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 A reaction-diffusion type mathematical model 

for the growth of corals in a tank, describing the spatial time 

evolution of the biomass of dissolved nutrients (food of polyps) 

and dissolved solid materials (calcium carbonate) of the tank, 

is considered. Some properties of the spatial patterns when 

the model parameters lie in the Turing space are investigated 

based on dispersion relation and unstable wave numbers of 

the linearised system. Branching structure formation process 

in the model is explained analytically. The model is solved 

conditions and it is shown that the numerical results agree with 

the analytically derived properties of the solutions. 

 Dispersion relation, reaction-diffusion equations, 

spatial temporal pattern formation, Turing instability.

INTRODUCTION

Stony corals are built by colonies of several thousands 

of interconnected individuals known as polyps. Colonies 

develop when a planktonic coral larva, called a planula, 

settles on a hard surface. All coral polyps have the same 

basic body structure including tentacles with stingy cells 

that surround a mouth at the top of the central body. Polyps 

of hard corals live in a rigid skeleton called calices, made 

up of calcium carbonate. The rigid skeleton is formed 

when the dissolved calcium carbonate ions in the water 

are extracted and deposited by the polyps. Polyps live 

on the surface and within the top few centimeters of the 

skeleton. As new polyps are formed, they build new calices 

to reside on top of the old skeleton and this process cause 

the growth of coral (Merks et al., 2004). The skeletal 

structures of the corals or the morphogenesis of corals is 

very complex. This complexity makes it harder to model 

the process of coral morphology. However, various 

modelling approaches on coral morphogenesis processes 

have been previously reported (Kaandorp et al., 1996; 

2005; 2008; Mistr & Bercovici, 2003; Merks, 2003a; 

b; c; 2010; Chindapol et al., 2013). A reaction diffusion 

type mathematical model for the growth of corals in a 

tank has been previously proposed by Somathilake 

and Wedagedera (2012; 2014) considering the nutrient 

polyps interaction. This model has been derived based on 

the model proposed by Mistr and Bercovici (2003). The 

nondimensionalised form of this mathematical model 

takes the form 

∂u

∂t
= ∆u+ 1− u− α2v2u, x ∈ Ω ⊂ R

2, t > 0

∂v∂t
∂v

∂t
= d∆v − λv + α2v2u, x ∈ Ω ⊂ R

2, t > 0

∂w
  

0























∂t
∂w

∂t
= λ1v, x ∈ Ω ⊂ R

2, t > 0.
 ...(1)

 Here, Ω  is the model geometry, u, v2 and 
∂t
∂w are 

vertically averaged nondimensionalised concentrations 

of dissolved nutrients (foods of coral polyps), dissolved 

calcium carbonate ions, and the biomass of calcium 

carbonate deposited by coral polyps, respectively. 

The vertical averaging process was done by assuming biomass of calcium carbonate deposited by coral polyps respectively. The vertical averaging

process was done by assuming a specific distribution functions. ∆ =
∂2

∂x2
+

∂2

∂y2
 is the 

operator and the parameters are defined as d =
D

v

Du

, α2 =
kH2u2

s

3Du

, λ = d +
k1H

2

3Du

, λ1 =
k1H

2

3Du

.

D are diffusion rates of dissolved nutrients and cal-

 Here 

H is the height of the tank, D
v

,
 and Du

,

are diffusion rates of dissolved nutrients and cal-
 are diffusion 

rates of dissolved nutrients and calcium carbonate ions, 

respectively, and 
+

k1, 
+

k1H are positive constants related 

to reaction rates of the components (Somathilake & 
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Wedagedera, 2014). If the spatial diffusion process of 

the components is ignored (assuming homogeneous 

medium or well stirred medium) then system (1) is 

reduced to a system of ordinary differential equations of 

the form: 

du

dt
= 1− u− α2uv2

dv

 

 dt
dv

dt
= −λv + α2uv2

dw























dt
dw

dt
= λ1v.

