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Abstract : Theil's Theory of restricted least squares is extended to the case of mixed 
linear and quadratic constraints on the parameters of the multiple regression model 
which is, for instance, the case arising in estimating a class of nonlinear models. The 
'mixed estimation problem' of Theil and Goldberger (1961) and Theil (1963) is aIso 
considered when the estimates of the pal ameters are required to satisfy any exact linear 
restriction, and explicit formulae for 'restricted least squares estimates in mixed 
estimation' are established. 

1. Introduction 

Suppose the statistician has some prior knowledge on the Parameters of a regression in 
addition to the sample observations. He may have knowledge of the sum of some 
coefficients, of the values of some coefficients, of the cmtain relationships between 
the coefficients, or of merely the signs of some coefficients. The statistician may 
have derived this information from economic theory or perhaps from previous statis- 
tical work. Such knowledge that the statistician might have in addition to the pre- 
vailing sample information is refe~ed to as extraneous information. The advantage 
of incorporatiag this extraneous information is clear: it is intuitive that a gain in 
eficicncy will result provided that the available information is utilised properly and 
efficiently. This extraneous information may be used to improve the estimates of 
the unknown parameters. 

The first three sections of this paper wil! be devoted to discuss the restricted least 
squares. The estimation results of the restricted least squares under exact linear 
restrictions is reproduced in Section 2. The purpose of the third section is to establish 
an estimation procedure when the coefficients are related by a quadratic equation 
whereas in the fourth section the same is done under restrictions on the coefficients up 
to an equation of second ordei. A numerical example is given in each of these two 
sections to illustrate tho procedure. The last two sections are concerned with the 
mixed estimation. The results of the classical mixed estimation are reproduced in 
Section 4. As an extension, in section 5, similar results are obtained for mixed esti- 
mation under linear restrictions on the coefficients. 

Throughout this paper we shall make the usual assumptions on. the regression 
model y = X,8 + E, that the disturbances are uncorrelated, bomoscedastic, and 
each has Zero means. 

E ( E )  ;= 0' 
E (EE ' )  = u2 1 



with thc N x K matrix of X of rank K fixed in repeated samples where y and E 
are N x B vectors and ,8 is the KxI parmeter vector. 

2. Exact Linear Restrictions, Restricted Least Squares 

Suppose we know a set of linear relationships between the parameters. Situations 
of this kind arise often in Economic theory, for example, the sum of the exponents 
in a Cobb-Douglas production function is known to be one, sum of the money income 
and price elasticities in a demand function is known to be zero. One way of dealing 
with this kind of a problem is to incorporate the restriction in the fitting process in 
such a way that the rcslriciioo is exactly satisfied by the estimated coefficients. A 
general formula for the least squares estimato~s of the parameters subject to exact 
linear rosttictions vias first developed by Theil(1) in 1961. The following is an out- 
line of that proof. 

The given set of linear restrictions on the parameters may be expressed compactly 
as, 

r = Rp 

where r is a known column vector of g<k elements, g being the number of mstric- 
tions, and R is a g x k known matrix. In older to find b, the desired "restricted 
least squares estimator" of @, the sum of squared residuals ( y  - Xb) (y-Xb) is 
minimiztd subject to (Rb - r). Using the Lagrangian minimization it is shown 
that this occurs when, 

A 
where ,8 = (X'X) -l X'y is the ordinary (umestricted) least squares estimator. It 

can be easily shown comparing the variances of the estimates b and p* that there has 
been a gain in efficiency in using the extraneous information which consists of exact 
linear restrictions on the parameters. 

I 3. Least Squares Under Quadratic Constraints 

It is of mathematical interest now to find the restricted least squares estimators when 
the extraneous idolmation consists of exact quadratic restrictions on the coeffici- 
ents, because of its simplicity. Such a treatment is useful, in par titular , in estimating 
the parameters of nonlinear models such as Y = 0 + (aX,+pX,) (y +X,) which 
is equivalent to the linear model A= 0 + aX,X,+IJX,X, + hlX,+A,X, with the 
restriction ah,-Phz=O. First we consider the case where only a single constraint 
on tbe coefficients of the classical regression model is present. 

