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Abstract

We solve approximately the bound state solutions of the Klein - Gordon equation for
deformed Hulthen potential with unequal scalar and vector potential for arbitrary
| —state. We obtain explicitly the energy eigenvalues and the corresponding wave
function expressed in terms of the Jacobi polynomials. We also discuss the energy
eigenvalues of our result for three cases with equal and unequal scalar and vector
potentials.
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1. INTRODUCTION

In nuclear and high energy physics, one of the interesting problems is to obtain
exact solution of the Klein - Gordon, Duffin — Kemmer - Petiau and Dirac equations for
mixed vector and scalar potentials. When a particle is in a strong potential field, the
relativistic effect must be considered, which gives the correction for non — relativistic
quantum mechanics'. The Klein — Gordon, Dirac, and Duffin — Kemmer — Petiau wave
equations are frequently used to describe the particle dynamics in relativistic quantum
mechanics.

In relativistic quantum mechanics, one can apply the Klein - Gordon equation to
the treatment of a zero-spin particle and the Dirac equation for spin half particle. In
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recent years, many studies have been carried out to explore the relativistic energy
eigenvalues and corresponding wave functions of the Klein-Gordon and Dirac
equations™*

These relativistic equations contain two objects: the four — vector linear
momentum operation and the scalar rest mass. These allow one to introduce two types
of potential coupling, which are the four vector potential V'(r}, and the space — time
scalar potential 5(r].

The Klein — Gordon equation with the vector and scalar potentials can be written
as follows:

[—fi%—b’(?j]:—?:— (5(r)+ M)2|¥(r.8,0) =0 (1)

. &

where M is the rest mass, ai = E is the energy eigenvalues, V{r) and 5(+) are the

vector and scalar potentials respectively. For example, some authors have assumed that
the scalar potential is equal to the vector potential and obtained the exact solutions of the
Klein — Gordon equation and Dirac equation with some typical potential using different
methods®. For example, these investigations have employed anharmonic oscillator

potential'®, Kratzer potential****?, ring shape pseudoharmonic potential™, Woods-Saxon

potential®*, new ring-shaped non-spherical Harmonic oscillator'®, Scarf potential®,

Hartmann potential’’, Poschl-Teller potential and Rosen Morse potential'®. Different
methods such as the Supersymmetry Quantum Mechanics'®, Asymptotic iteration
method(AIM)® and Nikiforov-Uvarov(NU)**?! and others have been used to solve the

second order differential equations arising from these considerations.

However, the analytical solutions of the Klein — Gordon equations are possible
only in the s — wave case with the angular momentum I = 0 for some exponential type
potential models?*%. Conversely, when I = 0, one can only solve approximately the
Klein — Gordon equation and the Dirac equation for some potential using a suitable
approximation scheme?*

The concept of the position dependent mass in the quantum mechanical systems
has also attracted a lot of attention and research interest in recent times®. They are
useful and have been applied in many fields, such as semiconductor physics®®, quantum
wells and quantum dots®®, quantum liquids®’ and semi conductor hetero-structures®® and
others. Recently, the solutions of the non- relativistic wave equation with position
dependent mass have been a line of great interest’®>? but there are only few
contributions that give the solutions of the relativistic wave equation with position
dependent mass in quantum mechanics***®. One of us investigated the bound state



Akaninyene D.Antia et al. /Sri Lankan Journal of Physics, Vol. 13(1), (2012) 27-40 29

solutions of the Klein-Gordon equation with Hulthen potential® and being motivated by
this success, we will attempt to solve the Klein-Gordon equation for deformed Hulthen
potential with position dependent mass using the Nikiforov-Uvarov method.

In this paper, we attempt to solve approximately the arbitrary [ —state Klein —
Gordon equation for the deformed Hulthen potential with an exponentially spatially
dependent mass using the Nikiforov — Uvarov (NU) method. The centrifugal term in the
Klein — Gordon equation is dealt with using a new improved approximation scheme®’.
The organization of this paper is as follows: In section 2, we review the Nikiforov-
Uvarov (NU) method brieftly. In section 3, Bound state solutions of Klein — Gordon
equation is presented. In section 4, solution of the radial equation of the Klein — Gordon
equation via NU is presented. Conclusion is presented in section 5.

