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Abstract: During a survey study, an investigator may be
incapable of assembling the complete response (i.e., there is
non-response) and/or the assembled response is not 100 % true
(i.e., measurement errors exist). In this situation, estimation
of the population mean under stratified random sampling
is not an easy task. Mostly these non-sampling errors, i.e.
non-response and measurement error, significantly affect
the estimators than sampling errors. To deal with this task, a
progressive generalized estimator has been proposed, that can
generate a number of estimators based on the availability of
conventional and/or non-conventional auxiliary information.
Ratio-type, ratio-type exponential, ratio-ratio-type exponential,
ratio-product-type exponential, product-type, product-type
exponential, product-product-type exponential and product-
ratio-type exponential estimators are generated through the
proposed generalized estimator. Mathematical properties such
as bias, mean squared error and minimum mean squared error
of the proposed estimator are derived up to first degree of
approximation. The empirical performance of all the estimators
in terms of percent relative efficiency is evaluated with the help
of a simulation study. It turned out that the proposed estimators
outperform when compared with Hansen and Hurwitz (1946)
estimator and other competing estimators in this study i.e.
Singh and Kumar’s (2008), Kumar ef al. (2015), Azeem and
Hanif (2017) and Zahid and Shabbir (2018). It is suggested that
the proposed estimators will be applied in case of non-response
and measurement errors under stratified random sampling.

Keywords: Auxiliary information, non-sampling errors,
percent relative efficiency, stratified random sampling.

INTRODUCTION

In a survey study, a researcher must be concerned about
all sources of errors despite a vigilant survey is designed
and conducted. These errors may have significant
impact on the estimation of population parameters
and can be broadly categorized as sampling and non-
sampling errors. Sampling error (divergence among the
estimate obtained from sample and the true value of the
population parameter) has the privileged characteristic
of being controllable by the design of sample and the
size of sample. Non-sampling errors may be listed as:
defective sampling procedures, ambiguity in definitions,
faulty measurement techniques, mistakes in recording,
incomplete coverage of sample units (non-response) and
measurement errors etc. It is important to consider that
with the increase of sample size; non-sampling errors
increase.

This study emphasises on the estimation of
population mean under stratified random sampling
in the presence of two major non-sampling errors, i.e.
non-response and measurement errors. Non-response
refers to a situation when an investigator is incapable of
gathering the pertinent information regarding some units
of the population. The reasons behind this incapability
may be, the respondents are not available at home, the
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respondents are unapproachable, refusal of respondents,
etc. Non-response is dominantly seen in surveys based
on mails rather than in interviews conducted personally.
Maximum information can be obtained by contacting
the non-respondents to control this incomplete coverage.
Hansen and Hurwitz (1946), Cochran (1977), Rao (1986),
Singh and Kumar (2008), Singh et al. (2010), Kumar and
Chatterjee (2014), Kumar (2015) and others carried out
their efforts for the estimation of population parameters
under simple random sampling in the presence of non-
response.

The difference between recorded value and the true
value of a variable is known as measurement error (ME).
This concept may be clarified through an example. Let us
assume a study associated with a person’s age/weight. On
investigation, it is possible that the person (respondent)
does not remember his/her exact age/weight or may
report a rounded figure or may tell a lie in place of his/her
exact age/weight. Here the discrepancy among reported
and exact age/weight is the measurement error. Cochran
(1968; 1977), Shalabh (1997), Singh and Karpe (2009;
2010), Shukla et al. (2012) and Sharma and Singh (2013)
contributed for the estimation of population mean under
the influence of measurement errors.

Continuing the above efforts, Kumar et al. (2015),
Kumar (2016), Azeem and Hanif (2017) and Irfan ef al.
(2018) suggested new estimators for population mean in
simple random sampling. They considered the combined
effect of non-response and measurement error. Zahid
and Shabbir (2018) suggested a new estimator for the
estimation of population mean under stratified random
sampling. Their work is based on only conventional
auxiliary information.

In context of above scenario, the present study
proposed an optimal generalized estimator for the
population mean under stratified random sampling
without replacement by considering the joint influence
of non-response and measurement error. The novelty
behind this work is:

(i) Non-conventional auxiliary information as well as
conventional auxiliary information is utilized for the
first time for progressive estimation under stratified
random sampling.

(i) A variety of estimators can be generated through the
proposed generalized estimator: ratio-type, ratio-
type exponential, ratio-ratio-type exponential, ratio-
product-type exponential, product-type, product-type
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exponential, product-product-type exponential and
product-ratio-type exponential.

