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"7 Abstract: The absolute convergeace factor problem for integrals of finding condi-
tions necessary and sufficient that f(x)g(x) =0(x? +2)/ C,r/ whenever
“f(x) =0(x?)/ C, k[ where r, k are non-negative integers such thatr > %, p, g
are real and p + g <—1, is considered here. Itisshown that the conditions on
the convergence factor g restrict it to being either zero or a polynomial.

1. Introduction

Tyler (1) has considered the following absolute convergence factor problem
for sequences: Ifr, kare non- -negative integers, what conditions are necessary
and sufficient that the sequence { ¢, } be such that s, €, be limitable | C, r |
whenever s, is limitable | C, k | * The method used by Tyler can be adapted
to find the conditions on the sequence { €, } in the more general problem :
What conditions are necessary and sufficient that s, ¢, = 0 (n?+2) | C, r |
whenever s, = 0 (n?) | C, k|, where p is real, p +¢ > — 117 Tyler’s
method cannot be used to discuss the case p + ¢ < — 1, and this problem
has not been considered before. :

The author has considered the integral analogue of this problem in the more
general case when p is real and g is real; viz: What conditions are ‘necessary
and sufficient that f(x)g(x) = 0 (2r+¢)| C,r| whenever f(x) = 0
(22 )| O, & | where p, g arereal,» > & * The conditions on the convergence
factor ¢ in the case p + ¢ < — 1 turn out to be of character quite different
to those in the case p 4+ ¢ > — 1. Itisshown thatinthecasep + ¢ < — 1,
f(z)=0(@|C k|canimplyf(z)g(z) = 0 (zr+e) | C, r | only when
g is zero or belongs to & restricted class of functions. The conditicns in the
case p + ¢ > — 1 do not restrict g fo such a narrow class.

Leaving out the trivialcaser = k = 0,itcanbeshownthatifp + ¢ > —1,
the conditions on g are the followmg
(I) If & = 0, r > 1, the ouly condition is that g € &, ;i.e.

x
ft—qg(t)dt= 0 (z) as © — oo.
1 .
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(- Ifr > k > li, then g € G, ; i.e.

(i) g(x)=0(22)asx—>o0.

(i) g¥t(xz) = 0 (xr1% ) a5 2 > o0,

The conditions in I and IT turn out to be necessary even in the case P+ q
< = 1, but a stronger result is proved here. Itis shown that it is necessary
that g belongs to classes smaller than G, and @, in the cases & = 0 and k=1
respectively.

This paper deals with the case p + ¢ < — 1 in detail. The case p 4 q
> — 1 will be dealt with in a subsequent paper.

2. Preliminary Definitions :
All functions considered here are real and defined on[ 1,00 ). IffisLebesgue
integrable locally (i.e. in every finite subinterval of [ 1, oo ) ), write f e L.
Inwhat follows, takef e L, andif & = 0, [take g to be bounded and measurable
locally, and if &k > 1, take g%~ to be absolutely continuous locally, g™ denoting
m — th derivative of g, g° denoting g.

Let 7, k be non-negative integers such that k > 0,7 =2k
ie.

k.
Let f,, fx) be the m —th integral of f (z) ; Ifla)=f(2) =

X
flfm__l(t)dt form > 1, Inf(s) =fy(2) = f(x)

p _ (¥ (& —¢)mt
Then,fm(ac)——f1 (m_rl)!f(t)dtformzl.
If pis real, write f (2 ) = 0 (a?) | C, k|if 2P *f, () e

and is 0,(1) as x - o0. In this paper, take p to be real, p + ¢ < — 1.

Theorem. (i) Tf k = 0, » > 1, a necessary and sufficient condition that
f(x)g(x) =0 (ar+e)|C,r| whenever f(z)=0(a?)[0, k|is that

(@) g(x) =0 for almost all z > 1.

(i) Xfr > & > 1,let M be the greatest integer such that M < p+qg+k
+ 15 M < g, exceptin the case r = &, pi-+¢;+'k -1 < 0,¢ = 0, when
M is taken to be zero. If M turns out to be negative, this is taken t3 mean
g (#) = 0. Then, a necessary and sufficient condition that f (2 ) g (2 ) = 0
(2*@) [ O, r | whenever f(w) = 0 (%) |0, k|Lis that
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(b) g (x) is a polynomial in = of degree not exceeding M.

