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Abstract : The incompatibility of the secular stability criteria and the steady stato 
criteria in the radiative regions of rotating stars i s  discussed. Although it may not he 
possible to achieve a stable stcsdy state over the entire radiative rcgion of a star, it is 
suggested that the star may be ab!e to set up stable steady rotation with circulation 
aver a large ?ortion of its radiativc region in onc of kvo ways ; in the more likely of 
these the angular velocity will be inversely proportional to the square of the distance 
from the rotation axis except near the axis. 

It is avell known that if the angular velocity distribution is specified in a rotating star, 
strict radiative equilibrium is, iil general, not possible in regions stable to convection 
(e.g. Mes;e14, k~xburgh~) .  This will result in the setting up of large scale internal 
circulations, which will in general disturb the angular velocity distribution, and thus, 
a continuous interaction between rotation and circulation will ensue. So the probbiem 
of construc!ing rotating stellar models leads us to look for steady state salutions, in 
which there is no interacticr n between rotation and circulation. However, additional 
difficulties arise when we note that certain constraints must he imposed on the angular 
velocity distribution to prevent thc onset of secular instability (Goldreich and Schu- 
hertz, Frizkcl, Simon7). Hence, it is imp$rtsr;t to inquire whether it is at all possible 
to construct models which can be both steady and stable. We first note that we niay 
look for rnodds of rotating stars with or without large scale circulations, but Fricke' 
has shown that models without circulations must suffer from secular instability. 
Hence, we shall focus our attention on inodels with circulaticns. We s!~all confine 
our attention to axisymmetric models wit11 no magnetic fields. The possibility of 
constructing stable stcady rnodcIs has been previously ctmsidered and it can bc shown 
that stablc models cannot be constructed in which the rotation and circulation arc 
cverywhere stcady in a radiative regiun (Maheswaran3). Strittmatter9 and Rm- 
burghb have also noteci the impossibility of constructing stable stcady models. The 
purpose sf this communica.tion is to erlnsider thc positive side of this cpesticn,' i.e. 
how do we handle this clash betv;cen the stability and the stesdy state criteria. 
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2. The Equations 

The con~lition for steady circulation in a nan magnetic star is (Meste14) 

where v is the circulation velocity, the angular velocity ant1 6 the axis1 
distance. Goldreicl~ and Scliubert, and Fricke give the conditions for secular stability 
(hereinafter referred to as the GSF crileriaj in cylindrical polars fo, $, z) as 

and 

Simon 3iso obtains equation (2) but replaces cqurztion (3j by a different crirerion. 

Finally, we must include the equatiou of coi1serv;;tion of mass in a ste~dy state, 
wllick is 

3. Discussion 

Using equations ( I ) ,  (2) and (4) it is poss~ble to show that steady szable rutntion with 
circu1:ltion anay exist (i) in regions which are sandwiched hetween utrstexdy or un- 
stable regions, which act as sources and sinks to the stable steady regions or (ii) if 
the rotation law, to be consiciered presently, has a singularity on the axis of rotation 
(MaheswararQ). Neither equation (3) nor Smon's moclification of it influeaces these 
cunclwions. 

In order to faciliate furlher discussion we noie briefly the nature of the clash 
bemeen th.e steady state and the stabl!iiy criteria., restricting our attention to the 
GSF criteria. Using cylindrical polar coordinates equation ( i )  ril;ly be written 

lisiitg equn!io;l (3) we may simplify this to 



On the Steady Rotation of Stars 75 

We now consider separately the two cases arising from equation (2). 

(a) rr 

equation (6) yields 

which requires the flow to take place along lines parallel to the axis of rotation. This 
clcarly ca~inot satisfy the condition of mass conservation in equation (4), unless there 
exist surrounding regions which supply and remove mzterial. 

(b)  If 

v -. 
(I, need not vanish and steady circulation will be possible. However, in this case 

which implies a singularity for on the axis. Asain, this problem may be over- 
come by supposing that 

Go2 
i2 = R , =  in (3 2 some G, , 

0 2  

where Qo is constant, and that in the region 6 < i& the rneridional motion is tur- 
bulent, the ansular velocity, perha.ps being constant, with material flowing in.and 
out of this region to link up with the circulation outside. 