Some important assumptions and background

(1) It is assumed that the measurement errors related
to study variable and auxiliary variable are purely
random,;

(i1)) Above said errors are uncorrelated with mean zero
and variances S% and S%;

(iii) As per Singh and Karpe (2009), no relationship
exists among the true values of the variables and the
measurement errors;

(iv) As per Hansen and Hurwitz (1946), the subsample
of non-respondents responded when the investigator
again contacted them through interview (in case of
non-response);

(v) It is also supposed that there is an independence
between measurement errors and/or non-responses
for both variables under study.

Let us consider a  finite  population
U ={Uy,U,Us, ..Uy} ofsize N and it can be stratified
into L homogenous strata with ht" stratum containing
Ny, (h=1,2,...,L) units subject to the restriction
that Z}lel Ny = N. Assume that each stratum consists
of two mutually exclusive groups; N, = Ny, + Ny,
where Ny, are the respondents and Ny, are the non-
respondents. A sample of size n, is drawn under simple
random sampling without replacement (SRSWOR) from
hthstratum such that ¥¥ _ nj, = n.

Let an investigator email the questionnaires to all n
individuals. In h®* stratum, he/she receives a response
from ny, individuals (i.e., respondents) and ngj
individuals does not respond (i.e., non-respondents). The
investigator again contacts a subsample kj, = “2%;j, > 1
of mzp non-respondents. According to assumf)htion (iv),
this subsample completely respond when inquiry is done
telephonically or through personal interview.

Consider (x;p, ¥in) be the pair of values for auxiliary
variable X and study variable Y on the ith unit of h™
stratum. Let the true values and observed values of the
variables (X,Y) represent by (x},yi,) and (Xi Yin)
respectively for i (i=1,2,..,m;) unit in the h%
stratum. A complete description of important measures
related to study variable and auxiliary variable are given
in Table 1.
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Table 1:  Important measures associated with study variable and auxiliary variable

Measure

Study variable Y

Auxiliary variable X

Measurement error (ME)

Sample mean

Mean
=
2
= .
= Variance
2,
o
[= W
Variance associated with MEs
5 Coefficient of Variation
h =1
=4
& g Variance
g E
=
s 2
Q . . .
5 & Variance associated with MEs
0
15)
Z

Coefficient of Variation

* % *
U = Yin = Yin

Y= B Yin
- 1N
Yp=Np 1Zi=hl Yin

_ SV (Y=Y 3)?
(Np—1)

2 = SV (U =Tp)?
Uh (Np—1)
v-1
Cyn=Y, Sy

52 _ N2 (v~ V)2
Y(2)h (N2p—1)

T2 (Ui —=Tp)?

2 —
Su@n =@

Cvaon =Yi 'Sy

* ok *
Vin = Xip — Xip
o _iom
Xp=np LY i
v _ o —1N
Xp =Ny X2 X

N -
_ Ei:hl (th.*xh)z

S2 =
Xh =)
2 = SNh (Vin—Tp)?
VR T -1
Cyn=X7'S
Xh — 4h 9xh
s2 _ N2 (Xip—Xp)?
X@h (Nzp—1)
52 _ N2p (Vi =Vp)?
V@R T -1

Cxn = Xn ' Sxn
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Transformation of existing estimators

A review of literature reveals that the estimators for the
estimation of population mean under joint effect of MEs
and non-response are available only in simple random
sampling. The current study has made transformation of
all estimators under stratified random sampling.

The traditional Hansen and Hurwitz (1946) estimator
along with its variance under stratified random sampling
is given by

Vst(HH) = Z Wpyh ..(01)

h=1
v (Man\ _ Nop\ _ Ny,
where Yh = (Tl_h) YVain + (n—h) Ykh and Wh = W

L
Var(Ysum) = Z Wi An(STh + STn) + A2n(Svan + Stiaon) |

h=1
.(02)
_ (Np—mnyp) NG —1)
where llh = W and AZh = W

Cochran’s (1977) ratio-type estimator may be converted
into stratified random sampling as below

L

_ Vh <
Vst(coy = Z Wy=Xy
— Xh ...(03)

Mean squared error (MSE) of Yst(coy is obtained as

L

MSE (Yse(coy) = Z WH 1Y 5(Con + Cin — 20yxnCyinCxn)
=1

+ 1Y (Chn + Cron — 2Pvx@nCr@nCx@n)

s2. s2 = 5121(2)h SIZ/(Z)h
72 _Lh _Lh + 2 YZ —t—
+ A h(Y%l + X2 i\ %2 3

..(04)

Another ratio-type estimator was suggested by Rao
(1986) in simple random sampling. Given below is the
transformation of his estimator and its MSE in stratified
random sampling
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Vst(RA) = Z Wh_Xh ~(05)