 ...(2)

 The local and global stability of the solutions of 

the system of ordinary differential equations (2) have 

been discussed in a previous study (Somathilake & 

Wedagedera, 2012). Instability analysis and pattern 

formation behaviour in the Turing sense of the model 

(1), subject to the following boundary conditions have 

been discussed previously (Somathilake & Wedagedera, 

2014).

∇u.n = 0, x ∈ ∂Ω,

∇v.n = 0, x ∈ ∂Ω,

}

 ...(3)

Here ∇ denotes the gradient operator and u.n  denotes the 

outward unit normal vector to the domain boundary ∂Ω,.

 In this paper, some properties of the spatial temporal 

patterns generated by the proposed model when the  

parameters lie in the Turing space are discussed based 

on the dispersion relation and unstable wave numbers of 

the linearised system. A brief introduction on dispersion 

relation and turing instability conditions (Turing, 1952; 

Murray, 2003) is given later. Critical values of d are 

derived when the parameters lie in the Turing space of 

the model. The possible range of unstable wave numbers 

of the wave-like solutions of the linearised system about 

the steady state S
2
 (see next section) are derived and the 

possible form of analytical solution for the perturbed 

system is presented. A brief introduction on the numerical 

tool used in this paper is given. The variation of critical 

values of d are explained and the variation of the wave 

numbers of the wave type solutions, with respect to the 

model parameters are explained. The variation of the 

growth rates of the solutions of the model are explained 

based on the linearised system about a steady state. The 

numerical solutions of the proposed model are also 

presented. 

The model considered is a reaction diffusion system 

(RDS). The behaviour of the solutions of reaction 

diffusion systems (RDSs) can be predicted using the 

perturbed solutions of the system about steady states. 

The properties of perturbed systems can be explained 

via Turing instability conditions (Turing, 1952; Murray, 

2003) and dispersion relation of the model. The solutions 

of RDSs form spatial time patterns if the parameters 

of the model satisfy the Turing instability conditions. 

Turing instability conditions and dispersion relation of 

the model are presented below: 

 

In system (1) the term w in the third equation depends 

only on time and v. If v is known, w can be obtained 

by the time integration of v

∂u

∂t
= ∆u+ f(u, v), x ∈ Ω ⊂ R

2, t > 0

∂v∂t
∂v

∂t
= d∆v + g(u, v), x ∈ Ω ⊂ R

2, t > 0











.

 ...(4)

where where f(u, v) = 1− u− α2v2u and and and g(u, v) = −λv + α2v2u.

 There are three steady states: 

There are three steady states: S1 ≡ (us1, vs1), S2 ≡ (us2, vs2) and and ) and S3 ≡ (us3, vs3) for the√  for the 

spatially homogeneous case. Here spatially homogeneous case. Here us1 = 1, vs1 = 0, and for 

and for = 0, and for α > 2λ, , us2 =
α−

√
α2 − 4λ2

2α
, vs2 =

α +
√
α2 − 4λ2

2αλ
,

It can be shown that the trivial steady state

 

, us3 =
α +

√
α2 − 4λ2

2α
It can be shown that the trivial steady state

 and  and vs3 =
α−

√
α2 − 4λ2

2αλ
.

is a stable node and when

 

 It can be shown that the trivial steady state There are three steady states: S1  is 

a stable node and when = 0, and for α > 2λ, ) and S3 is a saddle point. 

The stability of ), S2 depends on the parameters = 0, and for α > and 2λ, 

(Somathilake & Wedagedera, 2012). Therefore, Turing 

type instability may occur only at ), S2. Considering the 

perturbation u = us2 + u1, v = vs2 + v1  at ), S2, systems (4) 

and (3) can be linearised in the form:

∂w

∂t
= D∆w + Aw x ∈ Ω, t > 0,

 ...(5)

∇w = 0, x ∈ ∂Ω, t > 0, i = 1, 2,  ...(6)

where, where , w = (u1, v1)
T  and

A =

(

a11 a12
a21 a22

)

=

(

∂f1
∂u

∂f1
∂v

∂f2
∂u

∂f2
∂v

)∣

∣

∣

∣

S2

.

