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Abstract: Mixed number is the sum of a scalar and a vector. It has
satisfactory algebra, In terms of Mixed number, we have derived
the Lorentz Transformation, which we call the Mixed number
Transformation. The Mixed
Fransformation is better than the most general Lorentz
Transformation. In this paper we have discussed the phenomenon
of relativistic aberration by special, most general and Mixed
number Lorentz Transformation. It has been observed that the
explanation of relativistic aberration by Mixed number Lorentz
Transformation is easier than the explanation of the same by
most general Lorentz Transformation.

Lorentz number Lotentz
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1. INTRODUCTION
1.1 Mixed number

Mixed number'* o is the sum of a scalar x and a vector
A ie. o =x + A It has satisfactory mathematical tools.?
We have given below the summary of the mathematical
tools of Mixed number algebra.

"Two Mixed numbers 0t and 3 are equal if x = yand A= B. The
addition of two Mixed numbers 0L and B can be written as:

oa+B=@x+y +A+B) everreneneneene ()

whered =x +Aand =y + B

Mixed number 0 = x + A = (x + Ai+ Aj+ Ak)
where x, A, A, and A, are scalar values and i, j and k are
basis or unit Mixed numbers. The properties of the basis
Mixed numbers are ii = jj = kk = lie i = 1,2 =1,
K=1landij=ik jk=ii, ki=ij ji=-ik,
kj=-ii, ik=-ij wherei=V(-1).

They have the following multiplication table.

1 i j k

1 1 i j k
i i 1 ik - ij

j j -ik 1 ii

k k ij -i 1

The product of two Mixed numbers o and B is defined as:

of=x+A)Fy+B) =
xy + AB + xB + yA + iAXB RN /2]
where A.B is the scalar product and AXB is the vectot product

of the vectors A and B. The product of Mixed numbers is
associative.

Le. @BY=0PBY) (3)
where ¥ = z + C is another Mixed number.

Taking x = y = 0 we get from equation (2):
A®B=AB+iAXB ... “

[The symbol ® is chosen for Mixed product.]
This product is called Mixed product of vectors.*

1.2 Lorentz Transformation

N

1.2a Special Lorentz Transformation

Letus consider two inertial frames of references S and S’ where
the frame S is at rest and the frame S’ is moving along X-axis
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with velocity v with respect to S frame. The space and time
cootdinates of S and S’ are (x,y,7,0) and (x';y’,z’,t') respectively.
We have assumed that the origins of both the frames S and s
coincide at the time t =’ = 0. The relation -ship between the
coordinates of S and &', which is called special Lotentz
Transformation, can be written as®

= Yx - vt)
VEY s ©)
2=z
= Y- vx)
1

[wherec=1land Y= ——]

Y (1-v/c)
and
x = Y +vt)
YEY ©)
z=17
t =y +vx)

1.2b Most general Lorentz Transformation

When the velocity v of $’ with respect to the S is not
along X-axis i.e. the velocity v has three components v,
v and v, then the relation between the coordinates of S
and S’ which is called most general Lorentz
Transformatlon, can be written as®

/= x + v[{(xv)/v}(y-1) - ]
=7 (t—xv)
where ¢ = 1and
1
i N (1-v3/c?)

By using these Transformation equations addition of
velocities can be written as

x’ x+ v [{xv)/v}y-1) -tY]

t Y (t—x.v)

Dividing numerator and denominator of the R.H.S. of
equation (8) by t we get
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¥ wv[{@v)/vHr-1-1

=v®u ... (9
t Y{1—uw)

where u = x/t and the symbol © denotes the Lorent
sum of velocities.

Ifv, v, V, denote the components of the velocity of th

system S’ relative to S, then equation (7) can be written 2
= {1+- Wi+ -y, yiv A+ (- Dy, 2/v i
y=- l)vyvx x/v2+ {1+ - 1)Vy2/V By + (- 1)Vyv7_ z/v Z-Vy'Yt
Z=@-vy, x/v2i+{y- 1)vzvy y/vit {1+ @§-Dv zz/v Nz v

= —’vax—'Yvyy—'szz+Yt.
(1

1.2¢ Mixed number Lorentz Transformation

Mixed number Lorentz Transformation can be generate
using Mixed number algebra.’