L

MSE(Yse(ray) = Z wi [Ath%(C}Z’h + C%n — 2PyxnCynCxn)
=1

_ S S
+ LSty + An¥h < >+ AZhSU(Z)h |
i X .(06)

Singh and Kumar’s (2008) simple estimator is
transformed into stratified random sampling in this way

L -
_ o (Xn\ (Xn
Vst(sk) = Z Whyh <_—*) (_—>

L %)\ (07)

MSE of Yse(sk) is given by

MSE (Yse(sky) = Z WH 1Y 5 (Chp + 4C5%4 — 4PyxnCynCxn)
=1

+ oY H(Chyn + Ciyn — 20vx@nCr@nCx@n)

o (k. st Y Y
+/11th< +4 >+ lthh< YOk 4 Vf?) ]
i X; Yy Xh

...(08)
Kumar et al. (2015) suggested an exponential ratio type

estimator in simple random sampling. Its conversion into
stratified random sampling is given by

L , ,

; (T % —

Vst(kUu) = Z Wiy )—(—h ap €Xp T+ %
h=1 h T %h

(1 ay exp ()
—ay) exp| < .
WP T .(09)
here ¥+ NpXp —mpXy ., NpXp —mpp
X =— X =
whnere h Nh—nh h Nh—nh

and @y is the weight chosen in a way that minimizes the
MSE. The weight of a; and resulting MSE is determined
as

_ Nh+2nh
“"_( 2N, )

(N h— nh) <&> </11hpYXhSYhSXh + AZhPYX(Z)hSY(Z)hSX(Z)h)
Nh llh(S)z(h + S%h) + /12;1(5)2((2);1 + S%(Z)h)
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MSEmin(yst(KU))

L
= Y Wi[An(Son + Stn) + AZh(SY(Z)h + SU(Z)h)
h=1
2
B (A1npyxnSynSxn + AznPyx)nSy)nSx@yn)
Mn(S%h + Stn) + 220 (Sk2n + Shn)

..(10)
Azeem and Hanif (2017) proposed three estimators in

simple random sampling. Given below are their modified
versions in stratified random sampling

L Z % Lk

_ [ Xn\ [ *n
Yst(aH1) = Z Wpyn ()_(_) (3‘?*)

& n) \Xn

(1)
L 2 % L x —%
_ 2 o X Xp — Xp
= =] ex G
Vst(AH2) hYh X, p %+,
h=1 .(12)
X - xh
Vst(an3) = Z W Y}, |an exp X+ %,
+ (1 —ap) exp —
X, + X}, ..(13)

where a, is the same as stated above.
Following expression summarizes the MSEs of Azeem
and Hanif’s (2017) three estimators

L

MSE (Vsecaniy) = Z Wi 4 Y5(Con + 15 Cin
h=1

— 2UinPyxnCynCxn) + /12h7i21(c}2’(2)h + :uizhC)Z((Z)h

—2 (Stm Sen
= 2Unpyx)hCr2nCx@yn) + MY (? + :uizh?
i i

sZ Y
YDk L2 Z_é?h> ] fori =1,2,3

+ Y3 <
Y; h

(14)

Nh-i—nh _1(Nh+2nh)

h =—), =_
where Uyp N,—n, Han 2\N, —n,
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_ [AnpyxnCynCxn + Aanpyx@nCrnCxn

and pzp (opr) =
» Sin + S Sk + Stan
T e R
Xj, Xj

Recently, Zahid and Shabbir (2018) proposed an
estimator in stratified random sampling detailed below

L _
_ % < Zx Xh v
Vsezs) = ) Wh [{mthh + map(X, — xh)}(JLC*)
h=1 h
X, — %,
ot ()
Xn+ X .(15)

where my;, and m,, are the suitably chosen weights and
¥n is the scalar, and takes the values (—1,0,1).

Minimum MSE of Yst(zs) is given as

MSEmin(yst(ZS)) =

L
Z we [172 (M1, MZ), + My M5, — 2M3,M 4, Ms),)
w|Yh—
(MM, — M%)

h=1
(16)
where
_ 2 2,22 22
My =Yh + qon + exthRRq1n + 4ertpRpqan + 2f pt R q1n
Mo = thqin
M3y = tyqsn + 2extiRpqin,
Myy = Y2 + eptyRpqsp + frtiRE
4h r T €nlalinq3n T JRthlpq1n gnd