 ...(7)

We assume that solutions of the perturbed system (5) 

take the form:

(u1, v1) = (A,B)eik.r+σt,  ...(8) 
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where  is the growth rate,  = (k
1
, k

2
) is the wave number 

vector and r = (x, y) is the position vector. Substituting 

equation (8) in system (5) we get the dispersion relation 

(Engelhardt, 1994; Murray, 2003) in the form:

σ2 + A1(µ)σ + h(µ) = 0,  ...(9)

where where µ = k2 = k2

1
+ k2

2
,

A1(µ) =

(

α2 − 2 λ3 + α
√
α2 − 4 λ2 + 2 λ2 µ+ 2 d λ2 µ

)

2 λ2√
( )

2 λ

h(µ) =
α2 (λ+ d µ) + α

√
α2 − 4 λ2 (λ+ d µ)− 2 λ2 (−d µ2 + λ (2 + µ))

2 λ2
.

 Also, Turing instability conditions of the system (4) 

at S
2
 can be derived in the form:

TC1 ≡
α2 − 4λ2 + α

√
α2 − 4λ2

2λ
> 0,

√
2λ

TC2 ≡ −α2 − 2λ3 + α
√
α2 − 4λ2

2λ2
< 0,

√  ...(10)

2λ

TC3 ≡
2λ3 − αd(α+

√
α2 − 4λ2)

2λ2
> 0,

√ 2

2λ

TC4 ≡
(

2λ3 − dα(α+
√
α2 − 4λ2)

2λ2

)2

− 4d

(

α2 − 4λ2 + α
√
α2 − 4λ2

2λ

)

> 0.

 Turing space (the parameter space in which the 

as the union of two regions be written as the union of two regions R1  and a and R2

be written as the union of two regions R1  : The area within the line : The area within the line α = 2λ  and the curve and the curve α = α2  

for for λ ≤ 2. That is. That is

R1 = {(λ, α); 2d ≤ λ ≤ 2, 2λ < α < α2}.

a and R2  : The area covered by the curves : The area covered by the curves α = α1 and and α = α2  

for for λ > 2. That is. That is

R2 = {(λ, α); λ > 2, α1 < α < α2}

where where α1 =
λ2

√
λ− 1

positive solutions for

 and

and α2 =

√

dλ3(8d2 + 7dλ+ 3λ2)− 2
√
2d

√

λ7(λ− d)(2d+ λ)2

d(d+ λ)  

are two positive solutions for  of the equations of TC
2
 = 

0 and TC
4
 = 0, respectively (Somathilake & Wedagedera, 

2014).

d

The condition TC
3
 gives us d < d

1
, where 

, where d1 =
2λ3

α(α+
√
α2 − 4λ2)

. Also the condition Also the condition TC
4
 implies 

d < d
2
 or d > d

3
.

Here  

implies or .

Here d2 =
3α2 λ3 + 3αλ3

√
α2 − 4 λ2 −A

α2
(

α2 − 2 λ2 + α
√
α2 − 4 λ2

)

 and    

   and d3 =
3α2 λ3 + 3αλ3

√
α2 − 4 λ2 +A

α2
(

α2 − 2 λ2 + α
√
α2 − 4 λ2

) , where 

  ( ) ( )

where A = 4

(

2 λ5 +

√

λ6

(

α4 − 5α2 λ2 + 4 λ4 + α3

√
α2 − 4 λ2 − 3αλ2

√
α2 − 4 λ2

)

)

.

It can be shown that . Therefore, in order to satisfy both conditions and
 

 It can be shown that 

(

It can be shown that d2 < d1. Therefore, in order to satisfy both conditions. Therefore, in order to 

satisfy both conditions TC
3
 and TC

4
 it is needed that 

needed that d < d2 ≡ d
c
(α, λ) (say). (say).

The h( ) curves against  at different levels of d when 

 = 2.1,  = 4.24, are shown in Figure 1. It can be shown 

that d
c
(4.20477, 2.1) = 0.648532.