2. REVIEW OF NIKIFOROV -UVAROV (NU) METHOD

The NU method® is based on solution of a general second-order linear
differential equation with special orthogonal functions. In this method, for a given real
or complex potential, the Schrédinger equation is transformed into a generalized
equation of hypergeometric type with an approximate == s(*] coordinate
transformation and it can be written in the following forms;

P+ I (9 + T2 =0 )

where o (s} and #(=) are polynomials, at most second degree, and T(=) is a first degree
polynomial. In order to find the exact solution to equation (2), we set the wave function

as
w(s) = ¢(s)x(s) ©)

and on substituting Eqg. (3) into eq. (2) reduces Eqg. (2) into hypergeometric type

a()x (s) +2()x (s) + Ax(s) = 0 (4)

where the wave function ¢(=) is defined as a logarithmic derivative in the following
forms and its solutions can be obtained from

$ls) _ .'r':s..' (5)

@5 a5

where (s) is at most first — degree polynomials.

The other part x(s) is the hypergeometric type function whose polynomial
solutions are given by the Rodrigues relation
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2,(5) = 252 [07()p(9)] ()

where B, is the normalization constant and the weight function #(s) must satisfy the
condition and n is the order of the equation.

= (e()p(s)) = T(s)p(s) (7

The function 7( =) and the parameter 4 required for this method are defined as follows:

;TES‘):T?— II(—z] — g+ Ko (8)
A=k 4w (s) 9
where the prime denotes differentiation.

On the other hand, in order to find the value of k, the expression under the square root
must be square of a polynomial. Thus, a new eigenvalues equation becomes.

nin—1)

A=4,= —nt(s)———0o (s),n=10,1,2, ... (10)

where
r(s) =1(s) + 2a(s) (11)

and its derivative is negative. By comparing egs. (9) and (10), we obtain the energy
eigen values.

3. BOUND STATE SOLUTIONS OF KLEIN- GORDON EQUATION FOR
DEFORMED HULTHEN POTENTIAL

The three dimensional Klein- Gordon equation with the mixed vector and scalar
potentials can be written as

[V + V() — E)* = (S(r) + M)’ Ty(r.6,0) = O (12)

where M is the rest mass, E is the relativistic energy, S(r) and V() are the scalar and
vector potentials respectively, V- is the Laplace operator ,c is the speed of light and & is
the reduced Planck’s constant which have been set to unity. In the spherical coordinates,
the Klein — Gordon equation for a particle in the present of a deformed Hulthen potential
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() becomes

[%Ei‘ [1?: E%J T (.1': 51"5' % [5‘,‘.?1!9 %JJ - rI 5;1.1'!: 4 %
—2(EV(r) + MS(r))+ V3(r) =S*(r) + E* — M*]|¥(r.0,¢) =0 (13)

If one assigns the corresponding spherical total wave function as

¥(r,8,0) =22¥,,(6,0) (142)

where

¥, (0. ¢0) = 0(8)¢(¢) (14b)

then the wave equation (13) is separated into variables and the following equations are
obtained.

F +|E? —M? — 2(EV(r) + MS(r)) + V3 (r) — S2(r) — — R(r)=0, (15)
a2e8) a@(g) . m® _

FEEE cotd Fr ['{ N E:'.v!:E] BEE) =0 (16)
L L a(e) =0 )

where m~ and A = 11 + 1] are the separation constants. The solutions for equation (16)
and (17) are well known®®,

4. SOLUTIONS OF THE RADIAL EQUATION

The deformed Hulthen scalar and vector potentials are respectively written as

S =2y = (18)

':1—1.','5_"“'_' ':1—1.'5'!5_""" _'.

where 5_, I, are the potential depth,q is the deformation parameter and « is an arbitrary
constant. We define the position dependent mass in the form®

M(r)=M_ |1 - ——"—=| , (19)

':1—1.','5_““ )

where M, is the rest mass at equilibrium position.
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Substituting Eqg. (18) and (19) into Eq. (15), we obtain the radial equation of Klein —
Gordon equation as

. Tr

d*Rir) 2 2 2 _ 2 £
am DB~ Mo~ ((Moa+5)" Vo) o=
2 . g7 11+1)
+(2M2q + 2M_ S, + EV,)- R R(r)=10 (20)

1-ge™*

The centrifugal term in equation (20) can be evaluated using the new improved
approximation scheme®’.