2
Msy, = epthRpqqn

here
1+ Yh ny Yh

ep = 2 B th = Nh—nh' Rh = )_(—h and
yle + 4y, +3

o= —

METHODOLOGY

This section suggests a new generalized estimation for the
population mean in stratified random sampling without
replacement under the joint influence of measurement
errors and non-response. The following generalized
estimator is suggested.
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L — _
_(Zn\" s 8n(Zyn —Zp)
Ts = z Wy [wm)’h(_—) + w2nYREXP (ﬁ
o Zp hT Zh

(17)

where Z, = a; X, + b, and zj, = a,x;, + by,

and ay(# 0), by, are either available conventional or non-
conventional auxiliary information or any real number.
(w1, w2p) are the suitably chosen weights that cause the
MSE minimum. (gy, 6,) being constants assume values
(-1, 0, 1). These constants help us to generate a variety of
estimators given in Table 2 (See Appendix).

Remark 1: Conventional parameters of the R stratum
may be listed as median Q,j, standard deviation
Sxn. coefficient of variation Cy,, coefficient of skewness
B1n(X), coefficient of kurtosis £,,(X) and coefficient of
correlation Prxh etc.

Remark 2: Non-conventional parameters of the hth
stratum include quartile deviation QDj, mid-range MRy,
trimmed mean TM,,, Hodge-Lehmann estimator HL,, etc.
where

oD, = Q3h;Q1h’

Xon + X
MR, = (1)h2 Wy

™, = th+ZQ42h+Q3h and

HL, = median (@) 1<jh<kh<N

Remark 3: We can generate a number of estimators
by substituting known parameters (given in remark 1

and remark 2) in a; and by in TSL) Similar process
can be adopted for 7¥, 7

sti? fstirt

() and 7)) are presented in

, T® to gain many more
estimators. Some of them (T
Table 3 (See Appendix).

It is necessary to describe some expressions to obtain
the mathematical properties of the proposed estimator
Tt. These properties include bias, MSE and minimum
MSE.

wyp = X2y Vi =), wyp =2 Xy = Xn),

* _ np * * — np *
Wyp = Zi=1 Up and wy), = Zi=1 Vin

Adding wyy, and wyy, dividing by ny, we get
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1 h In the same way, we have
— (wy, + wyp) = —Z Yin = Yn . oo 1 .
hi= Xp =Xh+n_h(wxh+th) .(19)
* 574 1 * *
Yo=Yp+ n_h (wyp + wyp) ..(18)  After taking expectations, we have

* * 2
wxp + Wy
E<—nh > = M1n(Skn + Stn) + 22n(Skon + Son) = d1n(Say)

* * 2
Wyp + Wy
E<—nh ) = (St + Stn) + 221(Ston + Stian) = G2n(Say) ..(20)

wyp + i\ Wk + Oy
E [( - ) ( - )] = MnPyxnSyrSxn + A2nPyx)nSy@rSx2)n = q3n(Say)

The new generalized estimator given in equation (17) can be rewritten using equation (18) and equation (19) in the
following way. Expression is taken up to first degree of approximation.

5 ol - vhtr - 1 wyptwy
Tge—Y=3,_ Wy [ Yyp(wip + wop — 1) + (@1p + w2p) (wy'ln—:%) + Yutn(wipgpnn + ;thah) (M)

Np

+Vuth Gwzmsh (1 + %) - %wlhnlzzgh(gh + 1)) (%:%)2 + T (wlhghnh + %wzhah) (%:’Uh) (%hww‘)] e

ap
(N — np)(apXy, + by)

where 7, =

The bias of T, is obtained up to first degree of approximation in this way

Bias (Ty) = E(Ts; — Y)
t 1 1) 1 1
Bias (T) = Z Wy, [Vh(wm +wop — 1) + Y4Thqin <Z w258, (1 + 7h> - Ewlhnizzgh(gh + 1)) + Thq3n (a’mghnh + szh‘sh)]
h=1
(22)

The MSE of the new estimator Ty, can be obtained by squaring both sides of equation (21) and taking the expectation
L
MSE (Ty) = Z W[V + 03 Ap + w5,By — 01,Ch — 023Dy + @102, E |
h=1
where

An = [Yn = qunY ik gn + don + 443aY hTantngn)

[ 1 _ _
Bp=1|Yp+ E%hﬁﬂ%ﬂh(l +6p) + qan + ZQ3thTh5h]
Ch = [2Yh — quiYrtimign(1 + gn) + 243,V nThnnga)

v 1 o2 Sh v
Dh = th + quth‘rh&L (1 + 7) + q3thrh6h]

[ __ . 6}1 5h — 6h
Ep = |2V, + qupYirs, {7(1 + ?) —nign(1+gp) + 5hnhgh} + 2qon + 4q3nY nTh {? + nhgh}]
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The optimum weights of wq, and w,;, are given as

