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FIRST ORDER NECESSARY AND SUFFICIENT CONDITIONS FOR

MATHEMATICAL PROGRAMMING WITII z-SET FUNCTIONS

some results lbr vector valued convex, set functions.
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ABSTRACT

ln this paper we define tl€ convexity of a collection of sets, convexity of an ''-set tunctio&
and differentiabilily of an u set function. We also giv€ an €xample of a differentiable ,?-set
tunction. Some basic propenies of ditTcrcntiablc convex ,-set tunctions are given in this
paper. Some of ihes€ fundamental propertics will be used to derive an optimization theorem
nvolving convex u'set fuctions. Finally, we considef n-set tunctions and obtain valuable
results that can be used exi€nsively in convex progamming. We conclude this paper with

Tluoughout this disseftatton 1ct (I,A,p) be a finite atomless measure space, that is, for each
Oel with lf)>O, there exists O'cO,Oel with 0</O'</O, and the space
I.(t,4, p) is separable, that is, it has a conntable dense subset. We will be concemed with z-
set frmctions on I' which is dcfined by

.a"  = (q, . . .s , , ) ,s ,  e A,  i  =r , . . -n\
Note that l" is a pseudometric space under the pseudometric ddefined by

, i [rR,. .R.r(s, .s,]1-{!,  re-, r} R.r e.4.
t ' r  )

where 4AS, = (nr \S,)l,(S, \ R,) t = 1,...,n. According to the assumption that (I,A,p) rsa
finite measure space, we can identify any set S e I with its
characteristic tunction X. e LtU, A, p). Note that 1(Rr,..., R, ) (S,,, S, )] =

P l .x' 11,,1For f e LtU,A,p) and ,S € I , the integral I /dl will be denoted byJtr"
l+Yr

(f,r)



2. RESULTS .A.ND DISCUSSION

Morrisl sho\\'ed that if (l,A,p) is finite and atomless 3nd Ll/,A.1!) lsseparable, then for
any R..!e,.1 and i. € [0,1] , there exist l. -scqucnccs 1Z , , , | 1.f, , . , I ru"l rfrut

/  p , r ,  ) \ ) x r " ,  zs , t ) t - ) ( -DxsR,
imo

X' , , . , . , , . ,  \ )  ' ^x t  l l  ) l x . '

\r'here ----!-+ stands for the e.r,t' convergcncc. We shall call the sequence lV'111jin,l,
\\herc v'(A) = Rt(7) u sr(z) u (/?. s), a Moris sequence associated with (,e,n,s). rne
definition of a convex subfamily S of I was first given by the authors in2. The following
definition of a convex subfamily S" of ,.,1", thc r, lold product oft is the extension ofthe
one given in'. This dofinition will be used in the iater pait of this paper to characte ze a
convex r-set function by a convex subfamily The author q.ould like to note that the notion of
convex subfamrl) is also dcfined $ i lh "l ight \ anation inr.

Delinition 2.1
A subfamily S" of A' is sdid to be convex d for any (4,--.,&), (S,,..., S, ) e S" , 2 e [0,1]
and every Morris se(luence f,'(77 Jc A associated xith (4,RrS:)., for each i =1,-..,n,

there exists a subsequnnce \f, 'r1;,11o7 \V,'1111-5.
The following is an example ofa convex subfamily-

Example 2. I
The subfamily S'' c A' defned by

- L ,
J '  l {S , . . . . .S  r '  1  r ) ( r .2 ,  )  o .o  R .v .  t  t . r .A .p t . i -1 . . . .n1

is conrex.

Since a measure space (I,A,p) need 11ot have a linear structure, the notion convexity ofa
set furction is different fron the usual one. Initially the rDtion ofa convex set function was
given inr and it was extendcd to -set functions by Corley'to the following form. Lid
d€fined the notion ofconvex ,-set function in a different s€tting

Definitiod 2.2
An n-set fufictio F: S" ) R is said to be a conret subfamily S" of A" if for each

)" el0,rl and (n,,..., tt,),(S,,...,S,) e S',

lim sup F(rtt Q),...,1/:())) < ).F( R],..., R,,) + 0 - z)F(,t,,,.-, s") for ary Me7v15 
""ru",r"

t ,  |  ,
f4'1,,t1 |,  S asso.talel r i th ().n,.5,). 1ar eacn i =L...,n F is sai( l  ta be a co cdt 'e n set

fun rton tf l-  t '  a *tnt"-t t l  set Jitnt nan.

We shall next define the notion of difl'ereltiabiiity of a finction of a single set which was
originally introduced by Morisr. We also shall extend it to the differentiability of an 7?-set
function after thc i th pajtial derivalives ofan r? set function is defined.