S ¥ 4a |0, + —— (1)

where C, = 11 is an arbitrary dimensionless constant. In this study, we set C, = 0,

which reduces Eq. (21) to conventional approximation scheme*. The choice of ¢, = 0,

does not alter the physics of the problem under investigation.
Substituting Eqg. (21) into Eq. (20), we obtain

P T b_—-l-ﬁ?" il b_:m.. ."I.:E TOT
I e ! . 4 - R =0, (22)

g1 (1—ge ™ 12 (1—ge ™ 3 (1—g g2 )2

V, = (Mg + Sy)* — Vi
where 1, = 2M2q + 2M,5, + 2EV, (23)
A* =4a? (1 + 1)

Using a new variable s = e %" and substituting into Eq. (22), we have the following
hypergeometric equation,

d*R(s) | (1-gs) dR(s) 1 2.2 @2, 2 P
P 5(1-gs) ds 5'21—1:,'5_"[ (E 4 18 r EF)S'
+{2efg +y* —8%)s—£*]R(s) =0 (24)

where the following dimensionless quantities have been used in obtaining equation (24):

2 2 r
= E° =M - 5 -

B i L (25)

4 A’ ! Ao e

Now comparing Eq. (24) with Eq. (2), we get
o(s) = 5(1—gs), T(s) = 1 —gs,

7(s) = —(7q° + 7 +y7q)s” + (2e7q +y* — §7)s — &° (26)
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Substituting Eqg. (26) into Eq. (8) gives

—gs

w(s) = .

:%1\.-"[453.:13 +48% +ayiq+ q* — 4kg)s®t —4(efqg +vP — 6% — k)s + 4£7,

and we get two possible functions for each & as

(s) = 2241 [QEqE —J482q+4B% + q*)s— 2¢,for k =y% — 57 + £462%q + 4B + g2
2 T2 (2qs+ 48 g+ 4B + q¥)s— 25, fork =y — 67— £ /46%q + 457 + g2
(28)
For the polynomial of t(s) = T + 2w (s) which has a negative derivative, we get
m(s) = _EE —%[[:2:;5— J483q+ 487 + g% )s — 2¢] (29)
k=y>— 6% —&/46%q +4p% +q° (30)
Substituting Egs. (26) and (29) into equation (11), we obtain
r(s)=1—2q(1+¢g)s— [:«\.-"4-:'3:.:; +482 + qr:}s + 2e,
r'(s) = —2q(1+¢) — /457 + 4B2 + ¢ (31)

The parameter 2 = k + 7' (s) is obtained as

- ~7

1 L i F gy o7 = Bl - 1 —/—F=3 5 =
A=y =87 (g +/46%q + 4f% +q)e — T — 1407+ 457 +q* (32

Substituting Egs. (26) and (31) into Eq. (10), we obtain

Ay, =2nq(l+s)+nf48%q+ 47+ g +nin—1)q (33)

Comparing Egs. (32) and (33), we have

P e R | ) (34)

Eq‘l:.v!—f_:—x 45 g+afit+g”

Substituting Eqg. (25) into Eg. (34), we obtain

I = _-'L-'fE: — 4a- = _.‘” - _ —N | 2 = (35)
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By using Eqg. (23) in Eq. (35) the energy spectrum of the Klein — Gordon equation for
the deformed Hulthen potential with position dependent mass is obtained as,

Vol@ni=2) 2, V5 (Qn=2) #(6g #15 JME €7 =274 200 1-2-07 )

Er! = ; z 2 - (363.)

(3 +vE)

where

"

e(nn+ 1+ 2)q

Q,, =2a [[n— )4l + 1)q + (S, + Mgg)® —VZ + a’q? +al(l+1) +

(36h)

C,, =2a(n+2)q+ 221+ 1)q + (5, + Myq)? — V2 + 247,

. &

Z= _l'l-'fc_ ESE g _l'lffc_l'.']"j (36C)

The corresponding wave function can now be calculated by first calculating the

weight function p(s). Using Eq. (7) the weight function is obtained as

pls) = (1—qs)"s* (37)

where v =%«\.-"45:q +4fF% +g*and u = 2,

Substituting Eq. (37) into the Rodrigues relation of Eq. (6), we get the eigen function
Xn(s) as

¥nls) =B (1— qS)_"S_“%[(l - qgj”_"g':”_“:'] , (38)

where B,, is the normalization constant.

mls)

The other part of the wave function in Eq. (3) is obtained by using “‘;— =

and solving the resulting differential equation yields,

o(s) = (1 - g5z (39)
Combining equations (38) and (39), we obtain radial wave function as

R(s) = 4,(1 - 9):*"s2 B () (40)

where 4, is the new normalization constant. The total wave function of the system is

wir, 8,0) = -'l_- (1— e 2a ]?{1—1*.‘ (e~2ar ]I_F',l*“ (1— e~2ar (8, 0) (41)
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5. DISCUSSION

Before we discussed the limiting cases of this potential, it is important to note
that this potential under investigation is one of the short-range potential in physics and it
plays a significant role in nuclear and molecular physics. The present potential can be

written as

V()= R (42a)

Where we have mapped V, = —Ze’a,a = =,b — a~' g — 1 and Ze” is the strength of

the potential, a is the screening parameter and b is the range of the potential. If we

identify Z as the atomic number in this potential, one can use this potential to study the

bound state of some diatomic molecules as reported in ref. [31].