2B,C, — D1E),
W1hopt) = —E% —44,B,

24,D;, — ChE
W2nor) = Tgr _aa B

Minimum MSE is obtained by placing the optimum
weights of w1y and w,y, in equation (23)

MSEin (Tst) =

L 2 2
Z w2 [Vh B (ChDyEy — ByCh — ApD})
o] (Eh — 4A41Bn)

.(24)

RESULTS AND DISCUSSION

A simulation study is conducted in this section to assess
the empirical performance of proposed estimators as
compared to other estimators. Two populations are
generated through multivariate normal distribution
under different parameters with the help of R language
programme. Population I is generated for equal strata
and population II is generated for unequal strata. Data
statistics of population I and population II are shown in
Tables 4 and 5. Equation (25) presents an expression to
compute the percent relative efficiencies (PREs) of all
the estimators with respect to the Hansen and Hurwitz
(1946).

MSE(Vsecum )
=———FX
PRE = — sy X 100 25)

* = = = 1
where @= YVst(H)» Yst(KU)» Yst(AHi)» Yst(ZS)» Tgu') )
7@ 73 () 76 p(6) (7)) p(8)

Sti’? " sti? ~ sti’ " sti’? © sti’ " sti ’ " sti

Ten percent (10%) non-response is considered to
calculate the PREs and are presented in Tables 6 and 7.
Important findings from Tables 6 and 7 are summarized
below.

o Kumar et al. (2015) and third estimator of Azeem and
Hanif (2017) are equally efficient as in each case PRE

of Y kuy = PRE of Ys¢(anz)-
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*  Ygzs) perform better than )_/;t(HH), Ystkuy and
Yst(AHi)- Moreover, Y /¢ provides maximum PRE
at y, = 0 in each case.

e It is worth pointing out that all the proposed series
of estimators 79, 7,79, 7,79, 70, 70) 19 are
more competent than Ys(zs) ..

Therefore, the above findings confirmed that the proposed

series of estimators out-perform than all competing

estimators under study.

CONCLUSION

This paper emphasizes on the utilisation of non-
conventional auxiliary informationas well as conventional
information for enhanced estimation of population mean
in stratified random sampling under the combined effect
of non-response and measurement error. Different series
of ratio and product type estimators have been proposed
in the present study. These series can generate a number
of estimators by choosing different known auxiliary
information (conventional and non-conventional).
Expressions of bias and MSE of the proposed estimators
are derived up to first degree of approximation. Using
R language programme, a simulation study is conducted
by generating two populations from multivariate
normal distribution. First population is generated with
equal strata and second population with unequal strata.
Empirical performance of all the estimators under study
is assessed in terms of PREs with respect to Hansen and
Hurwitz (1946). Suggested estimators outperform than
all other competing estimators. Therefore, in case of
non-response and measurement errors under stratified
random sampling it is suggested to apply the proposed
estimators.

The possible extensions of this work are to estimate the:
1) finite population mean under other sampling designs
like stratified double sampling, rank set sampling, etc.
2) other unknown finite population parameters including
median, variance and proportions etc.
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Appendix
Table 2: Generation of series with proposed estimator T,
Values of (W1p, Wap, Ghy Or) Series of estimators
Wi  Wop 9n 6p Estimator Name
W1p wWap 1 0 TSL) Z Wy [wlhyh ( ) + wypYh ] Ratio-type
W1p Wan -1 0 Tgl) Z 743 [wlhyh ( ) + Wy Vi ] Product-type
@ _ Zy— 7y . .
wW1p waop 0 1 T, = Z Wi oYy + wanY,exp 7, +7 Ratio-type exponential
h=1 h
@ _ Zh = Zn 4
Wip Wan 0 -1 Ty = Wh w1V + WapYrexp Zh+ 2, Product-type exponential
L , _ _ .
) _ Zn Zp—7Zp o .
W1p W2h 1 1 Tm Wy wlhyh + a)Zhyhexp = — Ratio-ratio-type exponential
Z h Z h +Z h
h=1 - -
w w 7© _ [ Zp—Zp | .
1h 2h -1 -1 T, Wh W1V (=) + wanyrexp | = — Product-product-type exponential
| Z Z h +Z n) |
L i _ _ -
w0y @ " _ Zn Zn =2 _ _
1h 2h 1 -1 T, = Wy |w1nVh + Wy YLexp 7 1z Ratio-product-type exponential
Zp T Zp
h=1 - :
L - _
w ® ® _ Zy Zy—Zp . .
1h 2h -1 1 T, = Wi |wuwyh =) + wapyhexp | =—— Product-ratio-type exponential
Z h Z h +z h
h=1 -
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Table 3:  Some members of 7Y and T

sti sti

M Javed et al.

