α = 3, M = 100 in SI-

EDRMM) and corresponding PD-CT values.

CT Percentage decrease of CT

TFRDE SI-FMM SI-SMM SI-EDRMM SI-SMM SI-EDRMM

(11) 137.7898 47.1847 37.5596 65.75603 72.74138

(12) 132.4256 46.9760 37.5890 64.5265 71.6150

(13) 128.3693 44.8422 37.7369 65.06782 70.60286

(14) 217.2794 102.5300 84.0766 52.81191 61.30485

Table 2: Mean square error between exact solutions and numerical solutions of the TFRDEs (11), (12), (13)

and (14) at t = 5 obtained by the numerical schemes SI-FMM, SI-SMM, and SI-EDRMM when ∆t = 0.0005,

∆x = 0.02, L = 1, γ = 0.9, (PML = 20 in SI-SMM and α = 3 and M = 100 in SI-EDRMM).

MSE

TFRDE SI-FMM SI-SMM SI-EDRMM

(11) 4.2569× 10−08 0.0123 4.2869× 10−06

(12) 2.6898× 10−09 0.0118 3.5075× 10−06

(13) 1.7036× 10−09 2.6144× 10−05 7.6338× 10−09

(14) 6.4782× 10−08 0.0077 1.7931× 10−05

Table 3: Variation of CT (in seconds) against α of the scheme SI-EDRMM when it applies to simulate models

(11), (12), (13) and (14) up to time t = 5. ( ∆t = 0.0005, ∆x = 0.02 and M = 100, γ = 0.9).

CT

α TFRDE 1 TFRDE 2 TFRDE 3 TFRDE 4

1 127.3680 128.0008 129.5068 191.9183

2 68.8961 68.2440 67.9349 123.7108

3 37.5596 37.5890 37.7369 84.0766

4 24.1688 24.2491 24.4602 66.5762

5 17.1975 17.3299 17.5972 56.7681

6 13.0471 12.5416 13.2837 50.7292

Tables 3 and 4 show the variation of CT and MSE between exact solutions and numerical solutions of the

TFRDEs (11), (12), (13) and (14) at t = 5 obtained by SI-EDRMM method at different levels of α respectively.

We can observe that CT of each model decreases as α increases and MSE is least at α = 3 for all four TFRDEs.

Therefore, the case α = 3 of the SI-EDRMM is more efficient and accurate for these models and the case α = 3

can be used for long time integration of these models.

Table 4: Variation of MSE between exact solutions and numerical solutions at time t = 5 against α of the SI-

EDRMM when it applies to simulate models (11), (12), (13) and (14) ( ∆t = 0.0005, ∆x = 0.02, γ = 0.9 and

M = 100).

MSE of TFRDE

α (11) (12) (13) (14)

1 4.4946× 10−05 7.2598× 10−05 1.3503× 10−07 8.6866× 10−05

2 9.4744× 10−05 7.6337× 10−05 3.7272× 10−08 2.0793× 10−05

3 4.2869× 10−06 3.5075× 10−06 7.6338× 10−09 1.7931× 10−05

4 6.0004× 10−04 9.2545× 10−04 2.2156× 10−06 2.8102× 10−04

5 0.0056 0.0061 9.8472× 10−05 0.0036

6 0.0290 0.0257 8.7491× 10−05 0.0184
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Numerical experiments for simulations on large time intervals

CT and MSE corresponding to integration of TFRDEs (11), (12) and (13) for large time (T=200) by the numerical

schemes SI-FMM, SI-SMM, and SI-EDRMM are shown in Tables 5 and 6 respectively. These data confirm that

if the proposed method SI-EDRMM is used then computational cost reduces approximately 70 percent for the

large-time integrations also.

Table 5: CT (in seconds) spent to integrate (11), (12), (13) and (14) up to T = 200 by SI-FMM, SI-SMM and

SI-EDRMM when, ∆x = 0.02, ∆t = 0.0005, L = 1 and γ = 0.8, (PML = 20 in SI-SMM and α = 3, M = 100 in

SI-EDRMM ).

CT Percentage decrease of CT

TFRDE SI-FMM SI-SMM SI-EDRMM SI-SMM SI-EDRMM

(11) 551.3747 193.8450 149.1851 64.84333 72.94306

(12) 549.6185 186.1952 146.7626 66.12283 73.29737

(13) 12784.0 4704.7 3794.0 63.19853 70.32228

To compare the accuracy of SI-SMM and SI-EDRMM against SI-FMM, we compare mean square error rela-

tive to the exact solution of each numerical scheme. Mean square error relative to the exact solution of SI-FMM

(RMSEE (SI-FMM)) as follows.

RMSEE (SI-FMM) =
MSE(SSI−FMM − SE)

||SE ||
,

where SSI−FMM and SE are the solution at T = 200 obtained by SI-FMM and exact solution respectively. RMSEE (SI-EDRMM)

and RMSEE (SI-SMM)can be defined in a similar manner. Table 6 shows the mean square errors of the numerical

sachems. It can be observed that the relative mean square error of EDRMM is less than that of SMM.

Table 6: Relative mean square error between exact solutions and numerical solutions of the models (11), (12), (13)

and (14) at T = 200 obtained by the numerical schemes SI-FMM, SI-SMM (PML = 20) and SI-EDRMM (α = 3

and M = 100). ∆x = 0.02, L = 1 and γ = 0.8, ∆t = 0.0005 for TFRDEs (11), (12) and ∆t = 0.002 for (13).