From equation (5) we can write

' +x =y(t—vx +x-Vt)

=y{t+x-v{t+tx}

t+x

Using (' + x') = p’ and (t + %)
can write

= p in equation (11) ~
PPEY(P-DY) e (1

From equation (6) we can write

t+x=y(t +vx +x +vt')
t+x =y +x)+ v +x)}
Using (¢ + x) = p’ and (t + x) = p in equation (13) we €
write

pP=Y0® PV

When the velocity v of $” with respect to the S is not along
axis i.c. the velocity v has three components v, v, andv,.
in this case z and z" be the space part in S and & fra
respectively. In this case equation (12) can be written as

P'=y(@P-Pv)

where P’ = (' + Z), and P = (t + ) are two Mixed numb

Lty =y {(t+2) -+ 2V}

of, U +2) =y {t+2)-(t+2) O+ V)} oot |
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Relativistic aberration of Mixed number Loreniz Transformation
Using equation (2) we can write
t+20+v)=zv+ow+izxXy s (10
From equation (2) and (15) we get

" +z)=y{t+z—(z.v+v+izxv)}

or, (' +2')=y(t—z.v)+ Yz~ tv— izXV)

Equating the scalar and vector parts of equation (17) we can
write:

¢ =vyt—zviand e (18)
Z= Y@z - tv—izXv)

Similarly it can be shown that

t =y +zwvyand (19)

z = Yy +tv+iz'xv)

Equations (18) and (19) ate the Mixed number Lorentz
Transformation.

From equation (19) dividing z by t we get
z (z' + t'v +iz'xv)

— e — (20)
t t +2z'v)

Dividing numerator and denominator of the R.H.S. of
equation (20) by t" we get

z {@'/t) +v+i@z'/t)xv)

t {1+ /t)v}

u+v+iuXv
= (whete u = z'/t)
1+ uv

ut+v+iuxv
of, w=v@u=
1+uv

where w=1z/t

Equation (21) is the relativistic velocity addition theorem
of Mixed number Lorentz Transformation. The Mixed
numbet Lorentz Transformation is better than the most
general Lorentz Transformation.’
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2. ABERRATION

The phenomenon of aberration results “The speed of
light is independent of the medium of transmission; but
the direction of light rays depends on the motion of the
source emitting light relative to the observer.”

2.1 Proof of aberration by special Lorentz
Transformation

The earth revolves round the sun in its otbit, therefore
we may imagine the sun to be system S while the earth
in system S’ is moving with velocity v trelative to system
S along. positive ditection of common X — axis. Let the
light from a star P be obsetved by obsetvers O and O in
system S and $” respectively whete the frame S is moving
with velocity v with respect to S frame along X-axis. Let
the angles made by a light ray in X-Y plane from the star
P at any instant in two systems at O and O” be ¢ (9=
<POX) and @ (9'= <PO’X’) respectively.

Fixed frame  Moving frame

YA Y
v P (Star)
|
9 (4
- >
0 o X X
z z'

Figure 1: Direction of light rays observed from a fixed frame
S and a moving frame S’ (The frame S’ is moving
relative to S along common X-axis).

It can be shown that®:

tan @ \/(l -B?

tan @ = e (22)
1-Bseco
(where B=v/c)
and
tan ¢’ V(1 -B?)
ANQO= e 23)

1-Bsecq’

From equations (22) and (23) it is cleat that ¢ and ¢’ are not
the same in the two systems; i.e. the direction of light rays
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depends upon the relative motion of source and observer;
therefore the explanation of the phenomenon of aberration
is obvious. Equation (23) gives the exact relativistic aberration
formula for special Lotentz Transformation.

