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Abstract: The Hosoya polynomial was introduced by Hosoya in

1988 for a molecular graph G as H(G,x) = ZZ(:C? d(G, k)x*,

where d(G, k) is the number of pairs of vertices of G laying at
distance k from each other, to count the number of paths of
different lengths in G. The most interesting application of the
Hosoya polynomial is that almost all distance-based topological
indices can be recovered from it. In this article, we give the
general closed form of the Hosoya polynomial of 1 times
linearly concatenated benzene molecule B,, by partitioning the
vertices of B;, and by using induction to find sums of distances
of different lengths in By, . We also find Wiener, hyper Wiener,
Harary, and TSZ indices to predict physical, chemical and
pharmacological properties of molecules containing By, .

Keywords: Hosoya polynomial, topological indices, linear
benzene.

INTRODUCTION

The Hosoya polynomial of a graph was introduced by H.
Hosoya in 1988 as a counting polynomial, which counts
the number of distances of paths of different lengths in
the graph (Hosoya, 1988).

In 1993, Gutman introduced Hosoya polynomial for
a vertex of a graph (Gutman, 1993), which is related to
Hosoya polynomial of the graph. The most significant
application of the Hosoya polynomial is that almost all
distance-based graph invariants, which are used to predict
physical, chemical and pharmacological properties of
organic molecules, can be recovered from it.

Hosoya polynomial has been computed for several
classes of graphs. In 2002, Diudea computed the
Hosoya polynomial of several classes of toroidal nets
and recovered their Wiener indices (Diudea, 2002). In
2011, Ali and Ahmed found the Hosoya polynomial of
concatenated pentagonal rings (Ali & Ahmed, 2011).
In 2012, Narayankar et al. gave a recursive method for
calculating the Hosoya polynomial of Hanoi graphs,
and computed some of their distance-based invariants
(Narayankar et al.,2012).In 2013, Farahani computed the
Hosoya polynomial of polycyclic aromatic hydrocarbons
(Farahani, 2013).

There are some useful topological indices that are
related to Hosoya polynomial such as Wiener, hyper
Wiener, Tratch-Stankevitch-Ziefirov (TSZ), and Harary
indices. The Wiener index was introduced by Harry
Wiener in 1947 and was used to correlate with boiling
points of alkanes (Wiener, 1947). Later, it was observed
that the Wiener index can be used to determine a number
of physico-chemical properties of alkanes such as heat
of formation, heat of vapourization, molar volumes
and molar refractions (Gutman & Polansky, 1986).
Moreover, it can be used to correlate those physico-
chemical properties which depend on the volume-surface
ratio of molecules and to gas-chromatographic retention
data for a series of structurally related molecules. The
hyper-Wiener introduced by Randic in 1993 is another
topological index and most of the mathematical properties
of it were investigated. It is also used to predict physico-
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chemical properties of organic compounds, particularly
pharmacology, agriculture, and environment protection
(Cash, 2002); for more details, see also (Gutman,
1993; Randic, 1993; Lukovits, 1994; Klein, 1995;
Diudea, 1996). In 1993, Plavsic et al. introduced a new
topological index, known as Harary index, to characterise
chemical graphs (Plavsic ef al., 1993). In 1990, Tratch,
Stankevitch and Zefirov introduced Tratch-Stankevitch-
Zefirov (TSZ) index, which was obtained by expanding
the Wiener index.

This article provides information on the general form
of the Hosoya polynomial of the graph that corresponds
to linearly concatenated benzene molecules and its
Wiener, hyper Wiener, TSZ and Harary indices.

METHODOLOGY

Some basic notations and definitions, which are required
for the rest of the article, are included in this section.

A graph G is a pair (V, E), where V' is the set of
vertices and E is the set of edges. A path from a vertex
v to a vertex w in a graph is a sequence of vertices and
edges that starts from v and stops at w. The number of
edges in a path is the length of that path. A graph is said
to be connected if there is a path between any two of its
vertices. The distance d (u,v) between two vertices u, v
of a connected graph G is the length of a shortest path
between them. The diameter of G, denoted by d (G), is
the longest distance in G.