Ratio-type estimators

Ratio-type exponential

; 1 —x

ap by, l in) = ZWh W1pYp
c T =N w Vi

1 Xh 1 st1 = h|@1nYh
ﬁzn()() Cxn 2 ng Z Wy w1y

L _
1 Pyxn 3 ng th W1hYh

a X, +b
)+
apXy, + by,

wzh)_’;[]

X+ Cxp .
(x—) + wth’h]

Xp + Cxn

(ﬁZh(X)Xh + th) -
Ban(X)X}, + Cyy, h

X, +
h pYXh) 4
X5 + Dyxn

w21V} ]

L
CxnXp +
Cxn prxn 4 T = ZW W1y, h( e pYXh)‘szh)_’;;]

@ _

L
st5 th w11V
=1

Sxn Binexy

W

1
HL), Cxn 6 Tﬁté th w1,V

1
Cxn ™, 7 E& ZWh w1V

MR,  Prxn g Sf)i_zwh wmh(

L i
Pyxn HL, 9 ng th W1pYh

Cthh + pyxn

thXh+ﬁ1h(X)>+w y*]
SxnXp, + B1r(X) o

Hth,1 + Cxp

HLhX,l + Cyn
+ wan¥h

CunX+ M,
+ WV},

CXhic;; +TM,

PyxnXn + HLy

MR, X, + pyxn .
| T WY
MRpX}, + pyxn

—> + th}_’Z]

PyxnXp + HLy,

hth

ay (X — ;) ) ]

& = ZW W11V}, + W Vhex
Ty 1hYh 2hY h€XP ah(Xh+xh)+2bh

™ = ZW;, W Yn + h)‘/*exp< — % ) ]
stl = 1hYh 20V h
peect X, + X} + 2Cxp

(€] —* —x
Tsé Z Wiy | w1V, + w2y pexp

Baneo (Xn — %) ) ]

Baneoy(Xn + %4) + 2Cxy,

T(g, Z Wy |01 75, + th}‘/;‘lexp — Xh
: o+ X, + X+ %+ 200,

Cxn(Xn — %3) ) ]

Cxn(Xn +%3) + 2pyxn

3 — —
Tﬁt?, z Wi |01V, + w2 Y,exp

L
3 — —
Tﬁti Z Wi |w1pYh + w2 Y,exp <
h=1

Sxn(Xn — X3) > ]

Sya(Xn + %3.) + 2B1no)

3 . —
Tﬁti z Wi |w1nY + w2nYrexp

HL,(X), — ;) ) ]

HL, (X + %;) + 2Cxp

3 . —
Tit; Z Wi |w1nY + w2rYheXp

(w3220
(i) |

Cxn(Xn + 7)) + 2TM,,

MRy (X), — X},) ) ]

(3)—ZW W1V + W Vrex <
5t8 1hYh 2nYh€XP MRh(}_(h""_,C;;) + 200

L -
@ _ 2 _. (PyxnXn + HLy .
T Wy lw —_— |t w
st9 — h|@1hYh (PYthZ +HL, 2hYh

um
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Table 4:  Data statistics population I
hth stratum
h 1 2 3 4
X rnorm(1000, 5, 10), rnorm(1000, 4, 8), rnorm(1000, 4,9), rnorm(1000, 3,7),
Y, X1 +rnorm(1000,0,1) X, +rnorm(1000,0,1) X, + rnorm(1000,0,1) X4 + rnorm(1000, 0,1)
Yh Y, + rnorm(1000, 1,3) Y, +rnorm(1000,1,3) Y3 + rnorm(1000, 1,3) Y4 + rnorm (1000, 1,3)
Xn X1 +rnorm(1000,1,3) X, + rnorm(1000,1,3) X3 + rnorm(1000, 1,3) X4 + rnorm(1000, 1,3)
Y, 4.887 3.801 4.003 3.093
X 4911 3.757 4.044 3.128
Sz, 97.315 66.002 81.220 51.932
S%, 97.036 64.658 80.508 50.357
sz, 9.092 9.018 9.439 9.615
Sz, 9.590 9.233 9.735 9.124
Pyxn 0.995 0.993 0.994 0.991
Bineo -0.06 20.11 0.09 0.08
Bzne -0.12 -0.03 0.03 -0.02
Cxn 2.006 2.140 2219 2.269
HL), 5.034 3.668 4.106 3.098
QD, 6.727 5.119 5.878 4.930
MRy, 4262 4292 2.885 3.045
™, 4.965 3.815 3.986 3.093
Non- 10% 15%  20%  10% 15%  20% 10% 15% 20% 10% 15% 20%
response
S}Z,(z)h 97.444  102.288 99.046 68.973 64563 68963 86.179 80.096 77.793  48.614 51.898  49.204
S)Z((Z)h 98.454 103.120 99.098 67.857 62385 68.860 82.651 77.998 77.284  46.823 51.404  46.827
Slz,(z)h 10.877  8.668 8725 7.707 10.469 8587 10.150 7.973  9.853  10.501 10.015  11.136
SIZ,(Z)h 11388 9182 9519 9341 8745 9865 8966 12068 9159 11918 10.736  8.997
PYX@h 0995 0996 0995 0993 0994 0994 0994 0994 0994 0987 0991  0.990
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Table 5:  Data statistics population II