22 Proof of aberration by most general Lorentz
Transformation

Let us now consider the light from a star P observed by
observers O and O in system S and ' respectively. The frame
§’ is moving with velocity v relative to 8 along arbitrary
ditection as shown in Figure 2. Let the angles made by a light
ray in X-Y plane from the star P at any instant in two systems
at O and 0" be @ (@ =<POX) and @ (¢ * = <PO’X)
respectively. According to the description the angle @ is
same in Figure 1 and Figure 2 but the angle ¢’ is
different.

Fixed frame Moving frame

YA Ay
/ v P (Star)
]
(P ’
>
(@] o’ X X’

Z z’

Figure 2: Direction of light rays observed from a fixed frame
S and a moving frame S'(The frame S’ is moving relative

to S along arbitrary direction).

Differentiating both sides of equation (10) we get

& ={1+ (- 1)VX2/V2}dX +y-1 vay/v2

dy+ (- Dvv Mdzvyde 24
dy’ = (y- Dvyv/vidst {1+ (v- Dv*/vidy

+ (y- 1)Vyvz/vzdz Svyde (25)
dt’ = -yvdx- Yvydy -yvdz Hyde (26)

From equation (24) and (26} on dividing, we get

dx’ {1+ (Y- DvR/vidx (Y- 1)VXV)V/V2 dy + (Y- Dvv,/v*dz v ydt

dt’ Ayvds-yvdy -yvdz + gt
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{14 ¢y- w2 /v u (Y- Dvy /v + (- Dy, /viy - vy

’
ot, u
x

Yvu -yvoua - yv,ou +Y

Again from equation (25) and (26) on dividing, we get

dy’ ¢ —1)Vyvx/vzdx+ {1+( Hv2 /vy +(Y - vy, /vidz - v ydt

dt’ yvds - yvdy - yvdz + yde

o- 1)vyvx/v2ux + {1+ - 1)V2y/v2} u (Y- 1)vyvz/v2 u, - vy

v, ou - 'Yvy uy R AAS +v
From equation (27) and (28) we can wtite

u’ &- 1)vyvx/v2 ut{t+y- 1)V2y/V2} u t Y- 1)Vyv/’/v2 u, - vy

¥

If we consider two-dimensional case, then we can wiite
from equation (29)
v, (- Dy /viu, + {1+ (- v /vt u - vy

-_——— G0)
o’ {1+ -1/ + Y- Dry/viu -vy

In this case the starlight travelling in x-y plane with
velocity ¢, has components, ¢ cos(Tt +¢) and c cos(T
+¢’) along positive direction of X-axis in system S and
S’ respectively. Also those ¢ sin(ft +@) and ¢ sin(n+¢")
along positive direction of Y-axis in system S and s
respectively. Thus we have

u

X

c cos(T +¢) = - c cosP

u = c sin(® +@) = - ¢ sin®

’ eeeeeere e (1)

W, = ccos(m +¢) = - ¢ cosq’

u'y = ¢ sin(m +¢) = - ¢ sing’

Substituting the values from equation (31) into equation (30)

- ¢ sing’ - Dvyv/v (ccosg) + {1+ (Y- DV V(e sing) - vy
-ccosq {1+ (Y- DvIVEH- ccos@) + (1 Dy, /v (- csin@) - vy

(- Pvyv/v+ {1+ (- Ty /v (tan@) + (v, /)Y sec
or, tan@’ =

{+@-Dv /i + (- 1)vxvy/v2 tan® + (v,/c)Y sec@

e (32)
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Relativistic aberration of Mixed number Lorenty Transfermation
Using ¢ = 1 we get from equation (32),

{y - 1)vyvx/v2+ {1+ (y- Dv/v’Hang) + (v))Y sec®

tang’ =

{1+ (- vV} + (- vy v e + (v )Y sec ... (33)

From equation (33) it is clear that @ and @ are not the
same in the two systems, ie., the direction of light rays
depends upon the relative motion of the source and
observer. Therefore, we can explain the phenomenon of
relativistic aberration by most general Lorentz
Transformation. Equation (33) gives the relativistic
most Lorentz

aberration formula for general

Transformation.