 For d < d
c
 we get two roots

1
 and 

2
 for h( ) = 0, and 

no real roots for  when d > d
c

 (a) Sketch of the sensitivity of h( ) with respect to ; 

(b) h( ) curves from top to bottom are for d = 0.75 > d
c
, d 

= d
c
 = 0.648532, d = 0.6 < d

c
 and d = 0.4 < d

c
, respectively.

µ µ

µ

µ

(a)

(b)
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where,

µ(1) =
− (d α2) + 2 λ3

− d α
√

α2
− 4 λ2 + A

4 d λ2
,

√

4 d λ

µ(2) =
−

(

d α2
− 2 λ3 + d α

√

α2
− 4 λ2 + A

)

4 d λ2
.  ...(11)

Here

Here A =

√

−8 d λ3
(

α2
− 4 λ2 + α

√

α2
− 4 λ2

)

+
(

−2 λ3 + d α
(

α +
√

α2
− 4 λ2

))2

.

 It can be observed from Figure 1 that 
2
 increases 

and 
1
 decreases as d decreases. That is the range where 

unstable wave numbers increases as d decreases. Solving 

equation (9) for  we get two solutions 
1
 and 

2
 given by

given by

σ1 =
−A1 +

√

A2
1 − 4h(µ)

2
,

σ2 =
−A1 −

√

A2
1 − 4h(µ)

2
.

 It is clear that 
1
 > 0 and 

2
 < 0 when h(u) < 0 (i.e. 

(1)
 <  < 

(2) 
). Since 

1
 > 0, the solution of the system is 

unstable.

Now we consider the system (4) subject to boundary 

L). 

Then the eigenvalues and eigenfunction for the Laplacian 

conditions 

are: flux (zero Neumann ) boundary conditions are: µj =

(

jπ

L

)2

 and and φj = cos(
jπx

L
),,  j = 0, 1, 2, ... 

respectively. Then, the solutions of (5) subject to the 

boundary conditions (6) can be written in the form:

u1(x, t) ≃
∞
∑

j=0

aje
σ(µj )t cos(

√
µjx)

v1(x, t) ≃
∞
∑

j=0

bje
σ(µj )t cos(

√
µjx)























.

 ...(12)

Here  is the solution of equation (9) and a
j
 and b

j
 are 

constants, which are determined by considering the 

Fourier series of u
1
, v

1
 and initial conditions.

 The jth mode solution of equation (5) subject to the  

L satisfy 

The mode solution of (

µ(1) < µj =

(

jπ

L

)2

< µ(2). For given  For given L, let 

n
1
 be the smallest integer, j, such that , such that

L
√
µ(1)

π
< j   and 

n
2
 be the largest integer, j, such that , such that j <

L
√
µ(2)

π
. Then spatially heterogeneous solutions.  Then 

spatially heterogeneous solutions of the system takes the 

form:

.

u1(x, t) ≃
n=n2
∑

n=n1

ane
σ(µn)t cos(

√
µnx)

v1(x, t) ≃
n=n2
∑

n=n1

bne
σ(µn)t cos(

√
µnx)























.

 ...(13)

 The possible smallest wave number is Possible smallest wave number is
π

L
; that correspond to; that 

correspond to j = 1. If L

L <
π

√
µ(2)

then for given

That is u(x, t

 then for given d there does not exist 

any spatially heterogeneous solution. That is 
(2)

That is u(x, t) and and 

) and v(x, t) tends to corresponding steady state exponentially. Therefore tend to corresponding steady state exponentially. 

Therefore, for given parameters d the critical 

domain size is 

) tends to corresponding steady state exponentially. Therefore

the critical domain size is Lc =
π

√
µ(2)

..

System (4) subject to boundary conditions (3) is 

numerically solved in one dimensional space using 

MATLAB built in function, pdepe. Errors can be 

controlled within pdepe by adjusting the absolute 

error and relative error in each step of the numerical 

justing Absolute Error and Relative Error in each step of the numer

absolute errors are defined as RelErr =
|xi+1 − xi|
|xi|

 and and AbsErr = |xi+1 − xi|, where, where 

, where xi  is the computed value of a dependent variable x at the 

i th step of a numerical iteration process. Absolute  error 

and relative error are controlled by introducing their 

respective tolerances AbsTol and RelTol. The condition lute Error and Relative Error are controlled by introducing their res

. The condition
|xi+1 − xi|
|xi| < RelTol checks what fraction of the new 

solution has changed since the last iteration. But if the 

solution is around zero then the relative error becomes 

problematic since 

changed since last iteration. But if the solution is around zero then t

problematic since
x

0
error is useful in controlling errors.