Note. If M > 1, then (ii) means thatg ( x ) is a polynomial of degree less
than or equal to M, and if M < 0, then g ( x ) is constant.

3. Subsidiary Results

Lemma 1. Let N be a positivé integer, X > 1, 0 e L[1, X]. Then, a
necessary condition that J. O(t)s(t)dt = 0 whenever s" e Land s ( X )
1 :

=8 (X )= ...=s1(X)=10is that @ (¢r)=0pp in [1, X ]

Proof. Assume that the conclusion is false. Then,
3 .
f |6 (1) ]|dt = 5K, where KX > 0. )
i
There exists a step function » (1 ) with a finite number of stepsin [ 1, X._]

€T
suchthatJ.]O(t)—u(t){dt<K. (2)
1

Y
(1) and (2) give'f | (t)]|dt > 4K. ‘ (3)
1

Since w ¢ L [ 1, X ] there exists m! > 0 such that, for any measurable
subseteof [ 1, X Twithm e < m!, wehave[, |u (1) |dt < K. (4)

Clearly, it is possible to select a finite set of pairwise disjoint intervals in

[ 1, X ] not containing any discontinuity of w (¢ ), such that their union H
© satisfies m {[1,X] — H} < mt.

Thus(4)givesf|u(t)dt—f]u(t]}\dt<1( (8)

1 .
H

Now, there exists s such that sN’e Lis(X)=s(X)=..6"1(X)=0

and s{7) = sgn u(¢t)in H, (6)

[s(f)<linf[l, X] —H. 1)
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From (7),.12),7(6), (5)-and (3) used in that order, it follows that
f 6(t)s ( t)dt > K, which is a éontradi‘ction, and hence the lemma.
Lemma 2. A necessary condition that J’x ‘G(t)s (t) dt = 0, where
1

X > 1,80 e¢L(1,X) whenever s e L and s (X ) = Oisthat 8 (f) =0
ppin [ 1, X ]

Proof. Proceedings as in Lemma 1, we see that there exists a step function

w(t) such tbatjlu )| d: > 4K.

1

Clearly, there exists s such fha.t se L,s(X)=0ands (t)=sgnu(r)
in [1, X). : . : .

: X
Then, f @(t)ys(t)dt > 3K > 0, and hence the lemma.

Lemma 3. I ¢ e RV [1,00) and & > 0, then =0 [t ud™ ¢ (u ) du « BV
[1, 0 ). See (2), Lemma 3 . ' ’

4. Proof of the Théorem

When » > k > 1, repeated partial integration gives

Lf(z)g(z) - f””ﬁz“’l)’)_,f Yo (a)di

=_“1 ffk (D)@, (2, t)dt + 8y fr(m)g(2), » (8)
- 0 (x—t)1 ) . N
where D, = = , G, (2,1) = i) g (t) and S, is the XKronecker

delta.
Formula (8) also holds when k = 0, r >-1.

We want cohditions necessary and sufﬁcieﬁt that x—P—q“*I,,, flz)g(z)
e BV [1,00)andis 0 (1)asa - oo whenever & 2% f, () e BV [, 00 ) and
is 0 (1) as = — o0. (9)

-
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Necessity. By (9), it is necessary that z—- ] f(x)g (2 ) = 0 (1) whenever
feLandf, (x) =0 for all x > X, where X is ﬁxed arbxtrary and greater

than 1, k > 0. 4 | _ S ()

For such f, f; (z )= fz(ic)'= '=fk_1>(bx) = Oforallx > X whenk >1,

and hence (8) gives I,/ (w)g(x) = ( —1 )"fl'fm) (D, VG, (1) dt

forallz > X. Lo - : (11)
Hence I, fg = Z Cpp X7 J.f" d/dt Ylem=2g(t)1de, . (12)
m =

S )’”m T o -1\ .
wherecm_(r IR (m—l .
Formula (12) holds for k= 0 too.

T
Thus (10) and (12) give :Z Gy LRI f fk 1) DE[m=tg (1) 1dt = 0 (1)
| . . m = ] ) - '

whenever f e Land f, (%) = 0 for all z > X. o (13)
Letn be the integer suct that —n —1 < P+qg < —nifp +¢> —r, and
n=7if p4+qg< —r ,

Then, x=7-¢™ » 4 o5 as x — oo for m = 1, 2,...m, and hence each coeffi-
cient of g-p—a-m should be zero for m = 1, 2, ... n in the series in (13).