Let the single quadratic relationship between the coefficientsof th€ linear regression 
model y = X(3 + E, be 

c = F'Rp 
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where C is a known scalm and It is a knom symmetric matrix of order k. For 
example, if we wish to incorporate the restriction g2 4- 4 @, 4-2 $9, + 362 = 3 
we would set, 

It should be pointed out that it is not always possible to find the restricted least 
s~cares  subject to a quadratic constraint on the parameters by direct substitution, 
unlike jn linear constraints. However we can make use of the Lagrange minimization 
to do this. The estimates of the parameters obtained by restricted least squares in 
this case, will not be unbiased. Nevertheless, these estimates possess smaller mean 
square error over the unrestricted least square estimates. 

We seek for the estimated coefficient vector, b, to satisfy the restrictions, so we must 
find b that minimizes 0) - XD)'( ( y  - Xb) subjest to the restriction C = b'R b. 
tluercfore wc minimize. 

where h is a Lagrange multiplier which is a scalar. The points at which a local 
minimum , a local maximum or a saddle point may occur, can be evaluated by setting 
the respective derivatives of F (b, h ) wit11 respect to b and h equal to zero; 

Hence the required values of b and h are given by the quadratic equatiadrs, 

(X' X 4- h R)b = X'y 1 
b ' ~ b  = c \ (3.1 j 

or equivalently by 

(I, + h ( X' X)-IR)b = 

with n = 1 j c ( b r  X' xb - y r x b )  

A 

witere ,I3 is the uncestricted least squares estimator of /3 
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These equations cannot be solved explicitly for b, however, they can be solved 
numerically for a given problem, under certain conditions on R. To illustrate this 
fact, a numerical example will be discussed at the end of this section. 

In order to choose the value of b which indeed minimizes the Lagrangian function 
F(b,h ) the following second order condition is used. 

In order to minimize the sam of squares of residuals subject to the quadratic con- 
straints we must choose the values of h for which the. matrix 

e 2 @'X + A R) is positive definite. 
ab ab' 

In case where there are more than one local minima of F(b,h) occur the one which 
gives the least value of F is to be chosen. The restricted least squares estimate of 
/j' is the value of b that satisfies the equation 3.1 with this particular value of A. 

To see the biasedness of b rewrite 3.1 as 

Therefore E(b) = P - E (A(XIX)-' R b) 

Therefore the direction of the bias is determined by the term E ( A  (X'X)-1 Rb). 

These results can be generalized when there are mole than one quadratic relation- 
ship between the parameters. Suppose that the extraneous information consists of 
the quadratic constraints : 

Ci = fi' R, p, i = 1,2, ......... 1 

with 1 is less tban k 

where Ci 's are known scalars and Ri 's ate k x k symmetrical matrices such that 

Again we wish to minimize (y - Xb)'(y - Xb) subject to Ci = fl R1 f l  
......... i = 1, 2, 1. Define 

' I 
F @, Xi; i= l .  2....1) - f i - X b )  (p- Xb) - A, (C, -b1R, b) 

i = l  
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Setting the derivatives of F with respect to b and hi's equal to zero gives for the 
points of ideclion, 

Hence the restricted least squares estimator of in this case is given by 
1 

( XIX + Ri ) b = XX'y (3.3) 
i = l  

and blRd b = Ci , i = 1, 2, ...... 1 (3.4) 

where hI0 ' s are chosen so that the matrix (X'X + X A; Ri) is positive definite. 