h 1 2 3 4
Xp rnorm(1000, 5, 10), rnorm(1200, 4, 8), rnorm(1300, 4, 9), rnorm(1500, 3, 7),
Yy X1 + rnorm(1000, 0,1) X, + rnorm(1200,0,1) X3 +rnorm(1300,0,1) X, + rnorm(1500, 0,1)
Vh Y: + rnorm(1000,1,3) Y, +rnorm(1200,1,3) Y3 +1rnorm(1300,1,3) Y, + rnorm(1500, 1, 3)
Xn X1 +71norm(1000,1,3) X, + rnorm(1200,1,3) X5 +rnorm(1300,1,3) X, + rnorm(1500, 1,3)
n 200 240 260 300
Y, 5.157 3.649 3.563 2.765
X, 5.148 3.686 3.554 2.756
s, 99.459 60.788 88.185 49.353
s, 98.151 59.113 86.809 48277
S% 9.152 8.882 8.829 9.426
sz, 9.666 8.821 9.003 8.775
Pyxn 0.995 0.992 0.994 0.990
Bin) -0.05 0.10 -0.05 0.03
Banex) 0.01 0.05 0.07 0.07
Cyn 1.924 2.086 2.622 2.521
HL, 5.125 3.671 3.468 2.605
QD, 6.765 5.093 6.172 4.714
MR, 4781 4.493 2.572 2.685
™, 5.196 3.630 3.569 2.734
Non-

10% 15% 20% 10% 15% 20% 10% 15% 20% 10% 15% 20%
response

S;Z/(z)h 113.600 112.505 107.682 59.723 65300 67.144 82.390 76.975 78.004 51.278 50.815 51.802
5)2((2),1 112.810 111.589 105.596 60.529 65222 64.166 81.073 78.085 78.551 50.360 49.828 50.710
Slz,(z)h 9.279 8.273 8.405 8980  9.110 9.794 8216 8509 7.170  9.561 9.506  11.108
Slzl(z)h 10.708  10.735  10.324  10.005 10.349 10.193 9.362 8300 8.704 9307 8843  9.860

Pyx@h 0996 0.995 0.994 0993 0992 0992 0994 0993 0994 0.991 0.990  0.991
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Table 6:  Percent relative efficiencies of the competing estimators w.r.t. j’;t(HH) for population I (10 % non-response)
Estimator
Jn Vseumy Ysekuy Yoo Vsezs) b Vse(ani Tgl) Tgl) TSL) TS:L.) TSL) Tgfi) Tgl) TS;.)
100 446.686 -1 449288 1 168.961 490.400 539.244 539.489 539.326 490.294  539.244 490.505  539.245
0 449459 2 445407 558.076 539.244 539.223 539.148 558.125  539.245 558.027 539.244
1 449292 3 446.686 483.122 539.244 539.542 539.343 483.005 539.244 483.238  539.245
4 478.999 539.244 539.576  539.355 478.877 539.244 479.120  539.245
5 474.848 539.244 539.613 539.367 474722 539.244 474974  539.245
6 479.401 539.244 539.572 539.354 479.279  539.244 479.522  539.245
7 489.625 539.244 539.495 539.328 489.519  539.244 489.732  539.245
) 8 477.384 539.244 539.590 539.359 477.260  539.244 477.507  539.245
9 500.151 539.244 539.427 539.306 500.063  539.244 500.239  539.245
10 497.868 539.244 539.441 539.310 497.775 539.244 497.960  539.245
100 442.855 -1 446.051 1 167.925 498.617 567.833 568.198 567.955 498.475 567.833 498.759 567.834
0 446.259 2 441477 596.563 567.833 567.782 567.689 596.640 567.833 596.486 567.833
1 446.057 3 442.855 488.933 567.833 568.277 567.981 488.778 567.833 489.086  567.834
4 483.518 567.833 568328 567.998 483.358  567.833 483.677 567.834
5 478.117 567.833 568.383 568.016 477.953  567.833 478279 567.834
6 484.023 567.833 568322 567.996 483.863 567.833 484.181 567.834
7 497.612  567.833 568206 567.957 497.469  567.833 497.755  567.834
4 8 481.411 567.833 568.349 568.005 481.249 567.833 481.571 567.834
9 511.890  567.833 568.106 567.923 511.769 567.833 512.010 567.834
10 508.715 567.833 568.127 567.931 508.589 567.833 508.841 567.834
100 438473 -1 442859 1 166.707 524.762 664.117 664.969 664.400 524.516 664.116 525.006 664.119
0 443.141 2 436.883 736.893 664.117 663.864 664.097 737.109 664.117 736.679 664.116
1 442870 3 438473 508319 664.117 665.154 664.462 508.063 664.116 508.575  664.119
4 499.408 664.117 665271 664.501 499.148  664.116 499.666  664.119
5 490.712  664.117 665400 664.544 490.452  664.116 490.971  664.119
6 500.184  664.117 665259 664.497 499.924  664.116 500.442  664.119
7 523.106  664.117 664.987 664.406 522.859 664.116 523351 664.119
8 8 495997  664.117 665319 664.517 495737 664.116 496.257  664.119
9 548.525 664.117 664.752 664.328 548.304 664.116 548.744  664.118
10 542.573  664.117 664.803 664.345 542346 664.116 542.800 664.118
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Table 7:  Percent relative efficiencies of the competing estimators w.r.t. }_’Zt(HH) for population II (10 % non-response)