 In the numerical iteration process space and time are 

discretised with step sizes ith step sizes ∆x  and and ∆t , respectively. A 

small perturbation from S
2
 of the form 

u(x, 0) = u02 x ∈ Ω,

v(x, 0) =

{

v02 + v02
Rand[0, 1]

100
, x ∈ ω

v02, x ∈ Ω\ω.











 ...(14)

is used as initial conditions. Here ω  is an open subset 

of  Ω\ and Rand [0,1] means a random number between 

0 and 1. In our problem xi = uj,i  or or xi = vj,i   over over j. Where. 

Where . Where uj,i

respectively.
 and and vj,i

respectively.
 represents the numerical values of 

u and v at the position at the position j∆x  and time and time i∆t , respectively.
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dc of d

Sensitivity of Sensitivity of dc  with respect to with respect to α  for different values of 

for different values of λ  is shown in Figure 2.

Denote

αmin(λ, d) =

{

2λ, if 2d < λ < 2
α1(λ, d), if λ ≥ 2,  ...(15)

and

αmax(λ, d) =

{

2, if 2d < λ < 2
α2(λ, d), if λ ≥ 2.  ...(16)

 The sensitivity of Figure 2: The sensitivity of dc  with respect to with respect to α at different levels 

of of λ..

Λ

H L

 The variation of Figure 3: The variation of max(dc) with respect to with respect to ) with respect to λ.

 The dotted horizontal line is Figure 3: The variation of max(dc) with respect to = )= (3− 2
√

2) line. line.

Α

ΜH L ΜH L

ΜH L

ΜH L

For λ = 1.1

Α

ΜH L ΜH L

ΜH L

ΜH L

For λ = 2.1

Α

ΜH L ΜH L

ΜH L

ΜH L

For λ = 4

Α

ΜH L ΜH L

ΜH L

ΜH L

For λ = 10

 Variation of Figure 4: Variation of µ(1) and and µ(2) with respect to with respect to α  for different levels of for different levels of λ  when when d  = 0.001

That is That is (αmin(λ, d), αmax(λ, d)) is the range of is the range of with respect to α  in the 

Turing space for given for different values of λ  and λ, d). For given (λ, d the value 

of Sensitivity of dc  is maximised at is maximized at α = αmin(λ). For given. For given for different values of λ , the 

maximum of Sensitivity of dc  denote as max(Sensitivity of dc )(for different values of λ ). That is

max(dc)(λ) = dc(αmin(λ), λ)..

 The max(Sensitivity of dc )(for different values of λ ) is maximised at for different values of λ  = 2. The value 

of max(Sensitivity of dc )(for different values of λ ) decreases as for different values of λ  deviates from 2. Also, 

for different values of λ , Sensitivity of dc  decreases as with respect to α  increases from αmin. That is the possible range for. 

That is the possible range for λ, d), is (0, Sensitivity of dcfor different values of λ . 

Furthermore Sensitivity of dc  decreases as with respect to α  increases from αmin. That is the possible range for.

 The plot of max(Sensitivity of dc ) against for different values of λ  is shown in Figure 3. 

As for different values of λ  increases max(Sensitivity of dc ) tends to ) tends to dc1 = 
The plot of max(
3 − 2

√

2. Also, as Also, 
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as for different values of λ  tends to 1 the max(Sensitivity of dc ) tends to 0 (zero) and as 

for different values of λ  tends to 2 the max(Sensitivity of dc ) tends to 1. That is, in order 

to exist spatial patterns 

) tends to zero and as

tends to one. That is, in order to exist spatial patterns d =
Dv

Du

In other words, diffusion rate of the dissolved calcium carbonate sh

 should be less than 1. 