@
Thus [ Je () DE[ v g (1)1 dt = O whenever f ¢ L and fe(z) =0 for

v 1
all x'> X,m=1,2 ..« o | _ (14)
WriteN:lc,s(t):f( t), 0(t) = D"[t"‘1 )] when k > and
(1) =f(r),0(t) =rm2g(s ) when k =

x
Thenby(14),f 0(t)s(t)dt= 0 whenevers¥ e L,s (X ) = s' (X) =
1 , .

=81 (X)=0 when k > 1, and j O(t)s(t)dt = 0 whenever
| i
sel, s(X) = Owhenk
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By lemmas 1 and 2 it follows that 6 (¢) = Op.pin[ 1, X ]. (15)

If k¥ = 0, this gives g (t) = Op.p in [ 1, X ], and since X is arbitrary, it -
follows that g (¢ ) = O for almost all + > 1, which is (a).

Ifk > 1L, by (15), D¥[tm1g(t)] = Op.p.in[ 1, X ], form = 1.2...n, and
hence g (1), tg (t),...t»1 g (¢) are polynomials in ¢ of degree at most & — 1, (16)

Thus g (¢ ) is a polynomial of degree at most k& — n. {17)
n=mr r>k<41, (16) implies that g (¢) = 0. - (18)
If n = r = [k, (16) implies that g (¢ ) = a constant. (19)

If » <r, then —n—1 < p + ¢ and hence ¥ —n < p +¢ + k 4+ 1.

Thusg ( ¢ )is a polynomial of degree less thanp + g + &k + Lifp + ¢ +k
+ 1 > 1, by (17), and since it is also necessary thatg (¢) = 0 (12), (since
g € Gy ), the required conclusion follows in the case p + ¢ +k -+ 1 > 0.

Ifr=%p+q+%+1<0,¢g>0 thenp+qgq+7r=p-+qg+k<0
and hence » = r. Thus (19) implies that g (¢ ) = constant.

If r‘=k,p+q+k+l < 0 g < 0, again g (¢t) = constant 4, but
f(x) = 0(@?) |C, k| can imply Af () = 0 (2art?) | C, k}only if 4 = 0,
ie. g(t) =0.

Ifp+q+k+1<0r>k+1, by (18) it follows that g (?) = 0,
- which is the required conclusion, since M < 0 in this case.

This completes the necessity in (ii). .
Sufficiency The sufficiency in (i) is trivial.

(ii) Omit the trivial case when ¢ () = 0, and consider the case when
g (t)isapolynomialin¢of degree atmost M, where M < ¢, M < p +q + k
+1, M > 0.

Let P™ () denote a polynomial in x of degree at most m, possibly different
at each occurrence.

Then, g (t) = P™ (¢), and substituting for ¢ (# ) and regrouping terms‘,
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_LM —’— r —1 — k
o\
we get (D)G, (z, 1) = Z P PMAr—1=E—i) (5 ),

Hence (8) gives I, f (2 ) g (x) =

M 4r—1—Fk x
Z PMr=1ok=n () f £ fu (1) db 4 8, fr () P OD (). (20)
7 =10 1
MLr -1 -k
= z PO4r-1—k=0) (g) [ 0 (@ +k+it1) 4 0 (loga )] + O (@o+htM),
1=10

= 0 (a?tMir)y 4 O (aMtr-1-Flogx) - 0 (aPTF+M Yy = O (xP+2+)  gince
MA+r -1 —~k<p-+qg-+r, M <gq, k<r, except in the case r = &,
M = 0,inwhichcasel, f(x) g (x) = Af) (x) = 0 (xP1F) = 0 (xP+r+k), {21)

Now, since M < ¢, t™P7%f; (t) e BV [ 1, 00), it follows that /M »=a-kf, (1)
eBV [1,00), and taking § =p +qg+k +1 - M +4 >0, ¢ (1) =

%
tM-r-a-kf (¢ )in Lemma 3, we see that x™M-r—q-k-1-1 fz"f (1) dt ¢« BY [1,00)
1
\

Hence from (20), it follows that 227 f(w)g(x)eBVI[1 00)

This completes the sufficiency.
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