A numerical illustration; 

As an illustration, consider a two variable relationship 

and suppose we wish to incorporate the quadratic constraint1 2 a g = 5, which 
can be written as, C = fi R. 6 

where R = ( ) C =  5. 
Let us suppose that 20 sample observations yield 

A A 

Therefore we require to compute a, (3 and h such that 

(XIX+hR) b = ( 2o 10 f h "+" 3.2 ((d = ( 7 )  

1. This c o n s ~ n t  may have arisen in the estimation of the model Pa (Y = a) = -5. X 



L .% \ 

Then we may obtain (a3 J- z -'- I )  ( a  - 1)2 = 0, 

2 

whose only real solution is cl. = i . 
A 

Thus the corresponding values of 3 2nd h which satisfy the Constraint equations 
are, 

Now observing that, this particular val~ie of h makes the ~ a t n x ,  

(X'X - /\ R) = ( l, ) positive deiinite, 

we conclude thai 

1 

r .- - 512 / minimize t!le sum of thk squared residuals subject to the cons- 
A A .% ,, 

traint ( a: (3 ) R ( a: @ )' = C. 

2 A 

Thus the restricted least square estimators of a and Q are a - 1 and p = 512 
respectively. 

4. Least Squares Under Mixed Linear and Quadratic Constraints 

In this section we consider a more general sitnation where the parameters of the 
classical reglession model are known to be related by second order equa'ijons such 
as the two equatio~s 2;, -+ fi,2 -+ p1Q3 + p8 = 0 and 2Q1 = ;4? We will 
establish a general formula to determine the restricted least squares cstimztcs when 
the constraint on the parameters consists of only a single equation of this type. 
The generalization to the case where there are more than one cquation of that type 
is st1 aightforward but will not be undertaken here. 

The mixed linear and quadratic constraint under consideration may be expressed 
in the form, 

where C is a known scalar, R is a known symmetric matrix,of order k and r is a 
column vector of k coefficients. 
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To incorporate this information the method of restricted least squzrcs is proposed. 
Therefore we require the estim~ted coefficient vector b, that minimizes (y-Xb)'  
(y - Xb) subject to C = b'Rb + r'b. Thus the appropiate Lagrangian functio~ 
becomes, 

where A is a Lagrange multiplier. The stationary points of this function arc found 
by setting the derivatives of F with respect to b and h equal to zero. 

aF - = - ( C  - b'Rb - r ' b )  = 0 
ah 

The second order condition for a minimum is satisfied if 

.- = 2 ( X'X - A R ) is positive defhite. abab' 

Hence the restricted Icast squares estimator of the parameter vector ,$ is given by the 
equations, 

( X ' X +  h*R)b = X)- h* 2' 
C - b'R b + h*r'b 

where h* is chosen so that the matrix (X'X + kR) is positive definite. In case where 
there are more than one local minima the one which gives the least value of F @,A) 
should be chosen. 

A numerical Tllustration 

Suppose we want to b d  the restricted least squares estimators of a and ,8 appearing 
in the two variabb linear regression model, 

y = a + f i  + u , given .the extraneous information that a $ p2 = 3. Let us 
also suppose that 20 sample observations yield, 

using the usual notation we have, 

. R = ( y )  , and r = (i) 



S 

therefore the above two implies that, 

4 

Eliminating h and a frorn these equations we have 

A 

The only real solution of this equation is P = 1.8 

A A A 

The corresponding values of u and h ave u = - 0.24 and h = 0.2 

Now 

is positive definite when h = 0.2 

A A 

Therefore we conclude that /3 = 1.8, r, = - 0.24, h =O.l minimizes thc Lagrangkm 
function F (b, A). Hence the restricted least squares estimators of a and p are 

A A 

a = -0.24, J3 = 1.8 respectively. 