In other words, diffusion rate of the dissolved calcium 

carbonate should be less than that of dissolved nutrients. 

This condition is acceptable with physical situations.

The The µ(1)
 
and and µ(2) curves with respect to with respect to α  for different 

values of for different values of λ  when d = 0.001 are shown in Figure 4. It 

can be observed that for the given for different values of λ , the maximum 

range for  is given at α = αmin. The possible range of 

 decreases as with respect to α  increases and vanishes at increases and vanishes at αmax. That is. That 

is the maximum range of wave numbers for a particular 

domain for given for different values of λ  and 

increases and vanishes at
and d  is given at is given at α = αmin.. That is, 

the highest spatial heterogeneity of the solution of system 

(1) can be expected at is given at α = αmin.. Also, it can be observed 

that as for different values of λ  increases the range of  and with respect to α  increases at 

d < dc. That is for fixed. That is for fixed d (d < dc) the heterogeneity of the spatial patterns formed by the the 

heterogeneity of the spatial patterns formed by the 

solutions of system (1) increases as for different values of λ  increases.

 The The µ(1) and and µ(2) curves with respect to with respect to α  for 

different values of 

increases and vanishes at
and d  when for different values of λ  = 2.1 are shown in 

as 

increases and vanishes at
and d  increases the possible ranges of with respect to α  and  decrease. 

for different values of λ , the heterogeneity of the spatial 

patterns formed by solutions of system (1) in a particular 

domain decreases as 

increases and vanishes at
and d  increases from 0 to 

, the heterogeneity of the spatial patterns form by

increases from 0 to d
c
..

Α

ΜH L ΜH L

ΜH L

ΜH L

For d = 0.005

Α

ΜH L ΜH L

ΜH L

ΜH L

For d = 0.01

Α

ΜH L ΜH L

ΜH L

ΜH L

For d = 0.1

Α

ΜH L ΜH L

ΜH L

ΜH L

For d = 0.3

 Variation of Figure 4: Variation of µ(1) and and µ(2) with respect to with respect to α  for different levels of when d  when for different levels of λ  = 2.1

Figure 6 shows the plot of real part of ) shows the plot of real part of σ1, Re(σ1), with respect to,  with 

respect to  at different levels of with respect to α  when for different values of λ  = 3. It can be 

seen that , Re(σ1), with respect to is maximised at a particular value of  

for given with respect to α  and for different values of λ .

The critical value of , Re(σ1), with respect to is occurred when

dσ1

dµ
= 0  ...(17)

Solving equation (17) for  we get two solutions µ(1)  

and µ(2)  given by:

µ(1) =
A2 + B2

2 d (d− 1)2 λ4
,

µ(2) =
A2 − B2

2 d (d− 1)2 λ4
.

Where

A2 = −d λ2
(

α2 + 2 λ3 + α
√
α2 − 4 λ2

)

+ d2 λ2
(

α2 + 2 λ3 + α
√
α2 − 4 λ2

)

√ ,.
( ) (

B2 = 2
√

d (−1 + d2)2 λ7
(

α2 − 2 λ2 + α
√
α2 − 4 λ2

)

.
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It can be shown that It can be shown that σ1  is maximised at is maximized at µ = µ(1). That is max(. That 

is . That is max(σ1) = σ1|µ=µ(1). The plots of of max(σ1) against against ) against α  for 

different values of for different values of λ  are shown in Figure 7.

 It is clear that the growth rate is maximised at 
It is clear that the growth rate is maximized at σ1 = max(σ1). According to the Figure(. According to Figure 7, for a given for given λ, the max(,  

= max(σ1). According to the Figure( is maximised at ) is maximized at αmin(λ), the possible minimum value of, the possible minimum 

value of ) is maximized at αmin. The wavelength correspond to the maximum 

growth rate is given by 

), the possible minimum value of

wavelength correspond to maximum growth rate is given by ωmax =
2π

√

µ(1)
.