A. Casel:g=0,1=0

Q) For a constant mass case g = @, with 5, = 17 the energy spectrum of Eq. (36)

becomes E,,, = i (42b)

where

W = 2a [[n NN IN vt [ 1)] — M,S,

N = 4aMySo|(n+3) VST =17 + al(1+1)]

—sa*[(n £ (52— u2) = @221+ 1)? + 2a(n + DI( + 1)SE = V2| - MIVZ.

" &4

In this circumstance if the vector potential is stronger than the scalar potentially = 5, ,
There is no bound state for the Klein-Gordon particles. However, if we use S instead of
S5, + Myq in Eqg.(36a),then Eq.(36a) is the same as Eq.(42b). This implies that the mass

function M,q only plays an additional scalar potential role.
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(i) Fors,=1,=0

The energy spectrum for this case becomes,

= \ . - v =
2t 11+ 1) =M, W+ 2101+104 T

E= 43)

i
o

In this case there is a bound state for the Klein-Gordon particles.

B. Casell:g=0,l=20

Q) If we consider the pure vector potential(5, = 0,1, = 0}, the energy spectrum

becomes
VoDt (Vg D*+FG
E,=———F—— (44)
where D = 2a (n +2)/MZq7VE + aq® + 2a° (n(n+ 1) + 1) g — MZq

F=4aq(n+7) [fﬂ (n+3)a+MZEVE+ fr:fcrf] + Miq® +a’q’

))

G=8{cq[n—

.

B |

Jx.-".-'uféqfll{f + a’q? (Mé —a’ (n[n +1)+

)

- - - -

1 : 2 _2rrd 2 2 2 _21r2
— 4t f:’c —;J (M3q°Vy +a“q*)+ M;(Msq°Vy +a“q”)

B |

-

+4datg? (.-'ufé f:’c[n— 1) —%] — [r?,[r?, +1)+

b |

)

-

)

—Miq® + 4a*Miq* (n+

W

k3|

For these conditions there is always a bound states solution to the Klein-Gordon
equation as long as M,q = 17 as reported in ref. [33]

(i) For the 5, =1},

The bound state energy spectrum becomes,

Vv, (B-v)x W (H-¥)2+(P24v] ) (MIPE—¥i42H-V-H?)

E = : , (45a)

Mt |F:—r.";:l\,: .|
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Where

H=2ﬂ[(ﬂ——] [2VyMyq + (Myq)* + a’q? _ﬂ[ﬂ(ﬂ_l)_%/\l q]

1 ) r e ] ]
P =2a fr’t —:] q ++/ 2V Myq + (Myq)? + a’q?,

¥= _l'l-'fD I:SE T _l'lffclq') (45b)

Here for the s-wave with equal scalar and vector potential, the parameter 1} in Eq. (23)
will always have positive values and there are bound state solutions for the Klein-
Gordon particles*.

C. Caselll: g =0,1=10

Q) If we consider 5, = V, = 0, the eigen spectrum of the system becomes
Vob't Via'+53c"
E, = — (46)
50

=

J M,S,/SE— 12

|:||.-t

where o' = 4a? (n +

|.'|||-L

] SE—VE) + MESE—4a(n+

= 2a(n+3)VST— V& — MyS,

-

¢' = 4a(n+2)MS/S5 —VE —4a® (n+ —] (52 -V2)

(i) If we now consider the pure scalar potential(S, = 0,1, = 0), the energy
spectrum of this system is obtained as

E, = :M!'Iﬂln; {:’r, —%] ['er,: —a {

|:|||-n

)] (47

By setting o« = ':"— we obtain the energy levels as

E, = :M!I-:"r: (ﬂ ——] [2 M, (ﬂ +

b |

)] (48)

which is independent of the parameter 5_. This is in agreement with the results in the
literatures®***.  Taking «' =m_= 1, the energy eigen values for this system is

expressed as
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[

B, =2 [(n+¥)(;—n) (49)

which correspond to the bound state solutions for n = 0 or 1.

6. CONCLUSION

We investigated the bound state solution of the Klein-Gordon equation with
unequal scalar and vector Hulthen potential for any arbitrary angular momentum
quantum number I. We obtain the energy eigenvalues and the unnormalized wave
function expressed in terms of the Jacobi polynomials. We have also discussed the
limiting cases of the energy spectrum of our result which is in good agreement with
those in the literature.
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