5 Mixed I-stirnation 

When unbiased estimates of some of the parameters of a linear regression is available 
from outside of thc sample, a technique to  use this illfornation so as to obtain more 
efficient estimates was suggested by Durbi~l' in 1953. In fact this approach can 
be extended further to tackle various problem? concerning extraneous infomation. 
This procedure of "mixed estimation" was developed by Tlleil and Goldberger4 in 
1961 and it was extended by Thei13 in 1963. One may make prior expectations 
on the results of a regression on the basis of extraneous information. The expecta- 
tions that we derived from theoretical considerations are called prior information, 
the positivity of the malginal productivities in a pfoduction function being an example. 
The kind of expeceations which were derived from previous statistical work, for 
example somc unbiased cstimntes of certain pa~ameters, are called statistical prior 
information. The estimation process that combines the prior information together 
with the samplc data is called mixed estimation. 
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The prior knowledge is formulated in terms of prior estimates of tb-e parmeters 
which are assumed to be unbiased, namely r = R + v, where v is t!ze error of the 
prior information with E (v) = 0 and the g-element vector I* estimztes R /3, R being a 
known gxk matrix. Particularly if i. is an unbizsed estimate of P, a vector formed by 
g coefficients of p, we would set R = (I, 0) because r = PI + v, where 0 is g x (k-g) 
matrix containing only zeros. Let us assume that E (vvl)= @ is known 2nd that E 
(vel) = 0. We combine sample observations 3-nd the prior information to write 

where (t)  = 0 and E (;) (6' v7 = (Z In {;) 
It can be sl?.own that the a-pplication of ~eneralized Least Squzres to the above linear 
regression model yields 

This estimdor b is a best linear unbiased estimritor of /?, wh.ere "best" refers to the 
sample and prior information taken together. 

6. Mixed Estimation Under Linear Constraints 

Now suppose that two k i ~ d s  of extraneous informztion are available to the statisticizn, 
some exact linear relationships between the coefficients are known and on the other 
hand a p~ ior  information, for instance some unbiased estimates of some of the coeffi- 
cimts, is available. The statistician wishes to  incorporate his knowledge on the 
parameters in order to improve the estim~te of th.e soefficient vector. Let the known 
linear restrictions on the coefficients be S = L P , whe~e S is a known vector of h 
elements and L is a h x k known matrix of rank h < k. Assume that the prior know- 
ledge can be formulated as, 

r = R P - : - I .  

with E (v) = 0, where v is the en01 of the prior ii~formation, r .is a known ,gxl vector 
and R is a known g x k matrix. Let us assume that E (VE') = 0 and that E 
(vv') = tj? is known. I'n order to apply generdized least squares we write the prior 
m d  sample information together as, 
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which can be rewritten as, 

y1 = X, i u, where y, is a (n $ g) XI vector X, is a (n + g) x k matrix and 

u = (:) . We have for the covariance rnliiix of the extended "disturbance", 

The symmetric positive definite matrix Q can be expressed in the form, 

Q = PP', where P is non-singular. 

Now premultiply the model, 

yl' = X l l P  + u by p-I to give 
y* = X* p + u* a.....,.............. 

where y* = p-'y X* = p-I X1 and u* = p - 4 .  It is easily seen that, 

E (u") = 0, and th.at 
E (u"zr*') = a21 because 

p-1 Q P- l f=  1 (nx = g) so that (6.1) satisfies all the assumptions of a classical Ieast 
squares model. Now it follows from section (2) that the rcstrictod least squares 
estimator of p un.der S = L is, 

A A 

b = /i' - (X*' X*)-l L [L (X*' X*)-I L1]-I (S - LP) and that 

V(b) = V - VL' (LVLP)-I LV, where V = uz (X*' X*)-l 
A 

and /? = (X*' X*)-I X9: y. Morcover we know that b is th.e BLUE of F in the sense 
that i t s  elements have the minimum variance within the class of all unbiased estimators 
which are linear functions of y and S, where "best" refers to the sample and prior 
information talcen togeth.er. The b and var (b) can be expressed in terms of X 
as follo~s,  

Since X* = p-I X, and y* = P-I y,, 
we have, X*' X* = XIf Q-I XI and X*1 y* = XI' a-' y, 

and in turn we have, 

and X*' y = (5 X' y 4- R' @-' . 
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X ' V  + R'??- 'r  

and 

The variance of b also reduce; to, 

v (b) = V (6) - V (i) L' (L V ( j )  U)--' L V ( j )  

where 
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