2.3 Proof of aberration by Mixed number Lotentz
Transformation

Let us consider the same phenomenon as described in

A M : —— . —_ L ’ r
Fllgure 2.,Con51der1ng 2, =X,2 =Y,2,=z,2 TX,7 =
y and z’ = z equation (18) can be written as
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dy’ Yidy —vdt— i(vdz—v,dx)}
and — =
ar’ Y(dt v dx—vdy-vdz)
dy’ Y {dy/dt — v - i(v dz/dt — v dx/dt)}
of. u'y =— =
dt’ Y (1 -vdx/dt— Vydy/ dt —v dz/dt)
{u v, —i(v,u-v u)}
or. u'y = —-— (39
(1-v u - vou—v, u)
Dividing Equation (39) by equation (38) we get
u'y fu v ~ilv,u -v,u)}
_ = — (40)

u {u —v - i(vzuy—vyuz)}

1f we consider the two-dimensional case, then we can write

X=v{x — tv_— i(yv, —zv)}
, o 7 from equation (40)
Y=Yy — v, = i(v, —xv)}
O (34) ,
Z’:y{z - tv - i(XVy_YVX)} vy (uy_vy
C=y(—xv.— yv, —7v) = (41)
‘ o) (u,~v,)
Differentiating both sides of equation (34) we get
From equation (31) and (41) we can write
dx’ =y {ds —vdt— i(v dy- vydz)} .................. (35)
- ¢ sing’ (-csing —v )
dy’ =y {dy — vdt—i(vdz—vdo} (36) —
df =y(dt-vdx-vdy-vdd) (37)  -ccos¢’ (-ccosQ —v,)
From equation (35), (36) and (37) we can wtite csing +v,
or, tan@” =
dx' 'Y { dx — det — 1<V7dy— Vydz)} c COS(p + Vx
dt’ Y(dt—vdx—vdy-vdz Consideting ¢ = 1 weget
dx’ Y{dx/dt —v — i(v,dy/dt— v dz/de)} sin@ +v,
or.u = — = of, tan® = — .. 42
dr’ vY(1—vdx/de— v dy/dt —v dz/dt) cos@ tv, .
Y{u —v — i, u —v u)} tan® + v sec@
or.u’ = i (38 ottang’ = —————— (43)
Yyd-v ou - v,u—v, u) 1+ v seco
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Table 3: Comparison of aberration in special, most general and Mixed number Lotentz Transformation

Special Lorentz
Transformation

Most general Lorentz Transformation

Mixed number Lorentz
Transformation

tan @ V(1 -B?)

Relativistic

tan ¢ = tan @’ =

G-Dv,y VI /v an @ + (7)Y secd

tan® =+ Vysec(p

tan ¢ =

aberration

formula

1-Bsec@

{1+ (- DOV2 /v vy, /vang + (7)Y secd

1+ v sec

From equation (43) itis clear that for any value of v (except v
= 0) @ and @ are not the same in the two systems; i.e. the
direction of light rays depends upon the relative motion of
soutce and observer; therefore the explanation of the
phenomenon of abetration is obvious. Equation (43) gives
the exact relativistic aberration fotmula for Mixed number
Lorentz Transformation.

CONCLUSION

The phenomenon of relativistic aberration is clearly
explained by special, most general and Mixed number
Lotrentz Transformation. We have observed that the
relativistic aberration formula for Mixed number
Lorentz Transformation is simpler than relativistic
aberration formula fot most general Lorentz
Transformation. Therefore we can easily calculate the
relativistic aberration for the case where the inertial
frame is moving in any arbitrary direction instead of X-
axis by the help of relativistic aberration formula for

Mixed number Lorentz Transformation.
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