 Since Since µ
n
=

n2π2

L2
, the wavenumber, the wave number , the wavenumber nmax  correspond 

to the maximum growth rate is given by nmax =

√

µ(1)L

π
.

 The plot of The plot of nmax  with respect to with respect to α  for different 

values of for different values of λ are shown in Figure 8. It can be observed 

for different values of λ and and d the value of the value of nmax  increases when 

with respect to α  increases from αmin  to to αmax.. Furthermore, when both 

for different values of λ and with respect to α  increase, the possible minimum and maximum 

value of the value of nmax  as well as the range of the value of nmax  increase.

Now we consider the behaviour of the solutions of the 

system (1) in one dimensional space when parameters lie 

in the Turing space. It can be concluded from the system 

(13) that for large ) that for large t,, values of values of u  and and v are dominated 

by (almost depend on) a maximum value of are dominated by (almost depend on) maximum value of Re(σ) and approach and 

approach to a spatial variant time invariant patterns. 

These are wave-like patterns with wave length ωmax  

since since Re(σ) is maximized at this wave length. Consider the spatial temporal pat is maximised at this wave length. Consider 

the spatial temporal patterns formed by the solutions 

when parameters lie near the Hopf bifurcation curve ) is maximized at this wave length. Consider the spatial temporal patterns

ion curve α =
λ2

√

λ− 1
.. For an example consider the case For an example consider the case λ = 3.2, 

2, α  = 6.48596, 48596, d  = 0.001 and 001 and Ω = (0 = (0, 8). In this case 

L = 8, 

For an example consider the case
= 8, µ(1)

 = 88.8256 and the maximum wave number 

and maximum wave length are 

this case L = 8,

nmax =

√

µ(1)L

π
= 12 

and = 12 and ωmax =
2π

√

µ(1)

most probably be expected 6 branches of the density plot of time ev

 = 0.66667, respectively. That is, 

in this case, it can most probably be expected six (6) 

branches of the density plot of time evolution of and v if a 

(4) with the above parameters is solved numerically 

in one dimensional space using MATLAB built in 

function pdepe assigning assigning ∆x = 0.04, 04, ∆t  = 0.005, in one dimensional space using MATLAB built in function

005, ω =

(

L

2
− 3∆x,

L

2
+ 3∆x

)

. Error control options 

are kept in their default values, 

(

AbsTol= 10−6  and 

Μ

-

-

-

HΣ L

Α=

Α=

Α=

 The variation of Figure 6: The variation of Re(σ1) against at different levels of α. 

Α

HΣ L

 The variation of Figure 7: The variation of max(σ1) against against ) against α at different levels of 

levels of λ: The curves from bottom to top are for the: The curves from bottom to top are for the levels levels of λ: The curves from bottom to top are for the = 2, 

levels of λ: The curves from bottom to top are for the = 6 and levels of λ: The curves from bottom to top are for the = 9, respectively.

Α

 The variation of Figure 8: The variation of nmax  with respect to different levels of for different levels of λ: The curves from left: 

The curves from left to right are for for different levels of λ: The curves from left = 2, for different levels of λ: The curves from left = 6, for different levels of λ: The curves from left = 9, 

respectively.
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2

)

and RelTol= 10−3 , respectively. The numerical solutions 

of time and the time evolution of v  component at large time and the time evolution of 

time and the time evolution of v  is shown in Figure 9. The default value of ). The default value of RelTol  

guarantees that 0.1 % accuracy of the solutions in each 

iteration. The default value of AbsTol guarantees that if 

zero solutions exist, then in each iteration the absolute 

value of the deference between the new solution and the 

previous solution is less than 10 . Density plot of the 

numerical solution of time and the time evolution of v  component shows six branches. 

 Propagation of mean square difference of the numerical solutions of evolution of v. between two consecutive 

iterations

number of the solution at large time is matched with the 

wave number of the numerical solutions of time and the time evolution of v  at large 

time.

 Suppose that, in the numerical simulation process, 

space is discretised into n number of sub intervals. 

time and the time evolution of v  between 

(i+1)th time step and ith as follows.