Figure 1: A connected graph with a highlighted shortest path
between two vertices

A molecular graph is a representation of the structural
formula of a chemical compound in terms of graph
theory. Specifically, molecular graph is a graph with
vertices corresponding to atoms of the compound and
edges corresponding to chemical bonds; however,
hydrogen atoms are often omitted.
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Definition 1. The Hosoya polynomial in a variable x of a
molecular graph G = (V, E) is defined as
d(G)
HG,x) = xdw) = Z d(G, l)x*
{v,u}ev k=1

where d (G, k) is the number of pairs of vertices of G
laying at distance k from each other.

A function / which assigns a unique number /(G) in
connected graph G is called a graph invariant. Instead of
the function 7, it is custom to write the number /(G) as
the graph invariant. An invariant of a molecular graph
is called a topological index if it is used to determine
structure-property or structure-activity correlation.

In the following, d(u, v) is the distance between
two arbitrary vertices u,v of G and d(v,G) is the sum of
distances of v with all vertices of a connected graph G.

Definition 2. The Wiener index W(G) of a graph G is
defined as

W(G) = Zd(v,u) - %Z dw,6)

v<u VeV

The Wiener index and the Hosoya polynomial are related
by the equation

W(6) = L H (G D) e

Definition 3. The hyper-Wiener index WW (G) of graph
G is defined as

WW(G) = Zd(v,u) = %z d(v,w)? +%Z d(v,u)

v<u

The hyper-Wiener index and the Hosoya polynomial are
related by the equation

2

1d
WW(G) = EWXH(G;x)lle

Definition 4. The Harary index Ha(G) of graph G is
defined as

1 )
Ha(G) = ziq’ d(uy, v)?

The Harary index and the Hosoya polynomial are related
by the equation

Ha(G) — fl H(G,x)

[V

dx

June 2019

Journal of the National Science Foundation of Sri Lanka 47(2)



Hosoya polynomial and topological indices of benzere

The Tratch-Stankevitch-Zefirov index is also related to
the Hosoya polynomial under the relation

3
TSZ(G) = 52 x*H (G, %) 4=
The problem was solved directly using the definition of
the Hosoya polynomial. The vertices of the graph were
partitioned to indicate the paths of different lengths in the
graph and induction was used to give the general form of
sums of distances of different lengths.

RESULTS AND DISCUSSION

In this section, the Hosoya polynomial of the graph
corresponding to n times concatenated benzene molecule
CeHg is given. This graph is denoted by B, and is given
in Figure 2.

Figure 2: n-Linear benzene, B,

In the following L, denotes the matrix that represents the
distances among vertices of B,

Theorem 1. The Hosoya polynomial of B, is

H(B,) = X2 c;x!, where

Sn+1, i=1

¢ = 9n — 6, i=3
8n—4i+6, 2<i<2n+1,i+3

Proof. Depending on i the proof is divided into three
parts:

Part I. (i = 1) The number of paths of length one, ¢, is
the total number of edges in the graph, which in this case
is 5n+ 1.

Part IL. (; = 3) Let D; denote the set of vertices that gives
i times a path of length 3; this means that each element
of D; appears in i distinct paths of length 3. For n =1
D, = {1,2,3}, thereby ¢; = |D;| = 3. (See Figure 3 and
L).