Definition 2.3
A set f l ln.rian H:A >R is dilferentiuble at SeA if there exists an h,eL(7,1.p\ the
lerivotiw of fl d S, su<h that

(R) = H(s)+(h,,2, y,) + ttt,,(R,S),

whct r  u ,  rR.s t=u lJ lR.s ) ]  .  r / ra r , r  I  
w  (R S\. . , , \F0 
l fo' l=u

H is said to be dilferentitthle on A {II is dllerentioble at all S e A .
.The following definition of the lth paftial derivative of an sct flmction is due to

Corleya.

Definition 2.,1
Let F:A' +fi  azd (l ' , , . . . ,S,) e .4". Then S is sdicl to hdve a i  th part ial dei*t iye al
(.t....,5,) lf the set fun(xio

11(R,) = r(.r,,..., t ,, R,, s/,1'...s, )
Ita: a rl, nvarite h rr \, and ir is d, tot,\l hy J,

As we statcd earlier in this paper, the finiteness ol (X,A,p) allows I' to be made
into a pscudometric space_ This erables us to define the differentiabilily of an z_set function
which is also due to Cor.leyr. This is a direct extcnsion ofthc differenda;ility ofa set function
which was given earlier itl this paper.

Definition 2.5
An n-set.functiotl F : A'' .> R b dilferentieble dt (S,,...,,t,) e l" if all the partial derivatiNes

| . i  -  l . . . . .n. t  Ytv anJ sdrrsJ)

F I R . ... R, | = F l s ..... s, | + i(f:, x r, z, ) + w,11n,,..., n,),(sl,....,r,t .
vhere .fl is tlrc i rh purtial deri\rltiye ofF ot (5r....5,) dn.t

,r/. k4,...,4, ), (.r,,..., r',1l . olr[i,r,,..., n,.i,1s,,..., s, t ]
F is saicl to be .lilferentiohle on A" ifF is dilJerentidble at att (5r...,5,) e A,.

Example 2.2
An exanple of a d{fbrentidble conrer n tet fu ction is

rrn,,...,n,) - n( | \dp,...,I v"&r'l ,
J R  )

where lt: R" ) R is convex, differentidble, and yt e LJI.,/1,11) for each i =1....,n.

For any (,4,,..., (,).(S....,S,) e .,1'and ,t e l0.l]. there exists a Mon.is sequence lf,, q;\1 ," ,t
suc l r  tha t  7 ,  , r ,4 ) .1 ,  +11 ' '  ̂)L .  lo r  each i=1 , . . . . r_  Ther -e fo re

' , l r l . . r t . /  r l  t . t  . t  t , , ,  t rm.L rp l r / J  ,  , , , t t ' . . . . . !  
, ,  , tu )

. l - / f  ,  |  , I  / f  ,  |  
, ) l-  / ' l4 lJr  

" i / / . . . . .J_,  
v, t t !  

)+1, \dp.  
.J ,  , , r  

. , t



< nll -,ua t', .J, ", a r) * \t il'(j,,,,t r,.,!,.',a p)
(since , is convex)

= rf (R,,...,R,, ) + (1,.1)r(s,,..., s").
Thrs proves lhdr f is a conve\ n-set function.
Thc i th partial dedvative of-Fat (S,,...,d,) is givenby

rI n"'l l, ',ar .!.,,at),.
where }(') is the i th partial derivative ofr.

Now we state the following lenma which will be used later in our study.

Lemm^ 2.1
( Theorem 3r) Let F iA" ) R hean n set.futlction, dif.ferentiable at (5,,.-.,5.) eA^. For

any given (R,,.-.,R,,) e A' and 1 el0,7l, let \V,'1l1lc .l te

a Morris sequence associated v,ith \5., n,,5,) fot each i=l,...,n.Ihen

riln sup tr.[(I'(,t),.. , r;1t"1\@,,...,s,)]= r(O,
' - t , , 1

.  u . l t  t ' ( ) \ . . . . .v : ( r ) , [ {s . . . . .5 .  ] l  _  0wnere  t tm t l , t ,  ' , , , , . , . .  . ' , 1 - '  
-

dl(r; ( ),...,t tQD,6,,...,s,) )
P/oof The proofto this lemma is given in5.

Now we are ready to give some properties of a differentiable convex z:set function.
The following theorem and lemma, which are extremely important for our study, were proved
by Corelya.

Theorem 2.1

lTheorem 1.55) Let F :5" + R be differentiable on a co rer subfamily S" c A". lf F is

convex, then for all (nr,...,4),(S,,...,8) e S"

F(n,,. ,R,)-r(s1'. , , 's, l>z\r: ' t r  t ,)  (2.1)

where f: is the i th partial derirethle of F ol (S,,...,S,,).