 Time invariant spatial patterns and the density plot of time evolution of evolution of v.. (a) Time invariant 

solution of evolution of v. (evolution of v. at t = 250); (b) Branching structure formed by time evolution of evolution of v.

(a) (b)
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follows.

MSDi =

∑n

j=1
(vj,i+1 − vj,i)

2

n
.

 The propagation of MSD of time and the time evolution of v  is shown in 

Figure 10 (for clear visibility, the whole range of 

iterations divided into four sub-ranges and plotted MSD 

on those sub ranges). It can be observed that MSD is 

maximised around 140th time step. This maximum value 

is very small and it is approximately 10 . Therefore, 

numerical values of time and the time evolution of v  are smoothly varying in time. 

Also as time passed MSD reaches zero. That means the 

numerical solution of time and the time evolution of v  tends to be at a time invariant 

state as time passed. Therefore, the convergence and the 

stability of this numerical process holds.

There are three spatially homogeneous steady states, 

namely, S
1
, S

2
, S

3
 for the model. Turing instability 

S
2
. The boundaries of 

Turing space are determined as functions of model 

parameters.

 For given For given λ, the possible maximum value for, the possible maximum value for 

, the possible maximum value for dc, max(dc) is given at the possible minimum is given at the possible minimum value of 
value of α = αmin  (Figure 2). As For given λ, the possible maximum value for increases, 

, max( ) is given at the possible minimum
increases, max(dc) tends to tends to be ) is given at the possible minimum

) tends to dc1 = 3 − 2
√
2. This. This behaviour is shown in Figure 3.

 For given For given λ, the possible maximum value for and d, the maximum range for the instability region of the solutions 

are bounded by the instability region of the solutions bounded by αmin  and and αmax  [see equations (15) and 

(16)]. According to Figure 5 it can be observed that for 

given For given λ, the possible maximum value for and d, the maximum range for, the maximum range for  is occurred at 

is occurred at α = αmin. That is heterogeneity of the solutions. That is, heterogeneity of the solutions . That is heterogeneity of the solutions u  and and v  

maximise at maximize at α = αmin for given For given λ, the possible maximum value for and d, the maximum range for. Also, Figure 5 

shows that as d, the maximum range for increases the possible ranges of value of α  and  

For given λ, the possible maximum value for, the heterogeneity of the 

solutions of system (1) in a particular domain decreases 

as d, the maximum range for increases.

 Density plots of the numerical solutions of time and the time evolution of v  

component [see Figure 9(b)] on one dimensional 

space shows some branching patterns when the 

parameters lie near the Hopf bifurcation curve, sional space shows some branching patterns when the parameter

curve, α =
λ2

√
λ− 1

. These branching structures are somewhat similar to the branchin. These branching structures are some what 

similar to the branching structures of branching corals. 

branches increases as the domain size increases since 

increases as the domain size increases since nmax =

√

µ(1)L

π
. For given parameter values, the. For given parameter values, the critical 

domain size is critical domain size is Lc =
π

√

µ(2)
. That is spatial patterns can be expected only if. That is spatial patterns can 

be expected only if . That is spatial patterns can be expected only if L > Lc.

Consider the case 

√

Consider the case D
u, Dv, H , k, k1

In this case and domain are fixed. In this case d and and λ are constants and and α  is proportional 

to the nutrient supplying rate is proportional to the nutrient supplying rate us. Therefore,. Therefore, and α  can be 

controlled by controlling the nutrient supply. According 

to Figure 8, ), nmax  increases as and α  increases from αmin 

to to αmax. In other words, heterogeneity of the spatial patterns can be c. In other words, heterogeneity of the spatial 

patterns can be controlled by controlling the nutrient 

supply rate. Also, spatial patterns can be expected only 

if the nutrient supply rate is controlled in such a way 

that controlled such a way that α ∈ (αmin, αmax). According to Figure(
increases from toFor given λ, the possible maximum value for, the growth rate decreases as and α  increases from αmin 

to to αmax. In other words, heterogeneity of the spatial patterns can be c. Also, as and λ increases the maximum growth rate 

increases and the possible range of and α  also increases.
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