171
6 01 2321
01232
1 5 0123
01 2
2 4 0 1
5 0

Figure 3: B, Matrix L,

For n=2, D, ={4,6,7}, D, = {1,2,5}, and D; = {3}.
Thereby ¢; = 1|D,| + 2|D,| +3|Ds| = 12. (See Figure
4and L)

10 8
9
1 7
2 6
4
3 5
Figure 4: B,

01 2 3 45 43 21
01 2 3 45 4 32
012 3 4323

012 3 21 2
0123 23
01 2 3 4
01 2 3
01 2
0 1
0

Matrix L,

Forn =3,D, = {8,9,10,11}, D, = {1,2,4,6,7}, D3 = {3}
and D4 = {5}. Thereby c¢3 =1|D,|+ 2|D,|+ 3|Ds|
+ 4|D,| = 21. (See Figure 5 and Matrix L,)

14 12 10
13 11
1 9
2 8
4 6
3 5 7
Figure5: B,
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0123456765 4321
0123456765432
0123 456 54323

01 2 3 45 4321 2
0123432323
012321234

01 2 3 2 3 435
01 2 3 456
0123 435
01 2 3 4
01 2 3
01 2
0 1
0
Matrix L
For n= 4, Dy ={2n+22n+3,..,4n -1},

D, ={1,24,2n,2n+ 1}, D; ={3} U {6,8, ...,2n — 2},and
D, =1{579,...,2n — 1}. Thereby c; = 1|D,| + 2|D,| +
3|Ds| + 4|Dy] = 1(2n = 2) + 2(5) + 3(n — 2) + 4(n — 2)
= 9n —6.

Part III. (2 < i=2n + 1,i # 3) The authors proved it by
induction on # that, by addition of one molecule, the number
of paths of length i increases by 8. For n = 1 all paths
of length 2 are 1 52— 3,25 3> 43> 45 5
4—-55-565->6-1 and6—-> 1—- 2, and one can
see 6 bold entries, each of value 2, in the following
distance matrix;

01 2 3 2 1
01 2 3 2
01 2 3
0 1 2
0 1
0

Matrix L,

Suppose, the result is true for n = k, k > 4. That is
the number of paths of length 7 is 8k — 4i + 6.

4k+2 4k 2k+4

4k+1 4k-1 2k+5
1 2k+3

2 2k+2

Figure 6: B, with labels
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Note that the addition of one new molecule to B, adds 4
new vertices. These additional vertices are labelled as a,
b, ¢ and d (Figure 7).

4k+2 4k 2k+4 d
Akt 4k-1 2k+5 2k+3

4 6 2k 2k+2
3 5 2k+1 a

Figure 7: B, with labels

When  counting the additional paths, the
vertex a contributes 3 distinct paths of length
2:2k+1->2k+2—-> a, a—- b—- c,and 2k+3 -
2k + 2 — a. Similarly, the vertices b, ¢ and d contribute
respectively 2, 1, and 2 paths of length 2. This adds
8 additional length 2 paths to the number of length
2 paths in the chain of k molecules. Therefore, the
number of length 2 paths in the chain of &+1 molecules,
c,, equals to the summation of number of length 2
paths in the chain of k and 8. Each of vertex «a, b, c,
and d contributes exactly 2 paths of length i > 4.
These paths for vertex a are 2k+3 —i— a and a —
2k+2—- 2k+3 - > 2k+1—i (Figure 7).

For vertex b, the paths are 2k +4 —i — b and
b— c¢c— d- - 2k+i.For vertex c, the paths are
2k+5—i—>candc—> d— 2k+3—> 2k+i+1 and
for d they are 2k +4—i—>- > 2k+2->2k+3 - d,
and d- 2k+3- 2k+4->--> 2k+i+2. This
completes the proof.

The above result is demonstrated in the following
example for B,

Figure 8: B, with labels

The 22x22 distance matrix L, corresponding to B, is:
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0123456738910 11109 87654321
012345678 9 1011109876543 2
012345678 9109 874654323

01234567 8 9 87654321 2
0123456 7 8 7 65432323
012345 6 7 6 54321234

0123 4 5 6 5 432323435
012 3 4 5 432123456
01 2 3 4 3 2323456 17
01 2 3 212345678
0 1 2 3 234567289
0 1 2 3456728910
01 234567289
01234567 8
0123456 7
0123456
012345
0123 4
012 3
01 2
0 1
0

Matrix L,

Part I. (i = 1) ¢, = 26, because the number of edges in B,
is 26; see Figure 8.