If instead of thc GSF criteria we use Simon's criteria, when equation (10) holds 
thc discussion of case (b) remains unchanged. On thc other hand if cquation (9) is 
thc case, equatioris (1) and (2) imply that.it will not be p~ssible to h ~ v e  closzd sirea- 
lines of circulation in a bounded rcgion of a mer:dian plane (Maheswaran3). Thus, 
to sztisfy equation (4) stesdy motion will be possible only in a resion wkich is sur- 
rounded by regions which act as sources and sinks. Thc only diffirencc here being 
that '6 does not necessarily vanish, and so the streamlines of thc meridional 
Row need not bc parallel to the axis of rotation. 



The preceding discussion indicates that, though the clash between the steady state 
criteria and the stability criteria prevents th.e entire radiative region of a star from 
reaching a state of stable steady rota t i~n with circulation, it will be possible h r  a 
star to achieve such a state over a large portion of its radiative region in one of trvo 
ways. These correspond to the cases (a) and (b) of Q 3 and wc shrG! refer to them 
as type I anti type 11 steady states respectively. 

In tlle type I steady state the flow takes place from one turi-ulcnt ur unstable region 
into another through the steady stable region, in which there arc no close+ stream- 
lines. If the GSF criteria are the operative ones, then the flow must be parallel to the 
axis of rotation. In the case of Simon's criteria this may be relaxed provided lines 
parallel to the equatorial plane do not cut a streandine more than once. Since we 
know that the circulation pattern is determined by the angular velocity distribution 
pattern (Sweet19), In order to achieve the type I steady state, the star must seek that 
distribution of Cl which will drive the pern~itted motion. Assuming that a star 
is in fact capable of searching out such a state, u'e note tliat the tileoretical problem 
of constructing such models will be considerable since it \vould require us to work 
the problem backwards, i.e. to guess correctly the angular velocity iiistribution. 

The type I1 steady state is the more promising candidate. For, if the cir~ulation is 
truly large scale, it is likely that during the period in which circulation completes a 
few circuits, the rodistributior.1 of angular velocity woulcl lead to a steady state with 
Cl cc 1/G2 over most of the radiative zone together with :i region near the 
axis which is in a state of turbulence and possibily in uniform rotation. Tn this case the 
rneridional motion will look Inore like a circulation a.nd in order to ensure continuity 
the streamlines must link up with the motion in the turbulent zone. Further, we migllt 
note that, on the tlleoretical side, the co~~struction of models is consideriibly sirilplified 
dnce Sweet's method may now be e~nployed. 

A further point worth noting is that, in an axisymn~etric rotating star, the nature 
of the forces present will be such that equatorial sjInmetry uOilill also exist. Heria, 
there will be no motion from one hemisphere in to the other. Tlxus, in order to achieve 
a steady state of Type 1, it will be neceswry for a turbulent zone to he set up along 
the equatorial pia,ne. 

Figures I to 4 s!low the division of a meridional quadrant into the various zones 
for type I and type TI steady states ir, lower and upper niairi sequence stars. 

It i s  luteresting to note that the possible existence of a tt~rbulenr outer mne may 
irlso be arrived at from an ailcmpt 10 solve the I/psinguJar~ty in the <irc.u!a tior) speed 
near {he surface of a star as shown by Sx1:jthR and Osaki.3 
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Fig 1 : Type I steady state in an upper 
inain sequence star. The f ig~~re  
shows the division of a quadrznt 
of a n~eridian section into the 
vn!.iuus zones. A = portion of the 
radiative region In steady rotation 
and meridional motion. B- portion 
of radiative region , in turbulent 
motion. C-= cl.)n;,ectrve reylon. 

Fix, 2 : Type II steady state in an upper 
m a ~ n  seq?lence star. A, B, C arc as 
defined in fig. I .  

3 : ?'y!X I steady Stkltc in a lower rnai!? 1.1.;~. 4 : [I s(eady state in a iou:er main 
suqucnce star. A,  H, C :!re as defir1v.j scclcrenm: star. A, 8. C are as defined 
in fig. 1. in fig. 1 ,  
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