RMSEE

TFRDE SI-FMM SI-SMM SI-EDRMM

(11) 8.3800× 10−08 6.8971× 10−04 5.7845× 10−06

(12) 7.8361× 10−12 4.8271× 10−04 6.4764× 10−07

(13) 8.2416× 10−10 2.6203× 10−09 2.0417× 10−09

Simulation of a time-fractional reaction-diffusion system

In this section, a time fractional reaction-diffusion system that forms spatial-temporal patterns is simulated using

the proposed three numerical schemes, and their performance is discussed. The analytical solution of this system is

unknown. Consider the following time fractional reaction-diffusion system that appears in Somathilake & Burrage

(2021).

∂ γ u

∂ tγ
= ∆u+ 1− u−β 2uv2, (x,y) ∈ Ω ⊂ R

2, 0 ≤ t ≤ T,

∂ γ v

∂ tγ
= d∆v−λ v+β 2uv2, (x,y) ∈ Ω ⊂ R

2, 0 ≤ t ≤ T,

(15)

subject to homogeneous Neumann boundary conditions:

∇u.n = 0, x ∈ ∂Ω

∇v.n = 0, x ∈ ∂Ω















. (16)
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The pattern formation parameter region of the model is explained in the same paper. This model is simulated on

the domain Ω = (1,2)× (1,2) up to time T = 20 using initial conditions as a small perturbation of the equilibrium

state of the model relevant to the parameter values β = 7.75, λ = 3.5, γ = 0.9, d = 0.005, which lie in the pattern

formation parameter region. Isosurfaces of the numerical solutions obtained by three numerical schemes are shown

in Figure 7. In these simulations, grid sizes are chosen as ∆x = ∆y = 0.05, ∆t = 0.001. Also, α = 3, M = 200 for

SI-EDDRM and PML=10 for SI-SMM.

(a) For SI-FMM scheme. (b) For SI-EDRMM scheme (c) For SI-SMM scheme

Figure 7: Isosurfaces of numerical solutions v(x,y, t) for numerical schemes SI-FMM (PML = 20) , SI-EDRMM

(α = 3 and M = 100) and SI-SMM for the parameter values λ = 3.5, β = 7.75, d = 0.005 and γ = 0.9.

Numerical solutions obtained by three numerical schemes are almost the same. To compare the numerical

sachems SI-SMM and EI-EDRMM we define the mean square error of the solution of the last time step relative

to the solution obtained by SI-FMM. Define the relative mean square error of SI-SMM (RMSEFMM(SI-SMM)) as

follows.

RMSEFMM(SI-SMM) =
MSE(SSI−FMM − SSI−SMM)

||SSI−FMM ||
,

where SSI−FMM and SSI−SMM denote the solutions obtained by SI-FMM and SI-SMM respectively. (RMSEFMM(SI-EDRMM)

can be defined in a similar manner.

Table 7: RMSE and CT of the numerical schemes in simulating the system (15).

Numerical scheme RMSEFMM CT Percentage decrease of CT

SI-FMM - 1612.1 -

SI-SMM 15.08497× 10−5 951.3 41

SI-EDRMM 2.83664× 10−5 757.4 53

Also, according to the data in Table 7, the computational cost of SI-EDRMM is less than that of SI-FMM and

SI-SMM, and the relative mean square error of EDRMM is less than that of SI-SMM. Therefore, SI-EDRMM is

more efficient than SI-FMM and SI-SMM and is more accurate than SI-SMM in simulating the above system of

TFRDEs for the chosen set of parameters.

CONCLUSION

In simulating TFRDEs, large systems of TFDEs have to be solved. As such, numerical integration of time-

fractional reaction-diffusion equations is computationally expensive as computational cost mainly depends on

the number of vector summations over the considered memory points in the past at each time step. Reducing

computation cost is the main challenge in the numerical integration of TFRDEs. Applying well-established mem-

ory selection methods FMM and SMM for integration of TFRDEs is very difficult due to the high computational

cost and uncontrollable error respectively. This paper compares the memory selection method, EDRMM pro-

posed by Somathilake (2020), FMM, and SMM in time integration of TFRDEs. For this, the author suggests three
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semi-implicit numerical schemes SI-EDRMM, SI-FMM, and SI-SMM based on three memory selection meth-

ods EDRMM, FMM, and SMM respectively. These three numerical schemes are compared by simulating four

TFRDEs whose exact solutions are known and one system of TFRDEs whose exact solution is unknown.

The accuracy and efficiency of SI-EDRMM can be controlled by varying the parameter values α and M of

this method. It is observed that the most accurate solutions of the considered models are given at α = 3 of SI-

EDRMM. The computational cost of SI-EDRMM (for α = 3) is less than that of SI-FMM and SI-SMM (for

PML=20). Therefore, SI-EDRMM is more efficient than SI-FMM and SI-SMM.

The MSE between exact solutions and numerical solutions obtained by SI-EDRMM (α = 3) is less than that

of SI-SMM. That is SI-EDRMM (α = 3) is more accurate than the SI-SMM (PML=20). Therefore, SI-EDRMM

is better for the numerical integration of chosen TFRDEs, because of its adequate accuracy and low computational

cost. Similar results were observed when simulating the chosen system of TFRDEs.
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