Part I1. (i = 3) In this case, the vertices are divided into
4 disjoint sets: D, ={12,13,14,15,16,17,18,19}, D, =
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{1,2,4,10,11}, D; = {3,6,8} and D, = {5,7,9}. Therefore,
¢z = 1|Dq| + 2|D,| + 3|D3| + 4|D4| =8 + 2(5) +3(3) +4(3)
= 39.

Part III. (2< i< 11,i # 3). Counting the number
of entries of different values in matrix L, gives
¢y, =38, ¢, =30, ¢5 =26, cg =22, ¢c; =18, cg =14,
c9 =10, ¢;g = 6, and ¢,; =38.

The topological indices, Wiener, hyper Wiener,
Harary and Tratch-Stankevitch-Zefirovof, of B, are

given in the proposition:

Proposition 3.2. The Wiener, hyper Wiener, Harary, and
Tratch-Stankevitch-Zefirov indices of B, are:

L W(B,)=5Sn+12n +2n+1
2. WW(B) =3nt+Znd +Zn? + Zn+1

3. Ho(By) = 4n+ 6+ (81 + 6)(Hznyy — ), where

_ y2n+1l
Hypy1 = =1 7

TSZ(B,) = 72n® + = n* + 16n° +3 n2 +2n+1

Proof: Proposition can be proven by using Theorem 1 and the relations discussed in the Introduction section.

L w(B,) = £[H(

Bn)]zzl

= L[(5n+ 1)z + (8n — 2)a + (9n — 6)2% + 3277 (8n — 4i + 6)a], 4

— 480 — 21 + 3.7 i(8n — 4i + 6)

:1(x2+12n+2f) +1

2. WW(B,) = 35 [wH (By)loms

= %%[571-&-1)1’ +(8n—2)2° + (9In—6)x? +22"+1(8n—4i+6)x’7+1],:1

—83n— 41+ 3 7 i(i 4 1)(3n — 4i + 6)]

_ 8,4 32 3, 46 2 | 37
=sn*+ 50+ Tt +5n+1

3. Ho(By) = [y 2 82Lda

1 (5n+1)z+(8n—2)z>+(9n—6)z> + 57" " (8n—4i16)x’ d
—Jo

x

=GBn+1)+(An—-1)+

An+ 6+ (8n +6)(Hons1 — )

= 733271* (8n+6)H2n+1

(3n—2) + 171! 4(8n — 4i +6)
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4. TSZ(By) = hs [ H(Bp)la

Abdul Rauf Nizami et al.

=4 dwg S (5n+1)a3 + (8n—2)a*+ (9n—6)a’ +22"+1 8n—4i+6)ai 2],y

= L[6(5n+1)+24(8n—2) +60(9n—6)+ 37" 1" i(i+1)(i+2)(8n—4i+6)]

=180% 4+ 2p4 41605 + 20?4+ 2 41

CONCLUSION

The aim of this work was to use graph-theoretic tools
to predict the physico-chemical properties of organic
structures, particularly the linear benzene. A closed form
ofthe Hosoya polynomial was applied to n-linear benzene
and using the concept of the distance based topological
indices, physical, chemical and pharmacological
properties of organic molecules can be predicted.

Using the diagrams and distance matrices, the proof
of the Hosoya polynomial was done. It was proved that
the number of paths of length 1 and 3 are respectively
Sn+1 and 97 - 6, and that the number of paths of length
i,where 2< i < 2n+1 and i # 3,is 8n —4i + 6.
These results were demonstrated with examples. Finally,
the Wiener, hyper Wiener, Harary and TSZ indices were
obtain to help studying physico-chemical properties of
those molecular structures which contain linear benzene
as a substructure.

This study opens new research areas for graph
theorists, chemists, and pharmacologists.
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