Lemma2.2
(Theoren 4.65) Let F:S'_>R be differentiable on a conuet subfamily S' .A'.1.1

Ft Rt . . . . .R.  I  r rs . . . . .s , r : l ( t . .2-  z .  )

is st islie.l for att (R,,...,R'), (S,,..., J,,) e S' , -n"ri'1; is the i th partiol deritrttttue of F (tt

(S  . . . . .5  ) .  r l c r  F  rs  , . ,a r  c ,
A geometric interpretatiol'l of the above results can bc given as follows. For a differentiallle

convex function?ron S', the additive,/-set function FIS .....5,)> U:,1^, xr),



wh€re (^tr,...,,t,) € S", never overestimates F(X,,...,4) for any (4,...,q) € .!, and
obr,rously for a concave function F on .!,', the additive n_set function

r{s,.....s.) -i(,..,. , \.. - n .  
, t 2 \ r ,  

\  4  R  4 \  / i

where  ( t , . . . , .1 , , )€S" ,neverundercs t imatesF(4 , . . ,R , ) fo rany  (1 i , , . . . ,R" )  <  S , .
As an immediate consequence oftheorol 2.1 another necessary condition can be stated fbr a
differentiablc convex r-set function.

Theorem 2.2
Let F : S" -+ R be differentiabte on a conver subfamily S, c: A, . A necessury colrtlition thtt
F be convex on S" is thatfar each (4,...,R,, ), (.t,,..., S") € S'

2(r! r;,2" -x,,)>0,
where fl andfi, or" ,On , ,O 

=iartial 
derwatives of F ut (5,,...,5,) and (R,,...,R,)

Proojl
Since F is differentiable ar (S,,...,S,) and (R,,...,X"), by using incquality (2.1) twice we
have

F(S, . . . . .S , ) , f (R . . . . . .R ,  .$1 , "  - ,  \\ . . . . . t f . ' :  / . \ J ; . t .  -  {e )  (2 .2 )

F{R, . . . . .4 ) -  F ( . "  ,  s - / .' ) . . . . . ) , t_L \J ; . f  
"  

- . t , )  r2 .J )

By taking the summation ofinequality (2.2) and inequality (2.3) it follows that

o , \ l r t "  .  t  *1 ,  . .  r-  
/ - \ ' a  a .  ^ R  /  z _ \ t \ . 1 5  1 P  /

That is,

l ( f ;  f ; .x,  -  t - , )>0.
Hence, the prcofofthe tleo.em i" comptcte.

In order to obtain sufficient conditions for a local minimum, Morrisr mtroduced theconcept of local convexity of a set lirnction. Following the same line we deline the local
convexity ofan rr-set function as follows.

Definition 2,6
A dffirentiable n set functio F .. A, ) R is loca y conl,ex at (5t,...,5,) e A,, i! there

exist an €>0 such that for (R.,...,R,)e A, satisJying df(R,,..., n,, ) (S,,..., S,, )] < s

F{R| . . . . .R  r  f r  S  { )  \ - , r ,  .  \'  . n '  
, 2 2 \ t , , t R  

I ' l

_ Now u,c statc and prove a sufficient conditiotr lbr a diffcrelltiable locally convex r_ser
function.



Theorem 2.3
Let FtA" )R he dtferentiahle on A^ and (S,-.,S,)e,1'. If therc exists a y>O such

l \r : - I i .  t  - t,) - Bln,... n.i(s,. ..s")l

for any (R,,....R,,) e A" satisfyitlg a(n,, .., n, ) (S,,...,q)] <e, for some €t>0, then F is

locally convex at (5r,...,5,,).

Proof: Since F : A' ) R is differentiable ot A' , by using definition 2.5 we obtain the
following t\{o equalions:

F(R,,..., &) = F(s,,... . s,,1+l\f|, 2,, - r", )+ n i (n,,..., n, ) (s,,...,s")l Q.4)
and

F(r,. . . .s,)=F(R,.. . ,n;+l(f | , . t , ,  a, )+ n' j(4,. . . ,  r ,  )  (s,, . . . ,s,) l  e.s)

for any (R,,...,R,) e 1".
Adding equations (2.4) and (2.5) gives

fU;-r;,r' -t,,)=w,
where r/ = rl(R,,..., n, ) (q,,sjl + r,; t(4,...,R, Xs,,...,s, )l
But by the hypothesis

l, \ti - t;. z'. - t -,) > r al(n..... n,Xs,'.'s,I
whenever dftR,,..., R, ) (q,..., s")]< a , fo' some t > 0. That is,

.  F(R,,. . . ,  R,)> F(s,,. . . ,s,) * i( / ;  .  x - -  x,,)  + y,r l lR... . i , ,  I(s,. . . . ,s,) l
-  r-(&, ,R,)(s,, . ,s,I  (2.6)

w:nR,,.  R t ts. . .  s) l
s ince  l ' r r . , ?  ^ "u . ,  . . ) l  . ,  

/  r ' r " " "  " '  0 -  g i ven  7  0  l he re  ex i s r  an

/h / i  . . . . .k , . (s, . . . . .s )

wth R R ) , ( \  . . . . .S"  ) lt  >0  such  l ha t  f  -  r t "  " '  )

d  {  R r . . . . .R , .  ) . ( 5  . . . . .S ,  )

whenever rl(R,,..., R' ), (q,..., q )l < s, . rll^t i",

rd(R,..... R, ) (s,......s'. )l E:[(n,,....n, ), (s,,...,s. )l> o

whenever ,/ (R, ..... R" ). (s, . ,s,)].r.