Estimator

Ju Veenny Vswkwy Vi Vsezs) L Vsrcan T 7@ T® T® TS;) 7© Tgl) 7®

sti sti sti sti sti sti

100 449.713 -1 452.051

—

169.061  492.206 533.996 534.175 534.056 492.125 533.996 492.286 533.997

0 452207 2 448.073 528.951 533.996 534.128 534.067 528941 533.996 528.962 533.996
1 452.054 3 449713 484.637 533.996 534.217 534.070 484.547 533.996 484.728 533.997
4 480.487  533.996 534.243 534.079 480.392 533.996 480.582 533.997
5 476.737  533.996 534271 534.088 476.637 533.996 476.836 533.997
: 6 481.964  533.996 534235 534.075 481.869 533.996 482.058 533.997
7 489.614  533.996 534.184 534.058 489.531 533.996 489.697 533.997
8 479.412  533.996 534252 534.082 479315 533.996 479.508 533.997
9 499.248  533.996 534.133 534.043 499.180 533.996 499.316 533.997
10 497.682  533.996 534.141 534.044 497.612 533.996 497.753 533.997
100 449.635 -1 452499 1 168209 505438 566.401 566.676 566.492 505.326 566.401 505.550 566.402
0 452.692 2 448.030 558.948 566.401 566.468 566.400 558.933 566.401 558.963 566.401
1 452504 3 449.635 495.186 566.401 566.740 566.514 495.061 566.401 495310 566.402
4 489.626  566.401 566.780 566.527 489.497 566.401 489.755 566.402
5 484.602  566.401 566.822 566.541 484.469 566.401 484.735 566.402
! 6 491.504  566.401 566.769 566.524 491.375 566.401 491.632 566.402
7 502.174  566.401 566.688 566.497 502.059 566.401 502.288 566.402
8 488.131  566.401 566.793 566.532 488.000 566.401 488.262 566.402
9 515510 566.401 566.613 566.472 515414 566.401 515.606 566.402
10 513338  566.401 566.623 566.474 513.238 566.401 513.437 566.402
100 449.570 -1 453.488 167.203  538.909 665.877 666.543 666.098 538.704 665.877 539.113 665.879
0  453.753 447979 649.250 665.877 665.970 665.847 649.217 665.877 649.283 665.878
1 453.497 449.570  521.153  665.877 666.694 666.149 520.936 665.877 521.369 665.879
511.803  665.877 666.789 666.181 511.582 665.877 512.023 665.879
8

514.693  665.877 666.766 666.173 514.472 665.877 514913 665.879
533913 665.877 666.566 666.107 533.707 665.877 534.119 665.879
509.171  665.877 666.823 666.192 508.949 665.877 509.392 665.879
558.191  665.877 666.383 666.047 558.007 665.877 558.373 665.878
10 554.145  665.877 666.411 666.055 553.958 665.877 554332 665.879

1
2
3
4
5 503421 665877 666.888 666.214 503.199 665.877 503.643 665.879
6
7
8
9
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