I-et t = min(t,r,). then by equation (2.6)



F(R.. . . .R.  |  _  f rs . . . . .5 ,  I ,  T ( r , .  t ,  _  t  1
uhencrer  r / [R, . . . . .R 1t .s . . . . . r .  t l  e

This implles thati ' is locally convex at ({,. . . ,J ' , ,).
It is imporlant to mention that all the results can be exlended directly to concaveful1ctions by changing the inequalitics u 1{) s .

.,,,_.. ,,rT^*_T T: 
**de this section we give a simple result in mathernaticai progrirmmrng

wrrn ortlerelltral]Ie ,r sel farnction

Theorem 2.4
Lel S" be a convex subfamily of A,' tnd tet F ..5,, + R be a colrex n set .litnction
dilfere tiable at (S1,...,.t")€S". Then (5,,...,5,,) solves the niltimization problem:

Minimize F(R,,.. . ,R,)

(n,, . . . ,r ,)e s,
r f  uwl  on ly l  i ( f . ,1-  t , )>0. for  au ( r , , . . . ,n , ) .s , ,  where f l  x  the t  th  par t ia t
deriydtiye o.f F at (5r...,5,).

Proof: Since F is differentiable at (.i,,...,.!,, ), we have for each ,1 e (0,t) ana (4,...,,n,)e S",
/ - .  \

F\t / ' t ) t . . . . .v , t \ ) t_Fr , \ , . . . . .s  l  I  t \ l  
. t , , . ,  x , ) -

ror any Morris s"qo",,"" { r| 1s,1 } - s ̂ "","{;Y :?" r;l;3} 
t;:; 

"if , =,,,,
Thcrefore

timslJp F(rti(i),...,r/j(2) < Fr.r,......!, )+ lj iy I(l .*, , _2")+

rim wp w,l(r,, e.)..,rj g"1\ 1s,. . s.1

Srnce r i rrrsup t( t  , ,  ,  ,  )  , iQ. , ,  t , )
we can establish thc following inequality



li m sup ltl, l(ta' {,.1 ),.. . t/j (,i ) I ( S,,.... S" J

- L ,
= F(sr . . . . .  s ,  )  + tL\ f ;  .x ,  -  rs, )+oQ")

by lemma 2.1.
Since F(S,,...,S" ) < F(R,,..., R,) for a11y (R,, .., x,, ) € S", we have

Therefore

s1r '  \
' /- \ " 'Y' X' )

Letting ,1 -+ 0 we obt.rin the desircd result.
To obtain the convcrse, let us assutne

o (.1)

r- /  r ,  " )  o  t "o '  any  (R . . . . .R" ) -J ' .

Since -F is convex, by theorem 2.1

r{R.. . . .R,r F(s . . . . .  s,  r-  t  ( / .  ) , .  x. \ .

That is, F(R,,.. . ,R,) > F(.tr, . . . ,J") .  Thus the resutt

3. CONCLUSION

Morrisr defined the concept ofconvex set functions by means ofspecial class ofsequences tn

analogy with the concept ofthe convex combinations of 1wo sets Such sequences are named

u" Mo'oi. ."q.r"n"", by Choi, Hsia and Lce6. Until Corelya introduced the general theory-of

n-set functions, most of the work had been confined to set functions' Since Corely-

inhoduced the concept of convexity and differentiability of an n-set firnction in 1987, there

has been an exlensive inierest in the theory of mathematical programrning with '-set

firnciions as evidenced by the publication of many papers of the subject ln this papcr' our

objective was to continue the earlier work which has been done for t?-set firnctions and

establish more results in mathematical programming with t-set functions Tn tlns paper, we

$.ere able to sate ancl prcvc first o.der necessary and sufficient conditions for a differentiable

conlex , set functiolt.
Morrisl proposed a nume cal melhod to solve convex optimization problems with set

funcrions. But tire nethod was p.oved lo bc computalionally inefficient Therefore, there is a

greater need for research in thc finding of efficient numerical methods 1l) solve convex and

ionconvex optimizatior problems with n-set functions. We hop€ that lhe results prcsented in

this DaDer'\r'ill stimulate future work in obtaining more results' exterlding the existing results,



and developing numerical methods for convex and nonconvex optimization problems with n-
set functions.
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